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izkDdFku

jk"Vªh; ikB~;p;kZ dh :ijs[kk (,u-lh-,iQ-) – 2005 us LowQyh f'k{kk osQ lHkh Lrjksa osQ fy, ikB~;Øeksa
vkSj ikB~;iqLrdksa osQ fodkl osQ fy, ,d u;s igyw dk lw=kikr fd;kA bl igyw esa fo|kfFkZ;ksa }kjk
jVdj lh[kus dks fujksRlkfgr djus vkSj muesa le> dks c<+kus osQ fy, foosdiw.kZ iz;kl fd, x, gSaA
;g ml jk"Vªh; f'k{kk uhfr&1986 vkSj Hkkj jfgr f'k{kk izkfIr&1993 ls HkyhHkk¡fr esy [kkrk gS tksfd
fo|kFkhZ osaQfnzr f'k{kk iz.kkyh dh vuq'kalk djrk gSA d{kk 11 dh ikB~;iqLrosaQ fnlEcj] 2005 esa vkSj
d{kk 12 osQ fy, fnlEcj 2006 esa izdkf'kr gqb±A lHkh Lrjksa ij bu iqLrdksa dks fo|kfFkZ;ksa ,oa f'k{kdksa
}kjk ân; ls Lohdkj fd;k x;kA

jk"Vªh; ikB~;p;kZ dh :ijs[kk (,u-lh-,iQ-)–2005 mYys[k djrh gS fd fu/kZfjr ikB~;iqLrdksa
dks ijh{kk dk ,dek=k vk/kj ekuus osQ eq[; dkj.k gh f'k{kk izkIr djus osQ vU; lk/uksa vkSj
f'k{kk osaQnzksa dh mis{kk dh tkrh gSA jk"Vªh; ikB~;p;kZ dh :ijs[kk (,u-lh-,iQ-)–2005 esa vkxs
fiQj bl ckr ij cy fn;k x;k gS fd f'k{k.k vkSj ewY;kadu dh fof/;ksa ls bl ckr dk Hkh
fu/kZj.k gksxk fd ;s ikB~;iqLrosaQ LowQy esa cPpksa osQ ekufld ruko vFkok mckmQiu dh txg
izlUurk dk vuqHko djkus esa fdruh izHkkoh gkasxh A ;g ns'k esa orZeku ijh{kk iz.kkyh esa lq/kj ykus
osQ fy, Hkh vkàku djrk gSA

us'kuy iQksdl xzqi osQ foKku f'k{k.k] xf.kr f'k{k.k vkSj ijh{kk lq/kj ij ǹf"Vdks.k&i=k è;ku
fnykrs gSa fd fofHkUu cksMks± }kjk vk;ksftr okf"kZd ijh{kkvksa osQ fy, fufeZr iz'u i=k] fo"k;ksa dh le>
dk ;FkkFkZ ewY;kadu okLro esa ugha djrsA iz'u&i=kksa dh xq.koÙkk izk;% izR;kf'kr Lrj dh ugha gksrhA
;s lkekU;r% ;k jVdj ;kn dh xbZ lwpuk,¡ pkgrs gSa vkSj foospu ,oa fo'ys"k.k tSlh mPp dksfV osQ
dkS'kyksa dk ijh{k.k ugha djrsA lkFk gh lkFk fo"k; ls lacaf/r izklafxd lksp] l̀tukRedrk vkSj
fu.kZ; ysus dh {kerk ij Hkh è;ku ugha nsrsA iz'u&i=kksa esa vPNs vikjaifjd iz'u] pqukSrhiw.kZ iz'u vkSj
iz;ksx&vk/kfjr iz'u cgqr de iwNs tkrs gSaA leL;k dk lek/ku djus vkSj lkFk gh vfrfjDr
vf/xe lkexzh miyC/ djkus osQ fy, foKku ,oa xf.kr f'k{kk foHkkx (Mh-bZ-,l-,e-) us ekè;fed
vkSj mPprj ekè;fed Lrjksa osQ fofHkUu fo"k;ksa osQ fy, ¶iz'u iznf'kZdk¸ dh lanHkZ iqLrosaQ fodflr
djus dk iz;kl fd;k gSA izR;sd lanHkZ iqLrd esa fofo/ nqcksZ/rk Lrjksa okys fofHkUu izdkj osQ iz'u
fn, x, gSaA oqQN iz'uksa dks gy djrs le; fo|kfFkZ;ksa dks ,d lkFk ,d ls vf/d ladYiukvksa dh



le> ls dke ysus dh vko';drk gksxhA ;s iz'u ek=k ijh{kkvksa osQ fy, iz'u cSad osQ :i esa dke
esa ysus osQ fy, ugha gSa cfYd eq[; :i ls LowQyksa esa f'k{k.k vf/xe dh izfØ;k dh xq.koÙkk esa
lq/kj ykus osQ fy, gSaA ;g vis{kk dh tkrh gS fd ;s iz'u f'k{kdksa  dks vPNs iz'u rS;kj djus
osQ fy;s izksRlkfgr djsaxsA fo|kfFkZ;ksa vkSj f'k{kdksa dks lnSo è;ku j[kuk pkfg, fd ijh{kk vkSj
ewY;kadu ,slk gksuk pkfg, rkfd fo|kFkhZ osQ cks/] Kkr lwpuk dk iqu% Lej.k] fo'ys"k.kkRed lksp
vkSj leL;k&lek/ku {kerk] l`tukRedrk vkSj fparu'khy {kerk dh tk¡p ij[k gks tk,A

fo"k; vkSj ijh{kkvksa dh mfpr le> j[kus okys fo"k; fo'ks"kKksa vkSj f'k{kdksa dh ,d Vhe
us cgqr vFkd iz;kl djosQ ;g dk;Z iwjk fd;k gSA rr~i'pkr~ lkexzh ij ifjppkZ ,oa laiknu osQ
i'pkr~ bls lanHkZ iqLrd esa lfEefyr fd;k x;k gSA

jk"Vªh; 'kSf{kd vuqla/ku vkSj izf'k{k.k ifj"kn~ fo|kfFkZ;ksa] f'k{kdksa vkSj vfHkHkkodksa osQ
lq>koksa dk Lokxr djsxh tks vkxkeh laLdj.kksa esa lkexzh dh xq.koÙkk dks csgrj cukus esa lgk;d
gksaxsA

izksI+ksQlj ;'k iky
    vè;{k

us'kuy LVh;fjax desVh
jk"Vªh; 'kSf{kd vuqla/ku vkSj

izf'k{k.k ifj"kn~

ubZ fnYyh
21 ebZ 2008

(iv)



vkeq[k

foKku ,oa xf.kr f'k{kk foHkkx (Mh-bZ-,l-,e-)] jk"Vªh; 'kSf{kd vuqla/ku vkSj izf'k{k.k ifj"kn~
(,u-lh-bZ-vkj-Vh-) us LowQyh f'k{kk dh jk"Vªh; ikB~;p;kZ dh :ijs[kk (,u-lh-,iQ-)&2005 osQ
vk/kj ij rS;kj dh x;h ikB~;iqLrdksa ij vk/kfjr ekè;fed vkSj mPprj ekè;fed Lrjksa ij foKku
,oa xf.kr fo"k;ksa esa ^iz'u&iznf'kZdk* (Exemplar Problems) osQ fodkl dk ,d dk;ZØe vkjaHk
fd;k gSA orZeku iqLrd] ifj"kn }kjk lu~&2006 esa d{kk 12 osQ fy, izdkf'kr xf.kr ikB~;iqLrd]
osQ fofHkUu vè;k;ksa ij vk/kfjr gSA

xf.kr esa ^iz'u&iznf'kZdk* ij iqLrd dk eq[; mís'; f'k{kdksa rFkk fo|kfFkZ;ksa dks cM+h la[;k
esa ,sls Lrjh; iz'u miyC/ djkuk gS ftudk :i&izk:i rks fHkUu gks gh lkFk gh mudk
nqckZs/rk&Lrj Hkh fHkUu&fHkUu gksA blls d{kk 12 dh ikB~;iqLrd esa nh x;h ladYiukvksa dks
lh[kus&fl[kkus esa vklkuh gksxhA ;g ckr è;ku nsus dh gS fd bl iqLrd esa lfEefyr iz'uksa ls f'k{kdksa
dks bdkbZ vkSj l=k ijh{kkvksa osQ fy, mUgksaus tks larqfyr iz'u i=k rS;kj fd, gSa muosQ izHkkoh ewY;kadu
esa mUgsa lgk;rk feysxhA fo|kfFkZ;ksa }kjk fn, x, mÙkjksa osQ fo'ys"k.k osQ vk/kj ij iQhM&cSd izkIr
dj f'k{kdksa dks f'k{k.k dh xq.koÙkk esa vkSj vf/d lq/kj ykus esa Hkh lgk;rk feysxhA blosQ
vfrfjDr] bl iqLrd esa fn, x, iz'uksa ls f'k{kdksa dks vPNh xq.koÙkk okys iz'uksa osQ ewyHkwr y{k.kksa
dks le>us esa lgk;rk feysxh] lkFk gh Lo;a mUgsa blh izdkj osQ iz'u cukus osQ fy, izksRlkgu feysxkA
fo|kFkhZ iqLrd esa fn, x, iz'uksa dks gy djus osQ i'pkr~ Lo;a dk ewY;kadu vkSj iz'u gy djus dh
ekSfyd rduhd esa izoh.krk izkIr dj ldrs gSaA iqLrd esa fn, x, dqN iz'uksa dh lgk;rk ls fo|kFkhZ
xf.kr dh ladYiukvksa dks le>dj mUgsa u;h ifjfLFkfr;ksa esa mi;ksx dj ldrs gSaA

bl iqLrd esa lfEefyr iz'uksa dks Mh-bZ-,l-,e- }kjk vk;ksftr dk;Z'kkykvksa esa fodflr fd;k
x;k ftlesa f'k{kdksa] fo'ofo|ky;ksa vkSj mPp f'k{k.k laLFkkuksa osQ fo"k;&fo'ks"kKksa rFkk Mh-bZ-,l-,e- osQ
xf.kr lewg osQ lnL;ksa us viuk ;ksxnku fn;k gSA eSa muosQ iz;klksa osQ fy, vkHkkjh g¡wA mUgsa LowQyksa
osQ fy, vPNh xq.koÙkk okyh f'k{k.k lkexzh miyC/ djkus osQ fy, /U;okn nsrk gw¡A le;&le; ij
,u-lh-bZ-vkj-Vh- osQ funs'kd izks-Ñ".k oqQekj rFkk la;qDr funs'kd izks- th-jfoUnzk }kjk iznÙk izksRlkgu
,oa cgqewY; fn'kkfunsZ'k gsrq ÑrKrk izdV djrk g¡wA fo'ks"k :i ls eSa bl dk;ZØe osQ leUo;d
Mk-oh-ih-flag] izokpd xf.kr] Mh-bZ-,l-,e- dks /U;okn nsrk g¡w ftUgksaus bl dk;Z dks izdk'ku osQ
;ksX; cuk;kA

ge fo|kfFkZ;ksa] f'k{kdksa vkSj vfHkHkkodksa ls iqLrd dh lkexzh esa vkSj vf/d lq/kj osQ fy,
iQhM&cSd dh vis{kk djrs gSaA

gqoqQe flag
izksI+ksQlj ,oa foHkkxkè;{k
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vkHkkj

ifj"kn~ iz'u iznf'kZdk dh leh{kk osQ fy, vk;ksftr dk;Z'kkyk osQ fuEufyf[kr izfrHkkfx;ksa dk muosQ
cgqewY; ;ksxnku osQ fy, gkfnZd vkHkkj izdV djrh gS%

lR;oku] ih-th-Vh- vkj-,l-ch-oh- nYywiqjk] fnYyh] fnus'k 'kekZ] ih-th-Vh-] uo;qx LowQy
yksèkh jkssM] fnYyh] bZ'oj pUnz (lsokfuo`Ùk)] ,l-th-] ysDpjj] jk-'kS-v-iz-i-] fnYyh] C;kl th f}osnh
(lsokfuo`Ùk) foHkkxkè;{k (xf.kr) lh-,e-ih- fMxzh dkyst bykgkckn (mÙkj izns'k)]
ih-osQ-frokjh] lgk;d vk;qDr (lsokfuo`Ùk) osaQnzh; fo|ky; laxBu] fnYyh rFkk th-Mh-<y
(lsokfuo`Ùk) jhMj] jk-'kS-v-iz-i-] fnYyhA

ifj"kn~ iqLrd fodkl dh izfØ;k esa lg;ksx osQ fy, gqoqQe flag] izksI+ksQlj ,oa foHkkxkè;{k]
Mh-bZ-,l-,e-] jk-'kS-v-iz-i- dh fo'ks"k :i ls vkHkkjh gSA

ifj"kn~ dEI;wVj izHkkjh] nhid diwj_ Mh-Vh-ih- vkijsVj] deys'k jko rFkk jkosQ'k oqQekj] fn'kk
/ou rFkk izfrlaiknd fnfXot; flag v=kh osQ iz;klksa osQ izfr Hkh vkHkkj izdV djrh gSA rduhdh
lg;ksxh] izdk'ku foHkkx dk ;ksxnku Hkh ljkguh; gSA
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1.1 lexz voyksdu (Overview)
1.1.1 laca/

fdlh vfjDr leqPp; A ls vfjDr leqPp; B esa laca/ R dkrhZ; xq.ku A × B dk ,d
mi&leqPp; gksrk gSA leqPp; A ls leqPp; B esa laca/ R osQ Øfer ;qXeksa osQ lHkh izFke ?kVdksa
osQ leqPp; dks laca/ R dk izkar dgrs gSaA leqPp; A ls leqPp; B esa laca/ R osQ Øfer ;qXeksa
osQ lHkh f}rh; ?kVdksa osQ leqPp; dks laca/  R dk ifjlj dgrs gSaA laiw.kZ leqPp; B laca/ R

dk lg&izkar dgykrk gSA uksV dhft, fd ifjlj lnSo lg&izkar dk ,d mi&leqPp; gksrk gSA

1.1.2 laca/ksa osQ izdkj

fdlh leqPp; A ls A esa laca/ R, A × A dk ,d mi&leqPp; gksrk gSA vr% fjDr leqPp; φ
rFkk A × A (Lo;a)] nks vUR; (�������) laca/ gSaA

(i) fdlh leqPp; A ij ifjHkkf"kr laca/ R ,d fjDr laca/ dgykrk gS] ;fn A  dk dksbZ Hkh
vo;o A osQ fdlh Hkh vo;o ls lacaf/r ugha gS] vFkkZr~ R = φ  ⊂ A × A

(ii) fdlh leqPp; A ij ifjHkkf"kr laca/ R, ,d lkoZf=kd (universal) laca/ dgykrk gS] ;fn
A dk izR;sd vo;o A osQ lHkh vo;o ls lacaf/r gSa] vFkkZr~ R = A × A

(iii) leqPp; A  ij laca/ R LorqY; (reflexive) dgykrk gS] ;fn lHkh a∈A osQ fy, aRa

R lefer (symmetric) dgykrk gS] ;fn ∀  a, b ∈ A osQ fy, aRb ⇒ bRa rFkk ;g
laØked (transitive) dgykrk gS] ;fn ∀ a, b, c ∈ A osQ fy, aRb rFkk bRc ⇒  aRc

dksbZ Hkh laca/] tks LorqY;] lefer rFkk laØked gS] ,d rqY;rk (equivalence) laca/
dgykrk gSA

  fVIi.kh  fdlh rqY;rk&laca/ dk ,d egRoiw.kZ xq.k ;g gS fd og lca¼ leqPp; dks
;qxyr% vla;qDr mi&leqPp;ksa esa foHkkftr dj nsrk gS ftUgsa rqY;rk&oxZ dgrs gSa rFkk ftudk
laxzg leqPp; dk foHkktu (partition) dgykrk gSA uksV dhft, fd lHkh rqY;rk&oxk±s osQ
lfEeyu ls laiw.kZ leqPp; izkIr gksrk gSA

1.1.3 iQyuksa osQ izdkj
(i) dksbZ iQyu  f : X → Y ,oSQdh (one-one) [;k ,oSQd (injective)] iQyu dgykrk gS] ;fn

vè;k; 1

laca/ ,oa iQyu



2    iz'u iznf'kZdk

f   osQ varxZr X osQ fHkUu&fHkUu vo;oksa osQ izfrfcac Hkh fHkUu&fHkUu gksrs gSa] vFkkZr~
x

1 
, x

2
  ∈ X, f (x

1
) = f (x

2
) ⇒  x

1
 = x

2

(ii) iQyu  f : X → Y vkPNknd (onto) [;k vkPNknh (surjective)] dgykrk gS] ;fn f  osQ
varxZr Y dk izR;sd vo;o]  X osQ fdlh u fdlh vo;o dk izfrfcac gS] vFkkZr~ izR;sd
y ∈ Y osQ fy,] X esa ,d ,sls vo;o x dk vfLrRo gS fd f (x) = y

(iii) iQyu  f : X → Y ,d ,oSQdh rFkk vkPNknd [;k ,oSQdh vkPNknh (bijective)] dgykrk
gS] ;fn  f  ,oSQdh rFkk vkPNknd nksuksa gh gksrk gSA

1.1.4 iQyuksa dk la;kstu

(i) eku yhft, fd  f  : A → B rFkk g : B → C nks iQyu gSaA rc  f  rFkk g dk la;kstu,

g o f,  }kjk fu:fir iQyu g o f : A → C fuEufyf[kr izdkj ls ifjHkkf"kr gS%

g o f (x) = g (f (x)), ∀  x ∈ A

(ii) ;fn  f : A → B rFkk g : B → C ,oSQdh gSa] rks g o f : A → C Hkh ,oSQdh gksrk gS

(iii) ;fn  f : A → B rFkk g : B → C vkPNknd gSa] rks g o f : A → C Hkh vkPNknd gksrk gSA

rFkkfi] mi;qZDr dfFkr fu;e (ifj.kke) (ii) rFkk (iii) osQ foykse vko';d :i ls lR; ugha
gksrs gSaA blosQ vfrfjDr bl laca/ esa fuEufyf[kr fu;e (ifj.kke) gSaA

(iv) eku yhft, fd  f : A → B rFkk g : B → C nks fn, gq, iQyu bl izdkj gSa fd g o f

,oSQdh gS] rks  f  Hkh ,oSQdh gSA
(v) eku yhft, fd  f : A → B rFkk  g : B → C nks fn, gq, iQyu bl izdkj gSa fd g o f

vkPNknh gS] rks g  Hkh vkPNknh gSA

1.1.5  O;qRØe.kh; iQyu
(i) dksbZ iQyu f : X → Y O;qRØe.kh; gksrk gS] ;fn ,d iQyu g : Y → X dk vfLrRo bl

izdkj gS fd  g o f = I
x
 rFkk  f o g = I

Y
. iQyu g dks iQyu  f  dk izfrykse dgrs gSa rFkk

izrhd f –1 ls fu:fir djrs gSaA

(ii) ,d iQyu  f : X → Y O;qRØe.kh; gksrk gS] ;fn vkSj osQoy ;fn f  ,oSQdh vkPNknh gSA

(iii) ;fn f : X → Y, g : Y →  Z rFkk h : Z →  S rhu iQyu gSa] rks  h o (g o f) = (h o g) o f

(iv) eku yhft, fd  f : X → Y rFkk g : Y →  Z nks O;qRØe.kh; iQyu gSa rks g o f  Hkh
O;qRØe.kh; gksrk gS] bl izdkj fd (g o f)–1 = f –1 o g–1.

1.1.6  f}&vk/kjh lafØ;k,¡
(i) fdlh leqPp; A esa ,d f}&vk/kjh lafØ;k * ,d iQyu * : A × A → A.gSA ge * (a, b)

dks a * b }kjk fu:fir djrs gSaA
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(ii) leqPp; X esa ,d f}&vk/kjh lafØ;k * Øe&fofues; dgykrh gS] ;fn izR;sd a, b ∈ X

osQ fy,  a * b = b * a

(iii) ,d f}&vk/kjh lafØ;k * : A × A  → A lkgp;Z dgykrh gS] ;fn izR;sd a, b, c ∈ A

osQ fy, (a * b) * c = a * (b * c)

(iv) fdlh iznÙk f}&vk/kjh lafØ;k * : A × A → A osQ fy,] ,d vo;o e ∈ A, ;fn bldk vfLrRo
gS] lafØ;k * dk rRled (identity) dgykrk gS] ;fn a * e = a = e * a,∀  a ∈A

(v) A esa rRled vo;o e okys iznÙk ,d f}&vk/kjh lafØ;k * : A × A → A, osQ fy,] fdlh
vo;o a ∈ A dks lafØ;k * osQ lanHkZ esa O;qRØe.kh; dgrs gSa] ;fn A esa ,d ,sls vo;o
b dk vfLrRo bl izdkj gS fd a * b = e = b * a rFkk b dks a dk izfrykse (inverse)
dgrs gSa vkSj ftls izrhd a–1 }kjk fu:fir djrs gSaA

1.2  gy fd, gq, mnkgj.k
y?kq mÙkjh; (S.A.)

mnkgj.k 1 eku yhft, fd A = {0, 1, 2, 3} rFkk A esa ,d laca/ R fuEufyf[kr izdkj ls
ifjHkkf"kr dhft,%

R = {(0, 0), (0, 1), (0, 3), (1, 0), (1, 1), (2, 2), (3, 0), (3, 3)}

D;k R LorqY;] lefer] laØked gS\

gy  R LorqY; rFkk lefer gS] iajrq laØked ugha gS] D;ksafd (1, 0) ∈ R rFkk (0, 3) ∈ R tc fd
(1, 3)  ∉ R

mnkgj.k 2 leqPp; A = {1, 2, 3}, osQ fy, ,d laca/ R uhps fy[ks vuqlkj ifjHkkf"kr dhft,%

R = {(1, 1), (2, 2), (3, 3), (1, 3)}

mu Øfer ;qXeksa dks fyf[k,] ftudks R esa tksM+us ls og U;wure (NksVs ls NksVk) rqY;rk laca/ cu tk,A

gy  (3, 1) ,d vosQyk Øfer ;qXe gS ftldks  R esa tksM+us ls og NksVs ls NksVk rqY;rk laca/ cu
tkrk gSA

mnkgj.k 3 eku yhft, fd R = {(a, b) : la[;k 2, a – b dks foHkkftr djrh gS} }kjk ifjHkkf"kr
laca/ R iw.kk±dksa osQ leqPp; Z esa rqY;rk laca/ gSA rqY;rk&oxZ [0] fyf[k,A

gy  [0] = {0, ± 2, ± 4, ± 6,...}

mnkgj.k 4 eku yhft, fd iQyu f : R → R , f (x) = 4x – 1, ∀  x ∈ R }kjk ifjHkkf"kr gS] rks
fl¼ dhft, fd f  ,oSQdh gSA
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gy  fdUgha nks vo;o x
1
, x

2
 ∈ R, bl izdkj fd  f (x

1
) = f (x

2
), osQ fy,

4x
1
 – 1 = 4x

2
 – 1

⇒    4x
1
 = 4x

2
,  vFkkZr~  x

1
 = x

2

vr%  f  ,oSQdh gSA

mnkgj.k 5  ;fn  f = {(5, 2), (6, 3)}, g = {(2, 5), (3, 6)}, rks  f o g fyf[k,A

gy  f o g = {(2, 2), (3, 3)}

mnkgj.k 6 eku yhft, fd  f : R → R,  f (x) = 4x – 3 ∀  x ∈ R. }kjk ifjHkkf"kr ,d iQyu
gS] rks  f –1 fyf[k,A

gy      fn;k gqvk gS fd f (x) = 4x – 3 = y] (eku yhft,), rks
4x  = y + 3

⇒ x =  
3

4

y+

vr% f –1 (y) = 
3

4

y+

mnkgj.k 7 D;k Z (iw.kk±dksa dk leqPp;) esa  m * n = m – n + mn  ∀m, n  ∈ Z }kjk ifjHkkf"kr
f}vk/kjh&lafØ;k * Øe&fofues; gS\

gy  * Øefofues; ugha gS] D;ksafd 1, 2 ∈ Z rFkk  1 * 2 = 1 – 2 + 1.2 = 1 tc fd

2 * 1 = 2 – 1 + 2.1 = 3 bl izdkj 1 * 2 ≠ 2 * 1.

mnkgj.k 8 ;fn  f  = {(5, 2), (6, 3)} rFkk g = {(2, 5), (3, 6)}, rks  f  rFkk g osQ ifjlj fyf[k,A

gy    f  dk ifjlj {2, 3} rFkk g dk ifjlj = {5, 6}

mnkgj.k 9 ;fn A = {1, 2, 3} rFkk  f,  g, A × A osQ mi&leqPp; osQ lax fuEufyf[kr izdkj lwfpr
laca/ gSa

f = {(1, 3), (2, 3), (3, 2)}

g = {(1, 2), (1, 3), (3, 1)}

 f  rFkk g esa ls dkSu iQyu gS vkSj D;ksa\

gy   f  ,d iQyu gS D;ksafd Øfer ;qXeksa esa izFke LFkku (?kVd) esa A  dk izR;sd vo;o f}rh;
LFkku (?kVd) esa A osQ osQoy ,d gh vo;o ls lacaf/r gS tc fd  g ,d iQyu ugha gS D;ksafd
1, A osQ ,d ls vf/d vo;oksa ls lacaf/r gS] uker% 2 rFkk 3 lsA
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mnkgj.k 10 ;fn  A = {a, b, c, d} rFkk  f = {a, b), (b, d), (c, a), (d, c)} rks fl¼ dhft, fd
f  ,oSQdh gS rFkk A ls A ij vkPNknh gSA  f –1 Hkh Kkr dhft,A

gy  f  ,oSQdh gS] D;ksafd A  dk izR;sd vo;o leqPp; A osQ ,d vf}rh; vo;o ls fufnZ"V
(lacaf/r) gSA lkFk gh  f  vkPNknh gS] D;ksafd  f (A) = A A blosQ vfrfjDr  f –1 = {(b, a),
(d, b), (a, c), (c, d)}.

mnkgj.k 11 izko`Qr la[;kvksa osQ leqPp; N esa m * n = g.c.d (m, n), m, n ∈ N }kjk
f}&vk/kjh&lafØ;k * ifjHkkf"kr dhft,A D;k lafØ;k * Øefofues; rFkk lkgp;Z gS\

gy lafØ;k Li"Vr% Øe&fofues; gS] D;ksafd

         m * n = g.c.d (m, n) = g.c.d (n, m) = n * m  ∀m, n ∈ N

;g lkgp;Z Hkh gS] D;ksafd l, m, n  ∈ N osQ fy,]
    l * (m * n) = g. c. d (l, g.c.d (m, n))

= g.c.d. (g. c. d (l, m), n)

         = (l * m) * n

nh?kZ mÙkjh; (L.A)

mnkgj.k 12 izkòQr la[;kvksa osQ leqPp; N esa ,d laca/ R fuEufyf[kr izdkj ls ifjHkkf"kr dhft,%

∀ n, m ∈ N, nRm ;fn n rFkk m esa ls izR;sd la[;k dks 5 ls foHkkftr djus ij 'ks"kiQy 5 ls
de cprk gS] vFkkZr~] 0, 1, 2, 3 rFkk 4 esa ls dksbZ ,d la[;kA fl¼ dhft, fd R ,d rqY;rk laca/
gSA lkFk gh R }kjk fu/kZfjr ;qxyr% vla;qDr mi&leqPp;ksa dks Hkh Kkr dhft,A

gy  R LorqY; gS] D;ksafd izR;sd a ∈ N osQ fy, aRa, R lefer gS] D;ksafd a, b, ∈ N osQ fy,]
;fn aRb, rFkk bRa = 54±, lkFk gh] R  laØked gS] D;ksafd a, b, c ∈ N osQ fy,] ;fn aRb rFkk
aRc rks aRc vr% R, N esa ,d rqY;rk laca/ gS] tks leqPp; N dk ;qxyr% vla;qDr mileqPp;ksa
esa foHkktu (partition) dj nsrk gSA bl foHkktu ls izkIr rqY;rk&oxZ uhps mfYyf[kr gSa%

A
0
 = {5, 10, 15, 20 ...}

A
1
 = {1, 6, 11, 16, 21 ...}

A
2
 = {2, 7, 12, 17, 22, ...}

A
3
 = {3, 8, 13, 18, 23, ...}

A
4
 = {4, 9, 14, 19, 24, ...}

;g lqLi"V gS fd mi;qZDr ik¡p leqPP; ;qxyr% vla;qDr gSa rFkk

A
0
 ∪ A

1
 ∪ A

2
 ∪ A

3
 ∪ A

4
 = 

4

0
Ai

i=
∪ =N
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mnkgj.k 13 fl¼ dhft, fd  f (x) = 2
,

1

x
x

x
∀ ∈

+
R , }kjk ifjHkkf"kr iQyu f : R → R u rks

,oSQdh gS vkSj u vkPNknh gSA
gy  x

1
, x

2
 ∈ R, osQ fy, fopkj dhft, fd

f (x
1
) = f (x

2
)

⇒ 
1 2

2 2
1 21 1

x x

x x
=

+ +

⇒ x
1

2
2x + x

1 
= x

2

2
1x + x

2

⇒ x
1 
x

2 
(x

2 
– x

1
) = x

2 
– x

1

⇒ x
1 
= x

2 
 ;k  x

1 
x

2
 = 1

ge ns[krs gSa fd x
1
 rFkk x

2
 ,sls nks vo;o gks ldrs gSa fd x

1 
≠ x

2
  fiQj Hkh  f (x

1
) = f (x

2
),

mnkgj.kkFkZ ge x
1
 = 2 rFkk x

2 
= 

1

2
, ysrs gSa] rks  f (x

1
) =

2

5
 rFkk  f (x

2
) =  

2

5
 ijarq 

1
2

2
≠  vr%  f

,oSQdh ugha gSA lkFk gh]  f  vkPNknh Hkh ugha gS D;ksafd] ;fn ,slk gS] rks 1∈R osQ fy,  ∃ x ∈ R

bl izdkj fd  f (x) = 1, ftlls 2
1

1

x

x
=

+  izkIr gksrk gSA iajrq izkar R esa ,slk dksbZ vo;o ugha

gS D;ksafd lehdj.k x2 – x + 1 = 0, x dk dksbZ okLrfod eku ugha nsrk gSA

mnkgj.k 14 eku yhft, fd f (x) = x  + x rFkk g (x) = x  – x  ∀  x ∈ R }kjk ifjHkkf"kr f,

g : R → R nks iQyu gSa] rks fog rFkk gof  Kkr dhft,A

gy  ;gk¡  f (x) =  x  + x ftls fuEufyf[kr izdkj ls iqu% ifjHkkf"kr dj ldrs gSa%

f (x) = 
2 0

0 0

x x

x

≥⎧
⎨

<⎩

;fn
;fn

blh izdkj] g(x) = x  – x }kjk ifjHkkf"kr iQyu g fuEufyf[kr izdkj ls iqu% ifjHkkf"kr fd;k tk

ldrk gS]

g (x) =  
0 0

–2 0

x

x x

≥⎧
⎨

<⎩

;fn
;fn
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blfy, g o f  fuEufyf[kr izdkj ls ifjHkkf"kr gksxk%

x ≥ 0 osQ fy,] (g o f ) (x) = g (f (x) = g (2x) = 0

rFkk x < 0, osQ fy, (g o f ) (x) = g (f (x) = g (0) = 0

iQyLo:i]  (g o f ) (x) = 0, ∀  x ∈ R.

blh izdkj f o g fuEufyf[kr izdkj ls ifjHkkf"kr gksrk gS%

x ≥ 0 osQ fy,] (f o g ) (x) = f (g (x) = f (0) = 0 rFkk

x < 0 osQ fy,] (f o g ) (x) = f (g(x)) = f (–2 x) = – 4x

vFkkZr~]
0, 0

( ) ( )
4 , 0

x
f o g x

x x

>⎧
= ⎨− <⎩

mnkj.k 15  eku yhft, fd R okLrfod la[;kvksa dk leqPp; gS rFkk f : R → R ,d iQyu
gS] tks f (x) = 4x + 5 }kjk ifjHkkf"kr gSA fl¼ dhft, fd f  O;qRØe.kh; gS rFkk
f –1 Kkr dhft,A

gy  ;gk¡ iQyu f : R → R fuEufyf[kr izdkj ls ifjHkkf"kr gS% f (x) = 4x + 5 = y (eku yhft,)] rks

 4x = y – 5         ;k        x = 
5

4

y−

ftlls  g (y) = 
5

4

y−
  }kjk ifjHkkf"kr ,d iQyu g : R → R feyrk gSA

blfy,             (g o f) (x) = g(f (x)       = g (4x + 5)

= 
4 5 5

4

x+ −
  =  x

;k g o f = I
R

blh izdkj    (f o g) (y) = f (g(y))

= 
5

4

y
f

−⎛ ⎞
⎜ ⎟
⎝ ⎠
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=  
5

4 5
4

y −⎛ ⎞ +⎜ ⎟
⎝ ⎠

  =   y

;k f o g = I
R
.

vr%  f  O;qRØe.kh; gS rFkk f –1 = g ] ftlls f –1 (x) = 
5

4

x −
 feyrk gSA

mnkgj.k 16 eku yhft, fd Q esa ifjHkkf"kr * ,d f}&vk/kjh lafØ;k gSA Kkr dhft, fd
fuEufyf[kr f}&vk/kjh lafØ;kvksa esa ls dkSu&dkSu lkgp;Z gSa%

(i) a, b ∈ Q osQ fy, a * b = a – b

(ii) a, b ∈ Q osQ fy, a * b = 
4

ab

(iii) a, b ∈ Q osQ fy, a * b = a – b + ab

(iv)  a, b ∈ Q osQ fy, a * b = ab2

gy

(i) * lkgp;Z ugha gS] D;ksafd ;fn ge a = 1, b = 2 rFkk c = 3, ysrs gSa] rks

(a * b) * c = (1 * 2) * 3 = (1 – 2) * 3 = – 1 – 3 = – 4 rFkk

a * (b * c) = 1 * (2 * 3) = 1 * (2 – 3) = 1 – ( – 1)  =  2

vr% (a * b) * c ≠ a * (b * c) vkSj blfy, * lkgp;Z ugha gSA

(ii) * lkgp;Z gS] D;ksafd Q esa xq.ku lkgp;Z gksrk gSA

(iii) * lkgp;Z ugha gS] D;ksafd ;fn ge a = 2, b = 3 rFkk c = 4 ysrs gSa] rks

(a * b) * c = (2 * 3) * 4 = (2 – 3 + 6) * 4 = 5 * 4 = 5 – 4 + 20 = 21, rFkk

a * (b * c) = 2 * (3 * 4) = 2 * (3 – 4 + 12) = 2 * 11 = 2 – 11 + 22 = 13

vr% (a * b) * c ≠  a * (b * c) vkSj blfy, * lkgp;Z ugha gSA

(iv) * lkgp;Z ugha gS] D;ksafd ;fn ge a = 1, b = 2 rFkk c = 3 ysrs gSa] rks

(a * b) * c = (1 * 2) * 3 = 4 * 3 = 4 × 9 = 36 rFkk

a * (b * c) = 1 * (2 * 3) = 1 * 18 = 1 × 182 = 324

vr% (a * b) * c  ≠ a * (b * c) vkSj blfy, * laØked ugha gSA
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oLrqfu"B iz'u

mnkgj.k 17 ls 25 rd izR;sd esa fn, gq, pkj fodYiksa esa ls lgh mÙkj pqfu,&

mnkgj.k 17 eku yhft, fd R izko`Qr la[;kvksa osQ leqPp; N esa ,d laca/ gS] tks nRm ;fn
n foHkkftr djrk gS m dks] }kjk ifjHkkf"kr gS] rks R

(A) LorqY; ,oa lefer gSA (B) laØked ,oa lefer gS
(C) rqY;rk laca/ gS (D) LorqY;] laØked gS ijarq lefer ugha gS

gy lgh fodYi (D) gS]
D;ksafd n foHkkftr djrk gS n dks, ∀  n ∈ N, rks R LorqY; gSA R lefer ugha gS] D;ksafd
3, 6 ∈ N ijarq 3R

6
 ≠ 6 R 3. R laØked gS] D;ksafd n, m, r osQ fy, tc&tc n/m rFkk

m/r ⇒ n/r, vFkkZr~] tc&tc n foHkkftr djrk gS r dksA

mnkgj.k 18 eku yhft, fd L fdlh lery esa fLFkr lHkh ljy js[kkvksa osQ leqPp; dks fu:fir
djrk gSA eku yhft, fd ,d laca/ R] fu;e lRm ;fn vkSj osQoy ;fn l yEc gS m  ij]
∀ l, m ∈ L] }kjk ifjHkkf"kr gSA rc R

(A) LorqY; gS (B) lefer gS (C) laØked gS (D) buesa ls dksbZ Hkh ugha gS
gy  lgh fodYi (B) gSA

mnkgj.k 19  eku yhft, fd N izko`Qr la[;kvksa dk leqPp; gS rFkk f : N → N,   f (n) = 2n

+ 3 ∀ n ∈ N }kjk ifjHkkf"kr ,d iQyu gS] rks f

(A) vkPNknh gS (B) ,oSQd gS (C) ,oSQdh vkPNknh gS   (D)buesa ls dksbZ Hkh ugha gS
gy (B) lgh fodYi gSA

mnkgj.k 20 leqPp; A esa 3 vo;o gSa RkFkk leqPp; B esa 4 vo;o gSa] rks A ls B esa ifjHkkf"kr
,oSQd izfrfp=k.kksa dh la[;k

(A) 144 (B) 12 (C) 24 (D) 64

gy  lgh fodYi (C) gSA 3 vo;o okys leqPp; ls 4 vo;o okys leqPp; esa ,oSQd izfrfp=k.kksa

dh oqQy la[;k 4P
3
 gSA vFkkZr~ 4! = 24

mnkgj.k 21 eku yhft, fd f : R → R,  f (x) = sin x  rFkk g : R → R g (x) = x2] }kjk
ifjHkkf"kr gSa] rks f o g

(A) x2 sin x           (B) (sin x)2                 (C) sin x2 (D) 2

sin x

x

gy  (C) lgh fodYi gSA
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mnkgj.k 22 eku yhft, fd f : R → R,  f (x) = 3x – 4, }kjk ifjHkkf"kr gS] rks f –1 (x)

gy  (A) lgh fodYi gSA

mnkgj.k 23 eku yhft, fd f : R → R,  f (x) = x2 + 1 }kjk ifjHkkf"kr gS] rks 17 rFkk –3 osQ
iwoZ izfrfcEc Øe'k%.

gy  (C) lgh fodYi gS] D;ksafd f –1 ( 17 ) = x ⇒ f (x) = 17 ;k x2 + 1 = 17 ⇒  x = ± 4 ;k
f –1 ( 17 )  = {4, – 4} RkFkk f –1 (–3) osQ fy,] f –1 (–3) = x ⇒ f (x) = – 3  ⇒ x2 + 1

= – 3 ⇒ x2 = – 4 vr%  f –1 (– 3) = φ

mnkgj.k 24 okLrfod la[;kvksa x rFkk y osQ fy, ifjHkkf"kr dhft, fd xRy, ;fn vkSj osQoy ;fn

x – y + 2  ,d vifjes; la[;k gS] rks laca/ R

gy  (A) lgh fodYi gSA

mnkgj.k 25 ls 30 rd izR;sd esa fjDr LFkku dh iwfrZ dhft,A

mnkgj.k 25 leqPp; A = {1, 2, 3} ij fopkj dhft, rFkk R, A esa NksVs ls NksVk rqY;rk laca/
gS] rks R = ________

gy  R = {(1, 1), (2, 2), (3, 3)}.

mnkgj.k 26  f (x) = 2 – 3 2x x+  }kjk ifjHkkf"kr iQyu f : R → R dk izkar ________gSA

gy          ;gk¡ x2 – 3x + 2 ≥ 0

 ⇒   (x – 1) (x – 2) ≥ 0

               ⇒   x  ≤ 1 ;k  x ≥ 2

vr%  f  dk izkar = (– ∞, 1] ∪ [2, ∞)

mnkgj.k 27 n vo;oksa okys leqPp; A ij fopkj dhft,A A ls Lo;a A ij ,oSQdh vkPNknd
iQyuksa dh oqQy la[;k ________gSA

gy   n!

mnkgj.k 28 eku yhft, fd Z iw.kkZadksa dk leqPp; gS rFkk R, Z esa ifjHkkf"kr ,d laca/ bl izdkj
gS fd aRb, ;fn a – b HkkT; gS 3 ls] rks R leqPp; Z dks ________ ;qxyr% vla;qDr
mi&leqPp;ksa esa foHkktu djrk gSA

(A) 
4

3

x+
(B) 4

3

x
− (C) 3x + 4 (D) buesa ls dksbZ ugha gSA

(A) φ, {4, – 4} (B) {3, – 3} (C) {4, – 4}, φ (D) {4, – 4}, {2, –2} gSA

(A) LorqY; gS (B) lefer gS (C) laØked gS (D)buesa ls dksbZ Hkh ugha gSS
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gy  rhu

mnkgj.k 29 eku yhft, fd R okLrfod la[;kvksa dk leqPp; gS rFkk R esa ,d f}&vk/kjh
lafØ;k * bl izdkj ifjHkkf"kr gS fd a * b = a + b – ab  ∀  a, b ∈ R. rks f}&vk/kjh lafØ;k

* osQ fy, rRled vo;o_______gSA

gy f}&vk/kjh lfØ;k * osQ fy, rRled vo;o 0 gSA

mnkgj.k 30 ls 34 rd izR;sd esa iznÙk dFku lR; gSa ;k vlR; gSa&

mnkgj.k 30 leqPp; A = {1, 2, 3} rFkk laca/ R = {(1, 2), (1, 3)} ij fopkj dhft,A R ,d
laØked laca/ gSA

gy   lR; gSA

mnkgj.k 31 eku yhft, fd A ,d ifjfer leqPp; gS] rks A ls Lo;a A esa izR;sd ,oSQd iQyu
vkPNknh ugha gSA

gy  vlR; gSA

mnkgj.k 32 leqPp; A, B rFkk C osQ fy,] eku yhft, fd f : A → B, g : B → C iQyu bl
izdkj osQ gSa fd iQyu g o f  ,oSQd gS] rks f  rFkk g nksuksa gh ,oSQd iQyu gSaA

gy  vlR; gSA

mnkgj.k 33 leqPp; A, B rFkk C osQ fy,] eku yhft, fd f : A → B, g : B → C iQyu bl
izdkj osQ gSa fd iQyu g o f  vkPNknh gS] rks g Hkh vkPNknh gSA

gy  lR; gSA

mnkgj.k 34 eku yhft, fd N izkòQr la[;kvksa dk leqPp; gS] rks a * b = a + b, ∀  a, b ∈ N

}kjk N esa ifjHkkf"kr f}&vk/kjh lafØ;k * osQ fy, rRled vo;o gSA

gy  vlR; gSA

1.3  iz'ukoyh

y?kq mÙkjh; iz'u (SA)

1. eku yhft, fd A = {a, b, c} rFkk A esa ifjHkkf"kr laca/ R fuEufyf[kr gS%
R = {(a, a), (b, c), (a, b)}. rks mu Øfer ;qXeksa dh] de ls de] la[;k fyf[k,] ftudks
R esa tksM+us ls R LorqY; rFkk laØked cu tkrk gSA

2. eku yhft, fd D,  f (x) = 225 x−  }kjk ifjHkkf"kr] okLrfod eku iQyu f  dk izkar gS]

rks D dks fyf[k,A
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 3. eku yhft, fd f , g : R → R Øe'k% f (x) = 2x + 1 rFkk g (x) = x2 – 2, ∀ x ∈ R }kjk
ifjHkkf"kr gSa] rks g o f  Kkr dhft,A

 4. eku yhft, fd f  : R → R  iQyu f (x) = 2x – 3 ∀ x ∈ R }kjk ifjHkkf"kr gSA f –1 fyf[k,A

 5. ;fn A = {a, b, c, d} rFkk iQyu f = {(a, b), (b, d), (c, a), (d, c)}, rks f –1 fyf[k,A

 6. ;fn f  : R → R, f  (x) = x2 – 3x + 2 }kjk ifjHkkf"kr gS] rks f (f (x)) fyf[k,A

 7. D;k g = {(1, 1), (2, 3), (3, 5), (4, 7)} ,d iQyu gS\ ;fn g, g (x) = αx + β }kjk of.kZr
gS] rks α rFkk β dk eku D;k fu/kZfjr gksuk pkfg,\

 8. D;k Øfer ;qXeksa osQ fuEufyf[kr leqPPk;] iQyu gSa\ ;fn ,slk gS] rks tk¡p dhft, fd
izfrfp=k.k ,oSQd vFkok vkPNknh gSa fd ugha gSaA

(i) {(x, y): x ,d O;fDr gS] y ek¡ gS x dh}

(ii){(a, b): a ,d O;fDr gS] b iwoZt gS a dk}

 9. ;fn izfrfp=k.k f  rFkk g Øe'k% f = {(1, 2), (3, 5), (4, 1)} rFkk g = {(2, 3), (5, 1), (1, 3)}

}kjk nÙk gSa] rks f o g fyf[k,A

10. eku yhft, fd C lfEeJ la[;kvksa dk leqPp; gSA fl¼ dhft, fd f (z) = |z|, ∀  z ∈
C  }kjk nÙk izfrfp=k.k f : C → R u rks ,oSQdh gS vkSj u vkPNknd (vkPNknh) gSA

11. eku yhft, fd iQyu f : R → R, f (x) = cosx, ∀  x ∈ R] }kjk ifjHkkf"kr gSA fl¼
dhft, fd f  u rks ,oSQdh gS vkSj u vkPNknd (vkPNknh) gSA

12. eku yhft, fd X =  {1, 2, 3}rFkk Y = {4, 5}. Kkr dhft, fd D;k X ×Y osQ fuEufyf[kr
mileqPp; X ls Y esa iQyu gSa ;k ugha gSaA

(i)    f = {(1, 4), (1, 5), (2, 4), (3, 5)} (ii)  g = {(1, 4), (2, 4), (3, 4)}

(iii) h = {(1,4), (2, 5), (3, 5)} (iv) k = {(1,4), (2, 5)}

13. ;fn iQyu f : A → B rFkk g : B → A , g o f = I
A
 dks larq"V djrs gSa] rks fl¼ dhft,

fd f  ,oSQd gS rFkk g vkPNknd gSA

14. eku yhft, fd f : R → R]  f (x) =  
1

2 – cos x   x   R }kjk ifjHkkf"kr ,d iQyu gS]

rks f  dk ifjlj Kkr dhft,A

15. eku yhft, fd n ,d fuf'pr (fLFkj) /u iw.kkZad gSA Z esa ,d laca/ R fuEufyf[kr izdkj
ls ifjHkkf"kr dhft,%  a, b   Z, aRb ;fn vkSj osQoy ;fn a – b HkkT; gS n lsA fl¼
dhft, fd R ,d rqY;rk laca/ gSA
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nh?kZ mÙkjh; iz'u (L.A.)

16. ;fn A = {1, 2, 3, 4 }, rks A esa fuEufyf[kr xq.kksa okys laca/ksa dks ifjHkkf"kr dhft,%

(a)  LorqY; rFkk laØked gksa fdarq lefer ugha gksaA
(b)  lefer gksa ijUrq u rks LorqY; gksa vkSj u laØked gksaA
(c)  LorqY;] lefer rFkk laØked gksaA

 17. eku yhft, fd R] izko`Qr la[;kvksa osQ leqPp; N esa fuEufyf[kr izdkj ls ifjHkkf"kr ,d

laca/ gSA

R = {(x, y): x  N, y  N, 2x + y = 41}. laca/ R dk izkar rFkk ifjlj Kkr dhft,A lkFk
gh lR;kfir (tk¡p) dhft, fd D;k R LorqY;] lefer rFkk laØked gSA

18. fn;k gqvk gS fd A = {2, 3, 4}, B = {2, 5, 6, 7} fuEufyf[kr esa ls izR;sd osQ ,d mnkgj.k
dh jpuk dhft,%

(a)  A ls B esa ,d ,oSQd izfrfp=k.kA

(b)  A ls B esa ,d ,slk izfrfp=k.k] tks ,oSQd ugha gSA

(c)  B ls A esa ,d izfrfp=k.kA

19. ,d ,sls izfrfp=k.k dk mnkgj.k nhft, tks&

(i)  ,oSQdh gS fdarq vkPNknd ugha gSA
           (ii)  ,oSQdh ugha gS fdarq vkPNknd gSA
           (iii) u rks ,oSQdh gS vkSj u vkPNknd gSA

20. eku yhft, fd A = R – {3}, B = R – {1}. eku yhft, fd  f : A → B,  f (x) = 
– 2

–3

x

x

 x   A }kjk ifjHkkf"kr gS] rks fl¼ dhft, fd f  ,oSQdh vkPNknh gSA

21. eku yhft, fd A = [–1, 1]] rks fopkj dhft, fd D;k A esa ifjHkkf"kr fuEufyf[kr iQyu
,oSQdh] vkPNknd ;k ,oSQdh vkPNknh gSa%

(i)  ( )
2

x
f x  

22. fuEufyf[kr esa ls izR;sd N esa ,d laca/ ifjHkkf"kr djrs gSa%
    (i)    x cM+k gS y ls]   x, y   N                     (ii)    x + y = 10, x, y   N

(iii)   x y fdlh iw.kkZad dk oxZ gS] x, y   N      (iv)   x + 4y = 10  x, y   N

fu/kZfjr dhft, fd mi;qZDr laca/ksa esa ls dkSu&ls laca/ LorqY;] lefer rFkk laØked gSaA

(ii) g(x) = x (iii) ( )h x x x  (iv) k(x) = x2
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23. eku yhft, fd A = {1, 2, 3, ... 9} rFkk A ×A esa (a, b)] (c, d) osQ fy, (a, b) R
(c, d) ;fn vkSj osQoy ;fn a + d = b + c }kjk ifjHkkf"kr R ,d laca/ gSA fl¼ dhft,
fd R ,d rqY;rk laca/ gS rFkk rqY;rk&oxZ [(2, 5)] Hkh izkIr (Kkr) dhft,A

24. ifjHkk"kk dk iz;ksx djrs gq,] fl¼ dhft, fd iQyu f : A → B O;qRØe.kh; gS] ;fn vkSj
osQoy ;fn] f  ,oSQdh rFkk vkPNknd nksuks gSA

25. iQyu f , g : R → R Øe'k% f (x) = x2 + 3x + 1 rFkk g (x) = 2x – 3 }kjk ifjHkkf"kr gSa]
rks fuEufyf[kr Kkr dhft,%
(i)   f o g (ii)   g o f         (iii)    f o f (iv) g o g

26. eku yhft, fd ,d f}&vk/kjh; lafØ;k *  Q esa ifjHkkf"kr gSA Kkr dhft, fd
fuEufyf[kr f}&vk/kjh lafØ;kvksa esa ls dkSu&dkSu lh lafØ;k,¡ Øe&fofues; gSa

(i) a * b = a – b   a, b ∈     Q (ii) a * b = a2 + b2   a, b ∈ Q
(iii) a * b = a + ab   a, b ∈ Q (iv) a * b = (a – b)2   a, b ∈ Q

27. eku yhft, fd R esa f}&vk/kjh lafØ;k  *, a * b = 1 + ab,   a, b ∈ R.  rks lafØ;k *

(i) Øe&fofues; gS fdarq lkgp;Z ugha gSA      (ii)lkgp;Z gS fdarq Øe&fofues; ugha gSA
(iii) u rks Øe&fofues; gS vkSj u lkgp;Z gSA  (iv)Øe&fofues; rFkk lkgp;Z nksuksa gh gSA

oLrqfu"B iz'u

iz'u la[;k 28 ls 47 rd izR;sd esa fn, gq, pkj fodYiksa esa ls lgh mÙkj pqfu,&

28. eku yhft, fd T] ;qfDyMh; lery esa] lHkh f=kHkqtksa dk leqPp; gS rFkk eku yhft,
fd T esa ,d laca/ R bl izdkj ifjHkkf"kr gS fd aRb ] ;fn a lokZaxle gS b osQ]

 a, b ∈ T] rks R

(A) LorqY; gS fdarq laØked ugha gSA (B) laØked gS fdarq lefer ugha gSA

(C) rqY;rk laca/ gSA (D) buesa ls dksbZ ugha gSA

29. fdlh ifjokj esa cPpksa osQ vfjDr leqPp; rFkk aRb] ;fn a HkkbZ gS b dk] }kjk ifjHkkf"kr

laca/ R ij fopkj dhft,] rks R

(A) lefer gS fdUrq laØked ugha gSA (B) laØked gS fdUrq lefer ugh gSA

(C) u rks lefer gS vkSj u laØked gS (D) lefer rFkk laØked nksuksa gSA

30. leqPp; A = {1, 2, 3} esa rqY;rk laca/ksa dh vf/dre la[;k

(A) 1 (B) 2 (C) 3 (D) 5 gSA
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31. ;fn leqPp; {1, 2, 3} esa R = {(1, 2)} }kjk ifjHkkf"kr ,d laca/ R gS] rks R

32. eku yhft, fd ge R esa ,d laca/ R bl izdkj ifjHkkf"kr djsa fd aRb] ;fn a ≥ b] rks R
(A) ,d rqY;rk laca/ gS (B) LorqY; rFkk laØked gS fdarq lefer ugha gS

(C) lefer rFkk laØked gS fdarq (D) u rks laØked gS vkSj u LorqY; gS fdarq
LorqY; ugha gaS lefer gS

33. eku yhft, fd A = {1, 2, 3} laca/ R = {1, 1), (2, 2), (3, 3), (1, 2), (2, 3), (1,3)}

ij fopkj dhft,] rks R

(A) LorqY; gS fdarq lefer ugha gS (B) LorqY; gS fdarq laØked ugha gS

(C) lefer rFkk laØked gS (D) u rks lefer gS vkSj u laØked gS

34. Q ~ {0} esa a * b = 
2

ab
  a, b ∈ Q ~ {0}  izdkj ls ifjHkkf"kr f}&vk/kjh lafØ;k *

dk (osQ fy,) rRle vo;o

(A) 1 (B) 0             (C) 2      (D) buesa ls dksbZ ugha gSA

35. ;fn leqPp; A esa 5 vo;o gSa rFkk leqPp; B esa 6 vo;o gSa] rks A ls B esa ,oSQdh rFkk
vkPNknd izfrfp=k.kksa dh la[;k

(A) 720 gS (B) 120 gS       (C) 0 gS      (D) buesa ls dksbZ ugha gS

 36. eku yhft, fd A = {1, 2, 3, ...n} rFkk B = {a, b} ] rks A ls B esa vkPNknh izfrfp=kksa
(izfrfp=k.kksa) dh la[;k

(A) nP
2 
gS (B) 2n – 2 gS    (C) 2n – 1 gS    (D) buesa ls dksbZ ugha gS

37. eku yhft, fd  f : R → R,  f (x) = 
1

x
  x ∈ R osQ }kjk ifjHkkf"kr gS] rks f

(A) ,oSQdh gS       (B)vkPNknd gS   (C) ,oSQdh vkPNknh gS   (D) f ifjHkkf"kr ugha gS

38. eku yhft, fd  f : R → R,  f (x) = 3x2 – 5 }kjk rFkk g : R → R  g (x) = 2 1

x

x +

}kjk ifjHkkf"kr gS] rks g o f  fuEufyf[kr gS]

(A) 
2

4 2

3 5

9 30 26

x

x x

−
− +         (B)

2

4 2

3 5

9 6 26

x

x x

−
− +     (C) 

2

4 2

3

2 4

x

x x+ −  (D) 
2

4 2

3

9 30 2

x

x x+ −

(A) LorqY; gS (B) laØked gS (C) lefer gS (D)buesa ls dksbZ Hkh ugha gSS
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39. Z ls Z esa fuEufyf[kr iQyuksa ls dkSu&ls ,oSQdh vkPNknh gSa\
(A) f (x) = x3      (B) f (x) = x + 2     (C) f (x) = 2x + 1      (D) f (x) = x2 + 1

40. eku yhft, fd  f : R → R, f (x) = x3 + 5 }kjk ifjHkkf"kr ,d iQyu gS] rks  f –1 (x)

fuEufyf[kr gS]

(A)
1

3( 5)x+         (B)
1

3( 5)x−              (C)
1

3(5 )x−                (D)  5 – x

41.   eku yhft, fd f : A → B  rFkk g : B → C ,oSQdh vkPNknh iQyu gSa] rks (g o f)–1

  fuEufyf[kr gS]
(A) f –1 o g–1      (B) f  o g                (C)  g –1 o f–1            (D)  g  o f

42. eku yhft, fd  f : 
3

5
⎧ ⎫− ⎨ ⎬
⎩ ⎭

R → R,  f (x) = 
3 2

5 3

x

x

+
−  }kjk ifjHkkf"kr gS] rks

(A) f –1 (x) = f (x) (B) f –1 (x) = – f (x)

(C) ( f o f ) x = – x (D) f –1 (x) = 
1

19
f (x)

43. eku yhft, fd  f : [0, 1] → [0, 1],  f (x) = 
,

1 ,

x x

x x

⎡ ⎤
⎢ ⎥
−⎢ ⎥⎣ ⎦

;fn ifje;s  gS

;fn vifjes; gS
 }kjk ifjHkkf"kr

gS] rks (f o f ) x

(A) vpj gS               (B)  1 + x gS              (C) x gS           (D) buesa ls dksbZ ugha gS

44. eku yhft, fd  f : [2, ∞) → R,  f (x) = x2 – 4x + 5 }kjk ifjHkkf"kr ,d iQyu gS] rks
f  dk ifjlj
(A) R gS                   (B) [1, ∞) gS            (C)  [4, ∞) gS    (D)  [5, ∞) gS

45. eku yhft, fd  f : N  → R,  f (x) = 
2 1

2

x−
 }kjk ifjHkkf"kr ,d iQyu gS] rFkk

g : Q → R, g (x) = x + 2 }kjk ifjHkkf"kr ,d vU; iQyu gS] rks (g o f) 
3

2
⎛ ⎞
⎜ ⎟
⎝ ⎠

(A)  1 gS                   (B) 1 gS                  (C) 
7

2
 gS           (D) buesa ls dksbZ ugha gS

46. eku yhft, fd f : R → R,

2

2 : 3

( ) :1 3

3 : 1

x x

f x x x

x x

>⎧
⎪

= < ≤⎨
⎪ ≤⎩
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}kjk ifjHkkf"kr gS] rks  f  (– 1) + f (2) + f (4)

(A) 9 gS (B) 14 gS (C) 5 gS       (D)buesa ls dksbZ ugha gS
47. eku yhft, fd f : R → R,  f (x) = tan x }kjk nÙk gS] rks f –1 (1)

(A)   
4

π
 gS (B) {n π + 

4

π
 : n ∈ Z}gS

(C) dk vfLrRo ugha gSA (D) buesa ls dksbZ ugha gS
iz'u la[;k 48 ls 52 rd izR;sd esa fjDr LFkku dh iwfrZ dhft,&
48. eku yhft, fd N esa ,d laca/ R, aRb ;fn 2a + 3b = 30 }kjk ifjHkkf"kr gS] rks

R = ______.
49. eku yhft, fd A = {1, 2, 3, 4, 5} esa ,d laca/ R = {(a, b) : |a2 – b2| < 8 }kjk

ifjHkkf"kr gS] rks R _______ }kjk O;Dr gSA
50. eku yhft, fd  f = {(1, 2), (3, 5), (4, 1)} rFkk g = {(2, 3), (5, 1), (1, 3)} rks

g o f  = _______ rFkk f o g = _______.

51. eku yhft, fd  f : R → R, ( )
2

.
1

x
f x

x
=

+
}kjk ifjHkkf"kr gS] rks

( f o f o f ) (x)  = _______
52. ;fn  f (x) = (4 – (x–7)3}, rks f –1(x) = _____________.

crykb, fd iz'u la[;k 53 ls 62 rd izR;sd osQ dFku lR; gSa ;k vlR; gSa&

53. eku yhft, fd leqPp; A = {1, 2, 3} esa ifjHkkf"kr ,d laca/ R = {(3, 1), (1, 3),

(3, 3)}] rks  R lefer rFkk laØked gS fdarq LorqY; ugha gSA
54. eku yhft,  f : R → R,  f (x) = sin (3x+2),  x ∈ R }kjk ifjHkkf"kr ,d iQyu gS] rks f

O;qRØe.kh; gSA
55. izR;sd laca/ tks lefer rFkk laØked gS LorqY; Hkh gSA
56. ,d iw.kkZad m ,d vU; iw.kkZad n ls lacaf/r dgykrk gS] ;fn m ,d iw.kkZadh; xq.kt gS n

dkA Z esa bl izdkj dk laca/ LorqY;] lefer rFkk laØked gksrk gSA
57. eku yhft, fd A = {0, 1} rFkk N izkòQr la[;kvksa dk leqPp; gS] rks f (2n–1) = 0,  f (2n) = 1,

 n ∈ N }kjk ifjHkkf"kr izfrfp=k.k f : N → A vkPNknd gSA
58. leqPp; A esa] R = {{1, 1), (1, 2), (2, 1), (3, 3)} izdkj ls ifjHkkf"kr laca/ R  LorqY;]

lefer rFkk laØked gSA
59. iQyuksa dk la;kstu Øe&fofues; gksrk gSA
60. iQyuksa dk la;kstu lkgp;Z gksrk gSA
61. izR;sd iQyu O;qRØe.kh; gksrk gSA
62. fdlh leqPp; esa fdlh f}&vk/kjh lafØ;k dk rRled vo;o lnSo gksrk gSA
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vè;k; 2

izfrykse f=kdks.kferh; iQyu

2.1 lexz voyksdu (Overview)

2.1.1 izfrykse iQyu

iQyu ‘f ’ osQ izfrykse dk vfLrRo osQoy rHkh gksrk gS tc iQyu ,oSQdh rFkk vkPNknd gks vFkkZr~
,oSQdh vkPNknh gks D;ksafd f=kdks.kferh; iQyu cgq,d laxfr (many-one) iQyu gksrs gSa blfy,
ge muosQ izkarksa rFkk ifjljksa dks bl izdkj izfrcaf/r djrs gSa fd os ,oSQdh rFkk vkPNknd gks tk,
vkSj fiQj ge mudk izfrykse Kkr djrs gSaA izfrykse f=kdks.kferh; iQyuksa osQ izkar rFkk ifjlj (eq[;
eku 'kk[kk) uhps fn, x, gSaA

iQyu izkar ifjlj (eq[; eku 'kk[kk)

y = sin–1x [–1,1]
–π π

,
2 2

  
    

y = cos–1x [–1,1] [0,π]

y = cosec–1x R– (–1,1)
–π π

, – {0}
2 2

  
    

y = sec–1x R– (–1,1) [0,π] – 
π

2
  
  
  

y = tan–1x R
–π π

,
2 2

  
    

y = cot–1x R (0,π)
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fVIi.kh
 (i) sin–1x ls (sinx)–1 dh Hkzkafr ugha gksuh pkfg,A okLro esa sin–1x ,d dksa.k gS ftlosQ sine

dk eku x  gSA ;gh rF; vU; f=kdks.kferh; iQyuksa osQ fy, Hkh lR; gSA

(ii) θ osQ lcls de (U;wure) la[;kRed eku pkgs og /ukRed gks ;k ½.kkRed gks] dks
iQyu dk eq[; eku dgrs gSaA

(iii) tc dHkh izfrykse f=kdks.kferh; iQyu dh fdlh fo'ks"k 'kk[kk dk mYys[k u gks rks gekjk
rkRi;Z eq[; 'kk[kk ls gksrk gSA izfrykse f=kdks.kferh; iQyu dk og eku tks mldh eq[;
'kk[kk osQ ifjlj esa fLFkr gksrk gS mls eq[; eku dgrs gSaA

2.1.2 f=kdks.kferh; iQyuksa dk vkys[k
fdlh izfrykse f=kdks.kferh; iQyu dk vkys[k ewy iQyu osQ vkys[k esa x rFkk y-v{kksa dk ijLij
fofue; djds izkIr fd;k tk ldrk gSA vFkkZr~] ;fn (a, b) iQyu osQ vkys[k esa ,d fcanq gS rks
(b, a) izfrykse iQyu osQ xzkiQ dk laxr fcanq gks tkrk gSA

;g fn[kk;k tk ldrk gS fd izfrykse iQyu osQ vkys[k] js[kk y = x osQ ifjr% laxr ewy
iQyu osQ vkys[k dks niZ.k izfrfcac (mirror image) vFkkZr~ ijkorZu (reflection) osQ :i esa izkIr
fd;k tk ldrk gSA

2.1.3 izfrykse f=kdks.kferh; iQyuksa osQ xq.k/eZ

1. sin–1 (sin x) = x          :
–

,
2 2

x
         

cos–1(cos x) = x         : [0, ]x   

tan–1(tan x) = x          :
–π π

,
2 2

x
⎛ ⎞∈⎜ ⎟
⎝ ⎠

cot–1(cot x) = x          : ( )0,πx∈

sec–1(sec x) = x         :
π

[0,π] –
2

x
     
  

cosec–1(cosec x) = x  :
–π π

, – {0}
2 2

x
       

2. sin (sin–1 x) = x          : x ∈[–1,1]
cos (cos–1 x) = x         : x ∈[–1,1]
tan (tan–1 x) = x          : x ∈R
cot (cot–1 x) = x          : x ∈R
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sec (sec–1 x) = x                 : x ∈R – (–1,1)
cosec (cosec–1 x) = x          : x ∈R – (–1,1)

3.
–1 –11

sin cosec x
x

                 : x ∈R – (–1,1)

–1 –11
cos sec x

x
                    : x ∈R – (–1,1)

–1 –11
tan cot x

x
                    : x > 0

= – π + cot–1x                    : x < 0
4. sin–1 (–x) = –sin–1x             : x ∈[–1,1]

cos–1 (–x) = π−cos–1x         : x ∈[–1,1]
tan–1 (–x) = –tan–1x            : x ∈R
cot–1 (–x) = π–cot–1x          : x ∈R
sec–1 (–x) = π–sec–1x         : x ∈R –(–1,1)
cosec–1 (–x) = –cosec–1x    : x ∈R –(–1,1)

5. sin–1x + cos–1x = 
π

2
          : x ∈[–1,1]

tan–1x + cot–1x = 
π

2
          : x ∈R

sec–1x + cosec–1x = 
π

2
      : x ∈R–[–1,1]

6. tan–1x + tan–1y = tan–1 1 –

x y

xy

   
    : xy < 1

tan–1x – tan–1y = tan–1 ; –1
1

x y
xy

xy

⎛ ⎞−
>⎜ ⎟+⎝ ⎠

7. 2tan–1x = sin–1
2

2

1

x

x           :  –1 ≤ x ≤ 1

2tan–1x = cos–1

2

2

1 –

1

x

x 
         :  x ≥ 0

2tan–1x = tan–1
2

2

1–

x

x
         :  –1 < x < 1
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2.2  gy fd, gq, mnkgj.k

y?kq mÙkjh; (S.A.)

mnkgj.k 1  x = 
3

2
osQ fy, cos–1x dk eq[; eku Kkr dhft,A

gy  ;fn  cos–1

3

2

  
    =  θ , rc cos θ = 

3

2
.

ge ;gk¡ eq[; 'kk[kk ij fopkj dj jgs gSa blfy, θ ∈ [0, π]. iqu% 
3

2
 > 0 ls ge tku x, fd

θ izFke prqFkk±'k eas gS blfy, cos–1
3

2

  
     = 

π

6
.

mnkgj.k  2  tan–1
–π

sin
2

    
        dks ifjdfyr dhft,A

gy  tan–1
–π

sin
2

    
        = tan–1

π
sin

2

⎛ ⎞⎛ ⎞−⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

= tan–1(–1) = 
π

4
− .

mnkgj.k  3   cos–1
13π

cos
6

  
    dk eku Kkr dhft,A

gy   cos–1
13π

cos
6

  
    =  cos–1 cos(2 )

6

π⎛ ⎞π+⎜ ⎟
⎝ ⎠

  = 
–1 π

cos cos
6

⎛ ⎞
⎜ ⎟
⎝ ⎠

                                          = 
6

π
.

mnkgj.k  4  tan–1 
9π

tan
8

  
     dk eku Kkr dhft,A

gy    tan–1 
9π

tan
8

  
     = tan–1 tan 

8

π⎛ ⎞π +⎜ ⎟
⎝ ⎠

                                         = 
–1tan tan

8

⎛ ⎞π⎛ ⎞
⎜ ⎟⎜ ⎟

⎝ ⎠⎝ ⎠
 =  

π

8
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mnkgj.k 5  tan (tan–1(– 4)) dks ifjdfyr dhft,A

gy   D;ksafd x ∈ R osQ lHkh ekuksa osQ fy, tan (tan–1x) = x, gS blfy, tan (tan–1(– 4) = – 4.

mnkgj.k 6  tan–1 3 – sec–1 (–2) dk eku Kkr dhft,A

gy    tan–1 3 – sec–1 (– 2)  = tan–1 3 – [π – sec–12]

                                  = 
–1 1 2

cos
3 2 3 3 3

π π π π⎛ ⎞−π+ =− + =−⎜ ⎟
⎝ ⎠

.

mnkgj.k 7  
–1 –1 3

sin cos sin
2

    
          

 dk eku Kkr dhft,A

gy  
–1 –1 –13 π

sin cos sin sin cos
2 3

                           
 = 

–1 1 π
sin

2 6
       

.

mnkgj.k 8   fl¼ dhft, fd tan(cot–1x) = cot (tan–1x). dkj.k lfgr crkb, fd D;k ;g x

osQ lHkh ekuksa osQ fy, lR; gSA
gy  eku yhft,  cot–1x = θ. rc cot θ = x

;k, 
π

tan – θ  = 
2

x
  
     ⇒ 

–1 π
tan – θ

2
x =  ;k tan (cot–1x) = 

–1π
tan – tan

2
x

⎛ ⎞
⎜ ⎟
⎝ ⎠

 = cot (tan–1x)

blfy, 
–1 –1 –1π π

tan(cot ) tanθ cot – θ cot cot cot(tan )
2 2

x x x
⎛ ⎞ ⎛ ⎞= = = − =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

;g lerk x osQ lHkh ekuksa osQ fy, lR; gS D;ksafd x ∈ R  osQ fy, tan–1x rFkk cot–1x lR; gSA

mnkgj.k 9 sec 
–1tan

2

y⎛ ⎞
⎜ ⎟
⎝ ⎠

dk eku Kkr dhft,

gy  eku yhft,  
–1tan =θ

2

y
, tgk¡ 

π π
θ ,

2 2
⎛ ⎞∈ −⎜ ⎟
⎝ ⎠

. blfy, , tanθ = 
2

y
,

ftlls    
24

secθ=
2

y 
 izkIr gksrk gSA

blfy,]   
2

–1 4
sec tan =secθ=

2 2

yy +⎛ ⎞
⎜ ⎟
⎝ ⎠

.
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mnkgj.k 10  tan (cos–1x)  dk eku Kkr dhft, vkSj fiQj tan 
–1 8

cos
17

  
     ifjdfyr dhft,A

gy  eku yhft, cos–1x = θ, rc cos θ = x,  tgk¡  θ ∈ [0,π]

blfy,       tan(cos–1x) = 
2 21– cos θ 1–

tanθ =
cosθ

x

x
=

vr%     

2

–1

8
1 –

178 15
tan cos  =

817 8
17

⎛ ⎞
⎜ ⎟

⎛ ⎞ ⎝ ⎠ =⎜ ⎟
⎝ ⎠

mnkgj.k 11    
–1 –5

sin 2cot
12

    
        

 dk eku Kkr dhft,

gy  eku yhft, cot–1 
–5

12
⎛ ⎞
⎜ ⎟
⎝ ⎠

 = y .   rc  cot y = 
5

12

−

vc  
–1 –5

sin 2cot
12

    
        

= sin 2y

= 2sin y cos y    = 
12 –5

2
13 13

    
            

π
cot 0, so ,π

2
y y

⎡ ⎤⎛ ⎞< ∈⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
D;k fsa d

–120

169
 

mnkgj.k 12   
–1 –11 4

cos sin sec
4 3

       
 dk eku Kkr dhft,

gy   
–1 –11 4

cos sin sec
4 3

       
 = 

–1 –11 3
cos sin cos

4 4
⎡ ⎤+⎢ ⎥⎣ ⎦

= 
–1 –1 –1 –11 3 1 3

cos sin cos cos – sin sin sin cos
4 4 4 4

        
                

=  

2 2
3 1 1 3

1 – – 1 –
4 4 4 4
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= 
3 15 1 7 3 15 – 7

–
4 4 4 4 16

 

nh?kZ mÙkjh; mÙkj (L.A.)

mnkgj.k 13 fl¼ dhft, fd  2sin–1
3

5
 – tan–1 

17

31
 = 

4

π

gy eku yhft,  sin–1 
3

5
= θ,  rc  sinθ = 

3

5
,  tgk¡  θ ∈ ,

2 2

−π π⎡ ⎤
⎢ ⎥⎣ ⎦

bl izdkj   tan θ = 
3

4
,  ftlls θ  =  tan–1

3

4
 izkIr gksrk gSA

blfy,   2sin–1
3

5
 –  tan–1 

17

31

= 2θ – tan–1 
17

31
   = 2 tan–1

3

4
 –  tan–1 

17

31

= 
–1 –1

3
2. 174tan – tan

9 311–
16

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

 = tan–1  
–124 17

tan
7 31
−

= 
–1

24 17
7 31tan

24 17
1 .

7 31

⎛ ⎞−⎜ ⎟
⎜ ⎟
⎜ ⎟+
⎝ ⎠

 = 
4

π

mnkgj.k 14  fl¼ dhft, fd
cot–17 + cot–18 + cot–118 = cot–13

gy   fn;k gS
    cot–17 + cot–18 + cot–118

= tan–1
1

7
 + tan–1

1

8
 + tan–1

1

18
    (D;ksafd x > 0  osQ fy, cot–1 x = tan–1

1

x
)
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= 
–1 –1

1 1
17 8tan tan

1 1 181
7 8

⎛ ⎞+⎜ ⎟
+⎜ ⎟

⎜ ⎟− ×
⎝ ⎠

           (D;ksafd x . y  =  
1 1

.
7 8

 < 1)

= 
–1 –13 1

tan tan
11 18
+  = 

–1

3 1
11 18tan

3 1
1

11 18

⎛ ⎞+⎜ ⎟
⎜ ⎟
⎜ ⎟− ×
⎝ ⎠

         (D;ksafd xy < 1)

= 
–1 65

tan
195

= 
–1 1

tan
3

   = cot–1 3

mnkgj.k 15  tan 1 rFkk  tan–1 1 esa ls dkSu lk cM+k gS?

gy vko`Qfr 2-1 ls ge ns[krs gSa

fd varjky ,
2 2

−π π⎛ ⎞
⎜ ⎟
⎝ ⎠

 es a tan x

o/Zeku iQyu gSA D;ksafd

1 > 
4

π
 ⇒  tan 1 > tan 

4

π

vr%] tan 1 > 1

⇒ tan 1 > 1 > 
4

π

⇒ tan 1 > 1 > tan–1 (1).

mnkgj.k 16 
–1 –12

sin 2 tan cos(tan 3)
3

⎛ ⎞+⎜ ⎟
⎝ ⎠

 dk eku Kkr dhft,

gy  ekuk  tan–1 
2

3
 = x vkSj tan–1 3  = y  blfy, tan x = 

2

3
 vkSj tan y = 3

vr%]   
–1 –12

sin 2 tan cos(tan 3)
3

⎛ ⎞+⎜ ⎟
⎝ ⎠

=  sin (2x) + cos y

vko`Qfr 2-1
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= 2 2

2 tan 1

1 tan 1 tan

x

x y
+

+ +   = ( )2

2
2. 13

4 1 31
9

+
++

=  
12 1 37

13 2 26
+ = .

mnkgj.k 17 
–1 –11 1

tan tan , 0
1 2

x
x x

x

⎛ ⎞−
= >⎜ ⎟+⎝ ⎠

dks x osQ fy, gy dhft,

gy     fn, x, lehdj.k ls]   –1 –11
2 tan tan

1

x
x

x

⎛ ⎞−
=⎜ ⎟+⎝ ⎠

⇒ –1 –1 –12 tan 1 tan tanx x⎡ ⎤− =⎣ ⎦

⇒
–12 3tan

4
x

π⎛ ⎞=⎜ ⎟
⎝ ⎠

 ⇒  –1tan
6

x
π
=

⇒
1

3
x= .

mnkgj.k 18    x osQ os eku Kkr dhft, tks lehdj.k sin–1 x + sin–1 (1 – x) = cos–1 x dks larq"V

djrs gSaA

gy    fn, x, lehdj.k ls gesa izkIr gksrk gS fd

sin [sin–1 x + sin–1 (1 – x)] = sin (cos–1x)

⇒ sin (sin–1 x) cos (sin–1 (1 – x)) + cos (sin–1 x) sin (sin–1 (1 – x) ) = sin (cos–1 x)

⇒ 2 2 21– (1– ) (1 ) 1 1x x x x x+ − − = −

⇒ 2 22 – 1 (1 1) 0x x x x x+ − − − =

⇒ ( )2 22 – 1 0x x x x− − =

⇒ x = 0 ;k 2x – x2 = 1 – x2

⇒ x = 0 ;k x = 
1

2
.
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mnkgj.k 19  lehdj.k sin–16x + sin–1 6 3 x = 
2

π
−  dks gy dhft,A

gy   fn, x, lehdj.k dks sin–1 6x = 
–1sin 6 3

2
x

π
− −  osQ :i esa fy[k ldrs gSaA

⇒ sin (sin–1 6x) = sin 
–1sin 6 3

2
x

π⎛ ⎞− −⎜ ⎟
⎝ ⎠

⇒ 6x = – cos (sin–1 6 3 x)

⇒ 6x = – 21 108x−

oxZ djus ij izkIr gksrk gS  36x2 = 1 – 108x2

⇒ 144x2 = 1 ⇒  x   =  ± 
1

12

è;ku nhft, fd osQoy  x = – 
1

12
 gh lehdj.k dk gy gS D;ksafd x = 

1

12
 bls larq"V ugha djrk gSA

mnkgj.k 20 n'kkZb, fd

2 tan–1 
–1 sin cos

tan .tan tan
2 4 2 cos sin

⎛ ⎞⎧ ⎫α π β α β⎛ ⎞− =⎨ ⎬ ⎜ ⎟⎜ ⎟ α+ β⎝ ⎠⎩ ⎭ ⎝ ⎠

gy  L.H.S. = 
–1

2 2

2 tan .tan
2 4 2

tan
1 tan tan

2 4 2

⎡ ⎤α π β⎛ ⎞−⎜ ⎟⎢ ⎥⎝ ⎠⎢ ⎥
α π β⎛ ⎞⎢ ⎥− −⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

      
–1 –1

2

2
2 tan tan

1

x
x

x

⎛ ⎞
=⎜ ⎟

−⎝ ⎠
D;kafs d

=  –1
2

2

1 tan
22 tan

2 1 tan
2tan

1 tan
21 tan

2 1 tan
2

⎡ ⎤β⎛ ⎞−⎢ ⎥⎜ ⎟α⎢ ⎥⎜ ⎟β⎢ ⎥⎜ ⎟+⎢ ⎥⎝ ⎠
⎢ ⎥

β⎛ ⎞⎢ ⎥−⎜ ⎟α⎢ ⎥− ⎜ ⎟⎢ ⎥β⎜ ⎟+⎢ ⎥
⎝ ⎠⎣ ⎦
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=

2

–1
2 2

2

2 tan . 1 tan
2 2

tan

1 tan tan 1 tan
2 2 2

⎡ ⎤α β⎛ ⎞−⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥

⎢ ⎥β α β⎛ ⎞ ⎛ ⎞+ − −⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎣ ⎦

=

2

–1

2 2 2

2 tan 1 tan
2 2

tan
1 tan 1 tan 2 tan 1 tan

2 2 2 2

α β⎛ ⎞−⎜ ⎟
⎝ ⎠

β α β α⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ − + +⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

=

2

2 2

–1

2

2 2

2 tan 1 tan
2 2

1 tan 1 tan
2 2tan

1 tan 2 tan
2 2

1 tan 1 tan
2 2

α β
−

α β
+ +

α β
−

+
α β

+ +

=
–1 sin cos

tan
cos sin

⎛ ⎞α β
⎜ ⎟α+ β⎝ ⎠

= R.H.S.

cgqfodYih; iz'u (M.C.Q.)

iz'u 21 ls 41 rd izR;sd osQ fy, fn, x, pkj fodYiksa esa ls lgh fodYi pqfu,&

mnkgj.k  21 fuEu esa ls dkSu lk tan–1 dh eq[; eku 'kk[kk gS?

(A) ,
2 2

π π⎛ ⎞−⎜ ⎟
⎝ ⎠

(B) ,
2 2

π π⎡ ⎤−⎢ ⎥⎣ ⎦
(C)  ,

2 2

π π⎛ ⎞−⎜ ⎟
⎝ ⎠

 – {0} (D)  (0, π)

gy   lgh mÙkj (A) gSA

mnkgj.k 22 sec–1 dh eq[; eku 'kk[kk gSA

(A) { }, 0
2 2

π π⎡ ⎤− −⎢ ⎥⎣ ⎦
(B) [ ]0,

2

π⎧ ⎫π −⎨ ⎬
⎩ ⎭

   (C)(0, π)                    (D) ,
2 2

π π⎛ ⎞−⎜ ⎟
⎝ ⎠

gy   lgh mÙkj (B) gSA
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mnkgj.k 23 eq[; eku 'kk[kk osQ vfrfjDr cos–1 dh ,d vU; 'kk[kk gS

(A)
3

,
2 2

π π⎡ ⎤
⎢ ⎥⎣ ⎦

(B) [ ] 3
, 2

2

π⎧ ⎫π π −⎨ ⎬
⎩ ⎭

(C)  (0, π) (D) [2π, 3π]

gy   lgh mÙkj (D) gSA

mnkgj.k 24 
–1 43

sin cos
5

⎛ ⎞π⎛ ⎞
⎜ ⎟⎜ ⎟

⎝ ⎠⎝ ⎠
 dk eku gS

(A)
3

5

π
(B)

7

5

− π
(C)

10

π
(D) – 

10

π

gy   lgh mÙkj (D) gSA D;ksafd –1 –140 3 3
sin cos sin cos 8

5 5

π+ π π⎛ ⎞ ⎛ ⎞= π+⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

= 
–1 –13 3

sin cos sin sin
5 2 5

⎛ ⎞π π π⎛ ⎞ ⎛ ⎞= −⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎝ ⎠

= 
–1sin sin

10 10

⎛ ⎞π π⎛ ⎞− = −⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

.

mnkgj.k 25 O;atd cos–1 [cos (– 680°)] dk eku gS

(A)
2

9

π
(B)

2

9

− π
(C)

34

9

π
(D)

9

π

gy    lgh mÙkj (A) gS D;ksafd cos–1 (cos (680°)) = cos–1 [cos (720° – 40°)]

= cos–1 [cos (40°)] = 40° = 
2

9

π
.

mnkgj.k 26  cot (sin–1x) dk eku gS

(A)
21 x

x

+
(B) 21

x

x+ (C)
1

x
                   (D) 

21 x

x

−

gy   lgh mÙkj (D) gSA eku yhft,  sin–1 x = θ, rc sinθ = x
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⇒ cosec θ = 
1

x
⇒ cosec2θ = 2

1

x

⇒ 1 + cot2 θ = 2

1

x
⇒ cotθ = 

21 x

x

−
.

mnkgj.k 27 ;fn fdlh x ∈ R osQ fy, tan–1x = 
10

π
 gS rks cot–1x dk eku gS

(A)
5

π
(B)

2

5

π
(C)

3

5

π
(D)

4

5

π

gy  lgh mÙkj (B) gSA ge tkurs gSa fd tan–1x + cot–1x = 
2

π
 blfy,  cot–1x = 

2

π
 –  

10

π

 ⇒  cot–1x =  
2

π
 – 

10

π
 =  

2

5

π
.

mnkgj.k  28 sin–1 2x dk izkar gS

(A) [0, 1] (B) [– 1, 1] (C)
1 1

,
2 2

⎡ ⎤−⎢ ⎥⎣ ⎦
             (D) [–2, 2]

gy   lgh mÙkj (B) gSA eku yhft, sin–12x = θ  ;k  2x = sin θ.

vc  – 1 ≤ sin θ ≤ 1,  vFkkZr~  – 1 ≤ 2x ≤ 1 ftlls 
1 1

2 2
x− ≤ ≤  izkIr gksrk gSA

mnkgj.k  29 sin–1  
3

2

⎛ ⎞−
⎜ ⎟⎜ ⎟
⎝ ⎠

 dk eq[; eku gS

(A)
2

3

π
− (B)

3

π
− (C)

4

3

π
(D)

5

3

π

gy   lgh mÙkj (B) gSA D;ksafd

–1 –1 –13
sin sin – sin – sin sin –

2 3 3 3

⎛ ⎞− π π π⎛ ⎞ ⎛ ⎞= = =⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎝ ⎠ ⎝ ⎠⎝ ⎠
.

mnkgj.k  30  (sin–1x)2 + (cos–1x)2 dk Øe'k% vf/dre rFkk U;wure eku gS
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(A)
2 25

4 8

π π
rFkk (B)

2 2

π −π
rFkk       (C)

2 2

4 4

π −π
rFkk       (D) 

2

0
4

π
rFkk

gy  lgh mÙkj (A) gSA ge tkurs gSa fd

(sin–1x)2 + (cos–1x)2 =  (sin–1x + cos–1x)2 – 2 sin–1x  cos–1 x

= 
2

–1 –12sin sin
4 2

x x
π π⎛ ⎞− −⎜ ⎟

⎝ ⎠

= ( )
2 2–1 –1sin 2 sin

4
x x

π
− π +

=  ( )
22–1 –12 sin sin

2 8
x x

⎡ ⎤π π
− +⎢ ⎥

⎣ ⎦

=  

2 2
–12 sin

4 16
x

⎡ ⎤π π⎛ ⎞− +⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

.

bl izdkj] U;wure eku 
2 2

2
16 8

⎛ ⎞π π
⎜ ⎟
⎝ ⎠

vFkkZr ~  gS rFkk vf/dre eku 

2 2

2
2 4 16

⎡ ⎤−π π π⎛ ⎞− +⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

,

vFkkZr~  
25

4

π
 gSA

mnkgj.k  31 ;fn θ = sin–1 (sin (– 600°), rc θ dk eku gS

(A)
3

π
(B)

2

π
(C)

2

3

π
(D)

2

3

− π

gy   lgh mÙkj (A) gS D;ksafd

      
–1 –1 10

sin sin 600 sin sin
180 3

π − π⎛ ⎞ ⎛ ⎞− × =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

      = 
–1 2

sin sin 4
3

⎡ ⎤π⎛ ⎞− π−⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
 = 

–1 2
sin sin

3

π⎛ ⎞
⎜ ⎟
⎝ ⎠



32    iz'u iznf'kZdk

      = 
–1 –1sin sin sin sin

3 3 3

⎛ ⎞π π π⎛ ⎞ ⎛ ⎞π− = =⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎝ ⎠

.

mnkgj.k 32 iQyu y = sin–1 (– x2) dk izkar gS
(A) [0, 1] (B) (0, 1) (C) [–1, 1] (D)  φ

gy  lgh mÙkj (C) gS D;ksafd  y = sin–1 (– x2)⇒   siny = – x2

vFkkZr~  – 1 ≤ – x2 ≤ 1  (D;ksafd – 1 ≤ sin y ≤ 1)
⇒   1  ≥  x2 ≥ – 1

⇒   0  ≤  x2 ≤  1

⇒   1 1 1x x≤ − ≤ ≤;k

mnkgj.k 33  y = cos–1 (x2 – 4) dk izkar gS
(A) [3, 5] (B) [0, π]

(C) 5, 3 5, 3⎡ ⎤ ⎡ ⎤− − ∩ −⎣ ⎦ ⎣ ⎦ (D) 5, 3 3, 5⎡ ⎤ ⎡ ⎤− − ∪⎣ ⎦ ⎣ ⎦

gy lgh mÙkj (D) gS D;ksafd  y = cos–1 (x2 – 4 )⇒   cosy = x2 – 4

vFkkZr~    – 1 ≤  x2 – 4 ≤ 1 (D;ksafd – 1 ≤ cos y ≤ 1)
⇒   3  ≤  x2 ≤ 5

⇒   3 5x≤ ≤

⇒   5, 3 3, 5x ⎡ ⎤ ⎡ ⎤∈ − − ∪⎣ ⎦ ⎣ ⎦

mnkgj.k  34  f (x) =  sin–1x + cosx }kjk ifjHkkf"kr iQyu dk izkar gS

(A) [–1, 1] (B) [–1, π + 1] (C) ( )– ,∞ ∞ (D) φ

gy  lgh mÙkj (A) gSA D;ksafd iQyu cos dk izkar  R gS rFkk sin–1 dk izkar  [–1, 1] gSA blfy,

f (x) = cosx + sin–1x dk izkar R [ ]–1,1∩ , vFkkZr~ [–1, 1] gSA

mnkgj.k  35 sin (2 sin–1 (.6)) dk eku gS

(A) .48 (B) .96 (C) 1.2 (D) sin 1.2

gy  lgh mÙkj (A) gSA ;fn sin–1 (0.6) = θ, rc sin θ = .6.

vc  sin (2θ) = 2 sinθ cosθ = 2 (.6) (.8) = .96
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mnkgj.k  36 ;fn  sin–1 x + sin–1 y = 
2

π
, rc  cos–1 x + cos–1 y dk eku gS

(A)
2

π
(B) π (C) 0 (D)

2

3

π

gy  lgh mÙkj (B) gSA D;ksafd  sin–1 x + sin–1 y = 
2

π
 gS blfy,

–1 –1– cos – cos
2 2 2

x y
π π π⎛ ⎞ ⎛ ⎞+ =⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠

⇒ cos–1x + cos–1y  =  
2

π
.

mnkgj.k  37 tan 
–1 –13 1

cos tan
5 4

⎛ ⎞+⎜ ⎟
⎝ ⎠

 dk eku gS

(A)
19

8
(B)

8

19
(C)

19

12
(D)

3

4

gy  lgh mÙkj (A) gSA D;ksafd tan 
–1 –13 1

cos tan
5 4

⎛ ⎞+⎜ ⎟
⎝ ⎠

 = tan 
–1 –14 1

tan tan
3 4

⎛ ⎞+⎜ ⎟
⎝ ⎠

=  tan tan –1 
–1

4 1
19 193 4 tan tan

4 1 8 81
3 4

⎛ ⎞+⎜ ⎟ ⎛ ⎞= =⎜ ⎟ ⎜ ⎟
⎝ ⎠⎜ ⎟− ×

⎝ ⎠
 
.

mnkgj.k  38 O;atd sin [cot–1 (cos (tan–1 1))] dk eku gS

(A) 0 (B) 1 (C)
1

3
(D)

2

3

gy  lgh mÙkj (D) gSA D;ksafd

sin [cot–1 (cos 
4

π
)] = sin [cot–1 

1

2
]= 

–1 2 2
sin sin

3 3

⎡ ⎤
=⎢ ⎥

⎣ ⎦



34    iz'u iznf'kZdk

mnkgj.k 39 lehdj.k tan–1x – cot–1x = tan–1 
1

3

⎛ ⎞
⎜ ⎟
⎝ ⎠

(A) dk dkbZ gy ugha gS (B) dk osQoy ,d ek=k gy gS
(C) osQ vuar gy gSa (D) osQ nks gy gSa

gy  lgh mÙkj (B) gSA D;ksafd

tan–1x – cot–1x =  
6

π
 rFkk  tan–1x + cot–1x =  

2

π
.

budks tksM+us ij gesa  2tan–1x = 
2

3

π
 izkIr gksrk gS

blfy,                ⇒   tan–1x =  
3

π
  vFkkZr~ 3x= .

mnkgj.k  40 ;fn 2α≤ sin–1x + cos–1x ≤β , rc

(A) ,
2 2

−π π
α= β= (B) 0,α= β=π

(C)
3

,
2 2

−π π
α= β= (D) 0, 2α= β= π

gy  lgh mÙkj (B) gSA fn;k x;k gS fd 
2

−π
≤  sin–1 x ≤  

2

π

⇒
2

−π
+ 

2

π
 ≤  sin–1x + 

2

π
  ≤   

2

π
 + 

2

π

⇒ 0  ≤  sin–1x +  (sin–1x + cos–1x) ≤  π

⇒ 0  ≤  2sin–1x +  cos–1x ≤  π

mnkgj.k  41  tan2 (sec–12) + cot2 (cosec–13) dk eku gS
(A) 5 (B) 11 (C) 13 (D) 15

gy  lgh mÙkj (B) gSA

tan2 (sec–12) + cot2 (cosec–13) = sec2 (sec–12) – 1 + cosec2 (cosec–13) – 1

= 22  × 1 + 32 – 2 = 11.
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2.3 iz'ukoyh

y?kq mÙkjh; iz'u (S.A.)

  1.
–1 –15π 13π

tan tan cos cos
6 6

⎛ ⎞ ⎛ ⎞+⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 dk eku fudkfy,A

  2. –1 – 3
cos cos

2 6

     
           

 dk eku Kkr dhft,A

  3. fl¼ dhft, fd 
–1cot – 2cot 3 7

4

        .

  4.
–1 –1 –11 1 –

tan – cot tan sin
23 3

                            dk eku fudkfy,A

  5. tan–1 
2π

tan
3

⎛ ⎞
⎜ ⎟
⎝ ⎠

 dk eku fudkfy,A

  6. n'kkZb, fd  2tan–1 (–3) = 
–

2

 
 + 

–1 –4
tan

3
⎛ ⎞
⎜ ⎟
⎝ ⎠

.

  7. lehdj.k ( )–1 –1 2 π
tan 1 sin 1

2
x x x x+ + + + = . osQ okLrfod gy Kkr dhft,A

  8. O;atd sin ( )–1 –11
2 tan cos tan 2 2

3
⎛ ⎞+⎜ ⎟
⎝ ⎠

 dk eku fudkfy,A

  9. ;fn 2 tan–1 (cos θ) = tan–1 (2 cosec θ), rks fn[kkb, fd θ = 
π

4
.

10. n'kkZb, fd
–1 –11 1

cos 2 tan sin 4 tan
7 3

⎛ ⎞ ⎛ ⎞=⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

.

11. lehdj.k   ( )–1 –1 3
cos tan sin cot

4
x

⎛ ⎞= ⎜ ⎟
⎝ ⎠

 dks gy dhft,
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nh?kZ mÙkjh; iz'u (L.A.)

12. fl¼  dhft, fd  

2 2
–1 –1 2

2 2

1 1– 1
tan cos

4 21 – 1–

x x
x

x x

     
    

   
.

13.
–1 3 4

cos cos sin
5 5

x x
       , tgk¡ x ∈ 

–3
,

4 4

    
    

, dks ljyre :i esa fyf[k,A

14. fl¼  dhft, fd –1 –1 –18 3 77
sin sin sin

17 5 85
  .

15. n'kkZb, fd 
–1 –1 –15 3 63

sin cos tan
13 5 16

  .

16. fl¼  dhft, fd 
–1 –1 11 2 1

tan tan sin
4 9 5

−+ = .

17.
–1 –11 1

4 tan – tan
5 239

 dk eku Kkr dhft,A

18. n'kkZb, fd –11 3 4 – 7
tan sin

2 4 3
       

 rFkk bldk Hkh vkSfpR; crkb, fd nwljk eku

4 7

3

+
 dks D;ksa ugha fy;k x;k gSA

19. ;fn a
1
, a

2
, a

3
,...,a

n
 ,d lekarj Js<+h esa gSa ftldk lkoZ varj  (common difference)

d gS rks fuEufyf[kr O;atd dk eku fudkfy,A

–1 –1 –1 –1

1 2 2 3 3 4 –1

tan tan tan tan ... tan
1 1 1 1 n n

d d d d

a a a a a a a a

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎛ ⎞
+ + + +⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟+ + + +⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦

.

cgqfodYih; iz'u  (M.C.Q.)

iz'u 20 ls 37 rd izR;sd osQ fy, fn, x, pkj fodYiksa esa ls lgh fodYi pqfu,&
20. fuEu esa ls dkSu lk cos–1x dh eq[; 'kk[kk gS?

(A)  
–π π

,
2 2

⎡ ⎤
⎢ ⎥⎣ ⎦

    (B)  (0, π)   (C)  [0, π]   (D)  (0, π) – 
π

2
⎧ ⎫
⎨ ⎬
⎩ ⎭
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21. fuEufyf[kr esa ls dkSu lk cosec–1x dh eq[; 'kk[kk gS?

(A)  
–π π

,
2 2

⎛ ⎞
⎜ ⎟
⎝ ⎠

  (B)  [0, π] – 
π

2
⎧ ⎫
⎨ ⎬
⎩ ⎭

(C)  
–π π

,
2 2

⎡ ⎤
⎢ ⎥⎣ ⎦

(D)
–π π

,
2 2

⎡ ⎤
⎢ ⎥⎣ ⎦

 – {0}

22. ;fn 3tan–1 x + cot–1 x = π, rks x cjkcj gS

(A)  0 (B)  1 (C)  –1 (D)  
1

2

23. sin–1 
33

cos
5

     
         dk eku gS

(A)  
3π

5
(B)  

–7

5

π
(C)  

10

π
(D)  

–

10

π

24. iQyu cos–1 (2x – 1) dk izkar gS
(A)  [0, 1] (B)  [–1, 1] (C)  ( –1, 1) (D)  [0, π]

25.  f (x) = sin–1 –1x  }kjk ifjHkkf"kr iQyu dk izkar gS

(A)  [1, 2] (B)  [–1, 1] (C)  [0, 1] (D)  buesa ls dksbZ ugha

26. ;fn cos 
–1 –12

sin cos 0
5

x⎛ ⎞+ =⎜ ⎟
⎝ ⎠

, rks x dk eku gS

(A)  
1

5
(B)  

2

5
(C)  0 (D)  1

27. sin (2 tan–1 (.75)) dk eku gS
(A)  .75 (B)  1.5 (C)  .96 (D)  sin 1.5

28.
–1 3

cos cos
2

   
     dk eku gS

(A)  
2

π
(B)  

3

2

π
(C)  

5

2

π
(D)  

7

2

π

29. O;atd  2 sec–1 2 + sin–1 
1

2
  
     dk eku gS

(A)  
π

6
(B)  

5π

6
(C)  

7π

6
(D)  1
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30. ;fn  tan–1 x + tan–1y = 
4π

5
, rks cot–1 x + cot–1 y cjkcj gS

(A)  
π

5
(B)  

2π

5
(C)  

3

5

 
(D)  π

31. ;fn sin–1 

2
–1 –1

2 2 2

2 1– 2
cos tan

1 1 1–

a a x

a a x

      
                , tgk¡ a, x ∈ ]0, 1, rc x

dk eku cjkcj gS

(A)  0 (B)  
2

a
(C)  a (D)  2

2

1–

a

a

32. cot 
–1 7

cos
25

    
        

 dk eku gS

(A)  
25

24
(B)  

25

7
(C)  

24

25
(D)  

7

24

33. O;atd tan 
–11 2

cos
2 5

  
     dk eku gS

(A)  2 5 (B)  5 – 2 (C)  
5 2

2

 
(D)  5 2 

1– cos
: tan

2 1 cos

⎡ ⎤θ θ
=⎢ ⎥+ θ⎣ ⎦

laoQs r iz;qDr djsa

34. ;fn | x | ≤  1, rc 2 tan–1 x + sin–1
2

2

1

x

x

  
      cjkcj gS

(A)  4 tan–1 x (B)  0 (C)  
2

 
(D)  π

35. ;fn cos–1 α + cos–1 β + cos–1 γ = 3π, rc α (β + γ) + β (γ + α) + γ (α + β) cjkcj gS
(A)  0 (B)  1 (C)  6 (D)  12
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36. lehdj.k  
–11 cos2 2 cos (cos )in ,

2
x x

π⎡ ⎤+ = π⎢ ⎥⎣ ⎦
 osQ okLrfod gyksa dh la[;k gS

(A)  0 (B)  1 (C)  2 (D)  vuar

37. ;fn cos–1x > sin–1x, gks rks

(A)  
1

1
2

x< ≤     (B)  
1

0
2

x≤ <     (C)  
1

1
2

x− ≤ <      (D)  x > 0

iz'u 38 ls 48 rd fjDr LFkku Hkfj, &

38. cos–1 
1

–
2

⎛ ⎞
⎜ ⎟
⎝ ⎠

 dh eq[; 'kk[kk __________ gSA

39. sin–1 
3

sin
5

π⎛ ⎞
⎜ ⎟
⎝ ⎠

 dk eku __________gSA

40. ;fn cos (tan–1 x + cot–1 3 ) = 0, rc x dk eku __________ gSA

41. sec–1 
1

2
⎛ ⎞
⎜ ⎟
⎝ ⎠

 osQ ekuksa dk leqPp; __________ gSA

42. tan–1 3  dk eq[; eku __________gSA

43. cos–1 
14

cos
3

π⎛ ⎞
⎜ ⎟
⎝ ⎠

 dk eku __________ gSA

44. cos (sin–1 x + cos–1 x), |x|  ≤ 1 dk eku __________ gSA

45. O;atd tan 

–1 –1sin cos

2

x x⎛ ⎞+
⎜ ⎟
⎝ ⎠

,tgk¡ x = 
3

2
 gS] dk eku __________ gSA

46. ;fn x osQ lHkh ekuksa osQ fy,  y = 2 tan–1 x + sin–1
2

2

1

x

x

  
      rc ____< y <____.

47. ifj.kke tan–1x – tan–1y = tan–1 1

x y

xy

⎛ ⎞−
⎜ ⎟+⎝ ⎠

 rHkh lR; gS tc xy _____ gSA

48. lHkh x ∈ R osQ fy, cot–1 (–x) dk eku cot–1x osQ in esa  _______ gSA
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iz'u 49 ls 55 rd izR;sd esa fn, x, dFku dks crkb, fd og lR; gS ;k vlR;&

49. izR;sd f=kdks.kferh; iQyu dk muosQ laxr iazkrksa esa izfrykse iQyu dk vfLrRo gksrk gSA

50. O;atd (cos–1 x)2 dk eku sec2 x osQ cjkcj gSA

51. f=kdks.kferh; iQyuksa osQ iazkrksa dk mudh fdlh Hkh 'kk[kk (vko';d ugha fd eq[; 'kk[kk
gks) esa izfrcaf/r fd;k tk ldrk gS rkfd mudk izfrykse iQyu izkIr gks losQA

52. θ dks.k dk U;wure la[;kRed eku] pkgs /ukRed gks ;k ½.kkRed] dks f=kdks.kferh;
iQyu dk eq[; eku dgrs gSaA

53. izfrykse f=kdks.kferh; iQyuksa dk vkys[k muosQ laxr f=kdks.kferh; iQyu osQ vkys[k esa
x rFkk y v{k dk ijLij fofue; djosQ izkIr fd;k tk ldrk gSA

54. n dk og U;wure eku ftlosQ fy, tan–1 ,
4

n
n

π
> ∈

π
N , osQ fy, lR; gks] og 5 gSA

55. sin–1 
–1 1

cos sin
2

⎡ ⎤⎛ ⎞
⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

 dk eq[; eku 
3

π
 gSA



3.1 lexz voyksdu (Overview)

3.1.1 vkO;wg la[;kvksa (;k iQyuksa) dk ,d vk;rkdkj Øfer Øe foU;kl gSA mnkgj.kkFkZ,

A = 

4 3

4 3

3 4

x

x

x

  
  
  
    

la[;kvksa (;k iQyuksa)vkO;wg osQ vo;o ;k izfof"B;k¡ dgrs gSaA

vkO;wg osQ vo;oksa dh {kSfr”k js[kk,¡] vkO;wg dh iafDr;k¡ (Rows) rFkk mQèoZ js[kk,¡ vkO;wg osQ
LraHk (Columns) dgykrs gSaA

3.1.2 vkO;wg dh dksfV (Order of a matrix)

m iafDr;ksa rFkk n LraHkksa okys fdlh vkO;wg dks  m × n dksfV (Order)  dk vkO;wg vFkok osQoy
m × n vkO;wg dgrs gSaA

mi;qZDr mnkgj.k esa] A ,d 3 × 3 dksfV dk vkO;wg vFkkZr~ 3 × 3 vkO;wg gSA

O;kid :i esa ,d  m × n vkO;wg dk fuEufyf[kr vk;rkdkj Øe foU;kl gksrk gS%

A = [a
ij
]

m × n
  = 

11 12 13 1

21 22 23 2

1 2 3

n

n

m m m mn m n

a a a a

a a a a

a a a a
×

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

K

K

M

K

1≤ i ≤ m, 1≤ j ≤ n rFkk  i,  j ∈ N.

vo;o a
ij
 og vo;o gS tks i oha iafDr vkSj j osa LraHk esa fLFkr gksrk gS rFkk bls

A  dk (i, j)ok¡ vo;o dgrs gSaA  m × n vkO;wg esa vo;oksa dh la[;k mn gksrh gSA

vè;k; 3

vkO;wg



3.1.3 vkO;wg osQ izdkj  (Types of Matrices)

  (i) ,d vkO;wg] iafDr vkO;wg dgykrk gS ;fn mlesa osQoy ,d iafDr gksrh gSA

 (ii) ,d vkO;wg] LraHk vkO;wg dgykrk gS ;fn mlesa osQoy ,d LraHk gksrk gSA

(iii) ,d vkO;wg ftlesa iafDr;ksa dh la[;k LraHkksa dh la[;k osQ leku gksrh gS] ,d oxZ
vkO;wg (Square matrix) dgykrk gSA vr% ,d  m × n vkO;wg] oxZ vkO;wg
dgykrk gS ;fn m = n gks vkSj mls ‘n’ dksfV dk oxZ vkO;wg dgrs gSaA

(iv) ,d oxZ vkO;wg B = [b
ij
]

n×n
 fod.kZ vkO;wg (Diagonal matrix) dgykrk gS ;fn

fod.kZ osQ vfrfjDr blosQ lHkh vU; vo;o 'kwU; gksrs gSa vFkkZr~ ,d vkO;wg
B = [b

ij
]

n×n
 fod.kZ vkO;wg dgykrk gS ;fn b

ij
 = 0, tc i ≠ j gksA

 (v) ,d fod.kZ vkO;wg] vfn'k vkO;wg (Scalar matrix) dgykrk gS ;fn blosQ fod.kZ
osQ vo;o leku gksrs gSa] vFkkZr~ ,d oxZ vkO;wg B = [b

ij
]

n×n
 vfn'k vkO;wg

dgykrk gS ;fn b
ij
 = 0, tc i ≠ j, b

ij
 = k, tc i = j, tgk¡ k dksbZ vpj gSA

(vi) ,d oxZ vkO;wg ftlosQ fod.kZ osQ lHkh vo;o ,d gksrs gSa rFkk 'ks"k vU; lHkh
vo;o 'kwU; gksrs gSa] rRled vkO;wg (Identity matrix) dgykrk gSA

nwljs 'kCnksa esa] oxZ vkO;wg A = [a
ij
]

n×n 
,d rRled vkO;wg gS ;fn  a

ij
 = 1, tc

i = j gks rFkk a
ij
 = 0, tc i ≠ j gksA

           (vii) ,d vkO;wg] 'kwU; vkO;wg ;k fjDr vkO;wg dgykrk gS ;fn blosQ lHkh vo;o 'kwU;
gksaA ge 'kwU; vkO;wg dks O }kjk fu:fir djrs gSaA

          (viii) nks vkO;wg A = [a
ij
] rFkk B = [b

ij
] leku dgykrs gSa ;fn

(a)  os leku dksfV osQ gksa] rFkk

(b)  A dk izR;sd vo;o] B osQ laxr vo;o osQ leku gks] vFkkZr~] i rFkk  j osQ
 lHkh ekuksa osQ fy, a

ij
 = b

ij
 gksA

3.1.4  vkO;wgksa dk ;ksx  (Addition of matrices)

nks vkO;wgksa dk ;ksx rHkh laHko gS tc os leku dksfV osQ gksaA

3.1.5 ,d vkO;wg dk ,d vfn'k ls xq.ku (Multiplication of matrix by a scalar)

;fn A = [a
ij
] 

m×n
 ,d vkO;wg gS rFkk k ,d vfn'k gS rks kA ,d ,slk vkO;wg gS ftls  A osQ izR;sd

vo;o dks k ls xq.kk djosQ izkIr fd;k tkrk gS] vFkkZr~] kA = [ka
ij
]

m×n

42   iz'u iznf'kZdk



vkO;wg    43

3.1.6 vkO;wg dk ½.k vkO;wg (Negative of a matrix)

fdlh vkO;wg A dk ½.k vkO;wg –A ls fu:fir gksrk gSA ge  –A dks (–1)A }kjk ifjHkkf"kr djrs gSaA

3.1.7 vkO;wgksa dk xq.ku  (Multiplication of matrices)

nks vkO;wgksa  A vkSj B  dk xq.kuiQy rHkh AB ifjHkkf"kr gksrk gS tc A  osQ LraHkksa dh la[;k] B

dh iafDr;ksa dh la[;k osQ leku gksrh gSA

eku yhft, fd A = [a
ij
], ,d  m × n dksfV dk vkO;wg gS vkSj B = [b

jk
], ,d n × p dksfV

dk vkO;wg gSA rc A vkSj B vkO;wgksa  dk xq.kuiQy] ,d m × p dksfV dk vkO;wg C gksrk gSA vkO;wg
C dk (i, k)ok¡ vo;o  c

ik
 izkIr djus osQ fy, ge A dh ioha iafDr vkSj B osQ kosa LraHk dks ysrs

gSa vkSj fiQj muosQ vo;oksa dk Øekuqlkj xq.ku djrs gSa vkSj fiQj bu lHkh xq.kuiQyuksa dk ;ksxiQy
Kkr dj ysrs gSa] vFkkZr~

c
ik
 = a

i1
 b

1k
 + a

i2
 b

2k
 + a

i3
 b

3k
 + ... + a

in
 b

nk

vkO;wg C = [c
ik
]

m×p
 A rFkk B dk xq.kuiQy gSA

fVIi.kh

1. ;fn AB ifjHkkf"kr gS rc ;g vko';d ugha gSa fd BA Hkh ifjHkkf"kr gksA

2. ;fn A vkSj B Øe'k% m × n rFkk k × l, dksfV osQ vkO;wg gaS rc nksuksa AB rFkk BA

rHkh vkSj osQoy rHkh ifjHkkf"kr gkasxs tc n = k rFkk l = m gksA

3. ;fn AB vkSj BA nksuksa ifjHkkf"kr gSa rks ;g vko';d ugha gS fd AB = BA gksA

4. ;fn nks vkO;wgksa dk xq.kuiQy ,d 'kwU; vkO;wg gks rks ;g vko';d ugha gS fd muesa
ls ,d 'kwU; vkO;wg gSA

5. leku dksfV osQ rhu A, B vkSj C vkO;wgksa osQ fy, ;fn A = B, gks rc  AC = BC

gksxk ijarq bldk foykse lR; ugha gSA

6. A. A = A2, A. A. A = A3, bR;kfn

3.1.8 vkO;wg dk ifjorZ  (Transpose of a Matrix)

1. ;fn A = [a
ij
]  ,d m × n dksfV dk vkO;wg gS rks A dh iafDr;ksa rFkk LraHkkas dks ijLij

cnyus (interchange) ls izkIr gksus okyk vkO;wg A dk ifjorZ dgykrk gSA

vkO;wg A osQ ifjorZ dks A′ ;k (AT) ls fu:fir djrs gSaA nwljs 'kCnksa esa] ;fn
A = [a

ij
]

m×n
 gks rks AT = [a

ji
]

n×m
 gksxkA
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2.  vkO;wgksa osQ ifjorZ osQ xq.k/eZ (Properties of transpose of a matrix)

mi;qDr dksfV osQ fdUgha A rFkk B vkO;wgksa osQ fy,

(i)   (AT)T = A (ii)  (kA)T = kAT (tgk¡ k dksbZ vpj gS)

(iii)  (A + B)T = AT + BT (iv)  (AB)T = BT AT

3.1.9 lefer vkO;wg rFkk fo"ke lefer vkO;wg (Symmetric Matrix and Skew
Symmetric Matrix)

(i) ,d oxZ vkO;wg A = [a
ij
] lefer vkO;wg dgykrk gS ;fn AT = A gks] vFkkZr~]

i o j osQ izR;sd laHko ekuksa osQ fy, a
ij
 = a

ji
 gksA

(ii) ,d oxZ vkO;wg  A = [a
ij
] fo"ke lefer vkO;wg dgykrk gS ;fn AT = –A gks]

vFkkZr~] i rFkk j osQ izR;sd laHko ekuksa osQ fy,  a
ji
 = –a

ij
 gksA

fVIi.kh : fdlh fo"ke lefer vkO;wg osQ fod.kZ osQ lHkh vo;o 'kwU; gksrs gSaA

(iii) izes; 1: okLrfod vo;oksa okys fdlh oxZ vkO;wg A osQ fy, A + AT ,d lefer
vkO;wg gS rFkk A – AT ,d fo"ke lefer vkO;wg gSA

(iv) fdlh oxZ vkO;wg dks ,d lefer rFkk ,d fo"ke lefer vkO;wgksa osQ ;ksxiQy osQ
:i esa O;Dr fd;k tk ldrk gS vFkkZr~]

T T(A +A ) (A A )
A = +

2 2

−

3.1.10 O;qRØe.kh; vkO;wg  (Invertible Matrices)

;fn A, dksfV m × m] dk ,d oxZ vkO;wg gS vkSj leku dksfV m × m dk ,d vU; vkO;wg
B dk vfLrRo bl izdkj gS fd AB = BA = I gS rks A dks O;qRØe.kh; vkO;wg dgrs gSa
rFkk B dks A dk O;qRØe vkO;wg dgrs gaS vkSj bls  A–1 }kjk fu:fir djrs gSaA

fVIi.kh

1. fdlh vk;rkdkj vkO;wg dk O;qRØe vkO;wg ugha gksrk gS D;ksafd xq.kuiQy  AB

rFkk BA osQ ifjHkkf"kr vkSj leku gksus osQ fy, ;g vfuok;Z gS fd A rFkk B
leku dksfV osQ oxZ vkO;wg gksaA

2. ;fn vkO;wg  B, vkO;wg A dk O;qRØe gS rks vkO;wg  A, vkO;wg B dk O;qRØe gksrk gSA
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3. (O;qRØe vkO;wg dh vf}rh;rk)% fdlh oxZ vkO;wg dk O;qRØe vkO;wg]
;fn mldk vfLrRo gS rks og vf}rh; gksrk gSA

4. ;fn A rFkk B leku dksfV osQ O;qRØe.kh; vkO;wg gksa rks (AB)–1 = B–1A–1 gksrk gSA

3.1.11 izkjafHkd iafDr rFkk LraHk lafØ;kvksa osQ iz;ksx }kjk ,d vkO;wg dk O;qRØe
(Inverse of a matrix using elementary row or column operations)

izkjafHkd iafDr lafØ;kvksa osQ iz;ksx }kjk  A–1 Kkr djus osQ fy,] A = IA fyf[k, vkSj iafDr
lafØ;kvksa dk iz;ksx A = IA ij rc rd djrs jfg, tc rd I = BA ugha fey tkrk gSA bl izdkj
izkIr vkO;wg B, vkO;wg  A  dk O;qRØe gksxkA blh izdkj ;fn ge LraHk lafØ;kvksa osQ iz;ksx }kjk
 A–1 Kkr djuk pkgrs gSa rks  A = AI fyf[k, vkSj  A = AI ij LraHk lafØ;kvksa dk iz;ksx rc rd
djrs jfg, tc rd gesa I = AB izkIr ugha gks tkrk gSA

fVIi.kh : ml n'kk esa tc  A = IA (;k A = AI) ij ,d ;k vf/d izkjafHkd iafDr (;k LraHk)
lafØ;kvksa osQ djus ij ;fn ck,¡ i{k osQ vkO;wg A dh ,d ;k vf/d iafDr;ksa (;k
LarHkksa) osQ lHkh vo;o 'kwU; gks tkrs gSa rks  A–1 dk vfLrRo ugha gksrk gSA

3.2 gy fd, gq, mnkgj.k (Solved Examples)

y?kq mÙkjh; (Short Answer)

mnkgj.k 1 vkO;wg A = [a
ij
]

2×2
 dh jpuk dhft, ftlosQ vo;o a

ij
 bl izdkj gaS fd

a
ij
 = 2 sinixe jx .

gy i = 1, j = 1, osQ fy,]  a
11

  = e2x sin x

i = 1, j = 2, osQ fy,]  a
12

  = e2x sin 2x

i = 2, j = 1, osQ fy,]  a
21

  = e4x sin x

i = 2, j = 2, osQ fy,]  a
22

  = e4x sin 2x

bl izdkj] A = 

2 2

4 4

sin sin 2

sin sin 2

x x

x x

e x e x

e x e x

⎡ ⎤
⎢ ⎥
⎣ ⎦

mnkgj.k 2  ;fn  A = 
2 3

1 2

  
  
  

, B = 
1 3 2

4 3 1

  
  
  

, C = 
1

2

  
  
  

, D = 
4 6 8

5 7 9

  
  
  

, gksa rks A + B,



46    iz'u iznf'kZdk

B + C, C + D vkSj B + D ;ksxiQyksa esa dkSu ls ;ksxiQy ifjHkkf"kr gSaA

gy  osQoy  B + D gh ifjHkkf"kr gS D;ksafd osQoy leku dksfV osQ vkO;wgksa dk gh ;ksxiQy laHko gSA

mnkgj.k 3 fl¼ dhft, ;fn ,d vkO;wg lefer rFkk fo"ke lefer nksuksa gh gks rks og ,d 'kwU;
vkO;wg gSA

gy   ekuk vkO;wg  A = [a
ij
] nksuksa gh lefer rFkk fo"ke lefer gSA

D;ksafd A ,d fo"ke lefer vkO;wg gS blfy, A′ = –A

vr%  i  rFkk  j osQ lHkh ekuksa osQ fy, a
ij
 = – a

ji
. (1)

iqu%] D;ksafd A ,d lefer vkO;wg gS blfy, A′ = A

vr%  i vkSj  j osQ lHkh ekuksa osQ fy,  a
ji
 = a

ij
(2)

bl izdkj  (1) rFkk (2), ls gesa fuEufyf[kr izkIr gksrk gS

a
ij
 = –a

ij
] lHkh i rFkk  j osQ fy,    ;k 2a

ij
 = 0,

vFkkZr~] lHkh i vkSj  j osQ fy, a
ij 
= 0 gSA vr% A ,d 'kwU; vkO;wg gSA

mnkgj.k 4  ;fn  [ ] 1 2
2 3       =  O

–3 0 8

x
x

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦

 gks rks x dk eku fudkfy,A

gy   fn;k gS

[ ] 1 2
2 3       =  O

–3 0 8

x
x

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦

 ⇒     2 9 4     =  0
8

x
x x

  
   

  

;k [2x2 – 9x + 32x] = [0]       ⇒  2x2+ 23x = 0

;k x (2x + 23) = 0   ⇒ x = 0, x = 
23

2

−

mnkgj.k  5  ;fn  A ,d 3 × 3 dksfV dk O;qRØe.kh; vkO;wg gS rks fn[kkb, fd fdlh Hkh vfn'k

k ('kwU;srj) osQ fy, kA O;qRØe.kh; gS rFkk (kA)–1 = 
–11

A
k

gy    ge tkurs gSa fd
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(kA) 
–11

A
k

  
     =  

1
. k

k
  
     (A. A–1) = 1 (I) = I

vr% (kA), vkO;wg 
–11

A
k

  
    dk O;qRØe gS vFkok (kA)–1 = 

–11
A

k

nh?kZ mÙkjh; (L.A)

mnkgj.k 6  vkO;wg A dks ,d lefer vkO;wg rFkk ,d fo"ke lefer vkO;wg osQ ;ksxiQy osQ :i

esa O;Dr dhft, tgk¡ A = 

2 4 6

7 3 5

1 2 4

   
  
  
     

 gSA

gy   ge tkurs gSa fd ;fn

A = 

2 4 6

7 3 5

1 2 4

   
  
  
     

,  gS rc  A′ = 

2 7 1

4 3 2

6 5 4

  
     
     

vr%]
A + A

2

′
 = 

1

2
 

11 5
2

2 24 11 5
11 3

11 6 3  = 3
2 2

5 3 8 5 3
4

2 2

   
  

     
    
    
          

    

rFkk
A – A

2

′
 = 

1

2
 

3 7
0

2 20 3 7
3 7

3 0 7  = 0
2 2

7 7 0 7 7
0

2 2
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bl izdkj]

11 5 3 7
2 0

2 2 2 2 2 4 6
A A A A 11 3 3 7

3  + 0 7 3 5 A.
2 2 2 2 2 2

1 2 45 3 7 7
4 0

2 2 2 2

− − −⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥

−⎡ ⎤⎢ ⎥ ⎢ ⎥
′ ′+ − ⎢ ⎥⎢ ⎥ ⎢ ⎥+ = = =⎢ ⎥⎢ ⎥ ⎢ ⎥

⎢ ⎥−⎢ ⎥ ⎢ ⎥ ⎣ ⎦− −⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

mnkgj.k 7  ;fn A = 

1 3 2

2 0 1

1 2 3

  
     
    

, rks fn[kkb, fd A, lehdj.k  A3–4A2–3A+11I = O dks

larq"V djrk gSA

gy A2 = A × A =  

1 3 2 1 3 2

2 0 1  × 2 0 1

1 2 3 1 2 3

    
          
        

= 

1 6 2 3 0 4 2 3 6

2 0 1 6 0 2 4 0 3

1 4 3 3 0 6 2 2 9

+ + + + − +⎡ ⎤
⎢ ⎥+ − + − + −⎢ ⎥
⎢ ⎥+ + + + − +⎣ ⎦

= 

9 7 5

1 4 1

8 9 9

  
  
  
    

vkSj] A3 = A2 × A = 

9 7 5 1 3 2

1 4 1  × 2 0 1

8 9 9 1 2 3
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= 

9 14 5 27 0 10 18 7 15

1 8 1 3 0 2 2 4 3

8 18 9 24 0 18 16 9 27

        
          
          

= 

28 37 26

10 5 1

35 42 34

  
  
  
    

vc A3 – 4A2 – 3A + 11(I)

=  

28 37 26 9 7 5 1 3 2 1 0 0

10 5 1  – 4 1 4 1  –3 2 0 1  +11 0 1 0

35 42 34 8 9 9 1 2 3 0 0 1

⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥−⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦

=  

28 36 3 11 37 28 9 0 26 20 6 0

10 4 6 0 5 16 0 11 1 4 3 0

35 32 3 0 42 36 6 0 34 36 9 11

− − + − − + − − +⎡ ⎤
⎢ ⎥− − + − + + − + +⎢ ⎥
⎢ ⎥− − + − − + − − +⎣ ⎦

= 

0 0 0

0 0 0

0 0 0

  
  
  
    

  = O

mnkgj.k 8  ;fn  
2 3

A =
–1 2

⎡ ⎤
⎢ ⎥
⎣ ⎦

, rks fn[kkb, fd A2 – 4A + 7I = O

bl ifj.kke dk iz;ksx djosQ A5 dk eku Hkh fudkfy,A

gy   ;gk¡  
2 2 3 2 3

A
1 2 1 2

⎡ ⎤ ⎡ ⎤
= ⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦

 = 
1 12

4 1

⎡ ⎤
⎢ ⎥−⎣ ⎦

,

      
8 12

4A =
4 8

− −⎡ ⎤
− ⎢ ⎥−⎣ ⎦

  rFkk  
7 0

7 I=
0 7

⎡ ⎤
⎢ ⎥
⎣ ⎦

.



50    iz'u iznf'kZdk

blfy, A2 – 4A + 7I 
1 8 7 12 12 0

=
4 4 0 1 8 7

− + − +⎡ ⎤
⎢ ⎥− + + − +⎣ ⎦

 
0 0

O.
0 0

⎡ ⎤
= =⎢ ⎥
⎣ ⎦

⇒ A2 = 4A – 7 I

vc A3 = A.A2 = A (4A – 7 I)  = 4 (4A – 7 I) – 7A

= 16A – 28 I – 7A  = 9A – 28 I

iqu%         A5 = A3A2

= (9A – 28 I) (4A – 7 I)

= 36A2 – 63A – 112A + 196 I

=  36 (4A – 7 I) – 175A + 196 I

= – 31A – 56 I

            
2 3 1 0

31 56
1 2 0 1

⎡ ⎤ ⎡ ⎤
=− −⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎣ ⎦

118 93

31 118

− −⎡ ⎤
= ⎢ ⎥−⎣ ⎦

cgq fodYih; iz'u (Objective Type Questions)

mnkgj.k 9 ls 12 rd izR;sd osQ fy, fn, x, pkj fodYiksa esa ls lgh mÙkj pqfu,&

mnkgj.k  9  ;fn  A vkSj B leku dksfV osQ nks vkO;wg gSa rks (A + B) (A – B) cjkcj gSA

(A) A2 – B2 (B) A2 – BA – AB – B2

(C) A2 – B2 + BA – AB (D) A2 – BA + B2 + AB

gy  lgh mÙkj (C) gSA (A + B) (A – B) = A (A – B) + B (A – B) = A2 – AB + BA – B2

mnkgj.k 10  ;fn  A = 
2 1 3

4 5 1

   
     

vkSj B = 

2 3

4 2

1 5

  
     
    

 rc

(A) osQoy AB ifjHkkf"kr gSA       (B) osQoy BA ifjHkkf"kr gSA
(C) AB rFkk BA nksuksa ifjHkkf"kr gSaA     (D) AB rFkk BA nksuksa gh ifjHkkf"kr ugha gSaA
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gy    lgh mÙkj (C) gSA ;gk¡  A = [a
ij
]

2×3
  B = [b

ij
]

3×2
 gS blfy, AB rFkk BA nksuksa gh ifjHkkf"kr gSaA

mnkgj.k 11  vkO;wg  A = 

0 0 5

0 5 0

5 0 0

  
  
  
    

 gS

(A) vfn'k vkO;wg (B) fod.kZ vkO;wg

(C) rRled vkO;wg (D) oxZ vkO;wg

gy   lgh mÙkj (D) gSA

mnkgj.k 12  ;fn  A vkSj  B leku dksfV osQ nks lefer vkO;wg gSa rc (AB′ –BA′) gS ,d

(A) fo"ke lefer vkO;wg (B) 'kwU; vkO;wg

(C) lefer vkO;wg (D) mi;qZDr esa ls dksbZ ugha

gy   lgh mÙkj (A) gS D;ksafd

    (AB′ –BA′)′ = (AB′)′ – (BA′)′

       = (BA′ – AB′)

       = – (AB′ –BA′)

mnkgj.k 13 ls 15 rd izR;sd esa fjDr LFkku dks Hkfj,&

mnkgj.k 13  ;fn  A vkSj B leku dksfV dh nks fo"ke lefer vkO;wg gksa rks AB ,d lefer
vkO;wg gksxk ;fn  ________

gy   AB = BA.

mnkgj.k 14 ;fn  A vkSj B leku dksfV osQ vkO;wg gSa rc (3A –2B)′ = ________

gy  3A′ –2B′

mnkgj.k 15 vkO;wgksa dk ;ksx rHkh ifjHkkf"kr gS tc izR;sd dh dksfV  ________ gSA

gy  leku

mnkgj.k 16 ls 19 rd izR;sd osQ fy, crkb, fd dFku lR; gS ;k vlR; gS&

mnkgj.k 16 ;fn nks vkO;wg  A vkSj B leku dksfV osQ gSa rc 2A + B = B + 2A.

gy  lR;
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mnkgj.k 17  vkO;wgksa dk O;odyu lkgp;Z gksrk gSA

gy  vlR;

mnkgj.k 18  ,d O;qRØe.kh; vkO;wg A osQ fy, (A′)–1 = (A–1)′

gy  lR;

mnkgj.k 19  leku dksfV osQ fdUgh rhu vkO;wgksa osQ fy,  AB = AC ⇒ B = C

gy  vlR;

3.3 iz'ukoyh

y?kq mÙkjh; (S.A.)

1. ;fn ,d vkO;wg esa 28 vo;o gSa rks bldh laHko dksfV;k¡ D;k gSa\ ;fn blesa 13 vo;o
gksa rks dksfV;k¡ D;k gksaxh\

2. ;fn vkO;wg  A = 

2

1

2 3

2
0 5

5

a x

x y

⎡ ⎤
⎢ ⎥
⎢ ⎥

−⎢ ⎥
⎢ ⎥−
⎢ ⎥
⎣ ⎦

, rks

(i)  A dh dksfV fyf[k, (ii)  A osQ vo;oksa dh la[;k fyf[k,A

(iii) A osQ vo;o  a
23

, a
31

, a
12 
fyf[k,A

3. ,d a
2 × 2

 vkO;wg dh jpuk dhft, ftlosQ vo;o fuEu izdkj ls izkIr gksrs gSa

(i) a
ij
 = 

2( 2 )

2

i j 
(ii) a

ij
 = | 2 3 |i j  

4. ,d 3 × 2 vkO;wg dh jpuk dhft, ftlosQ vo;o a
ij
 = ei.xsinjx }kjk fn, x, gSaA

5. ;fn A = B gksa rks a vkSj b osQ eku Kkr dhft,] tgk¡

A = 
4 3

8 6

a b   
     

 vkSj B = 

2

2

2 2 2

8 5

a b

b b

    
     

 gSaA
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6. ;fn laHko gks rks A vkSj B vkO;wgksa dk ;ksx Kkr dhft, tgk¡

A = 
13

32

  
  
  

 vkSj  B =  6

x y z

a b

  
  
  

 gSA

7. ;fn X = 
3 1 1

5 2 3

   
      

 vkSj  Y = 
2 1 1

7 2 4

   
  
  

 gksa rks Kkr dhft,

(i) X +Y (ii) 2X – 3Y

(iii) ,d vkO;wg Z tks bl izdkj gks fd X + Y + Z ,d 'kwU; vkO;wg gksA

8. vkO;wg lehdj.k

22 2 8 5 24( 8)
2 2

3 4 4 6(10)

x x x
x

x x x

⎡ ⎤+⎡ ⎤ ⎡ ⎤
+ = ⎢ ⎥⎢ ⎥ ⎢ ⎥

⎣ ⎦ ⎣ ⎦ ⎣ ⎦

dks larq"V djus okys x osQ 'kwU;srj eku fudkfy,A

9. ;fn A = 
0 1

1 1

  
  
  

 vkSj  B = 
0 1

1 0

   
  
  

 gSa rks fn[kkb, fd (A + B) (A – B) ≠ A2 – B2.

10. n'kkZb, fd ;fn   1 1x  

1 3 2

2 5 1

15 3 2

  
  
  
    

 

1

2

x

  
  
  
    

 = O gks rks x dk eku Kkr dhft,A

11. n'kkZb, fd A = 
5 3

1 2

  
      

 lehdj.k A2 – 3A – 7I = O dks larq"V djrk gS vkSj blosQ

iz;ksx ls  A–1 Kkr dhft,A

12. vkO;wg lehdj.k

2 1 3 2 1 0
A  = 

3 2 5 3 0 1

       
             

 dks larq"V djus okys vkO;wg A Kkr dhft,A
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13. ;fn  

4

1

3

  
  
  
    

  A = 

4 8 4

1 2 1

3 6 3

   
     
     

 gks rks A Kkr dhft,A

14. ;fn  A = 

3 4

1 1

2 0

   
  
  
    

vkSj B = 
2 1 2

1 2 4

  
  
  

 gks rks lR;kfir dhft, fd (BA)2 ≠ B2A2.

15. ;fn laHko gks rks BA vkSj AB Kkr dhft, tgk¡

A = 
2 1 2

1 2 4

  
  
  

  vkSj B =  

4 1

2 3

1 2

  
  
  
    

 gSA

16. ,d mnkgj.k dh lgk;rk ls fn[kkb, fd tc vkO;wg  A ≠ O, B ≠ O  gks rc Hkh
AB = O vkO;wg gksA

17. ;fn  A = 
2 4 0

3 9 6

⎡ ⎤
⎢ ⎥
⎣ ⎦

 vkSj B = 

1 4

2 8

1 3

  
  
  
    

 gksa rks D;k (AB)′ = B′A′ gS\

18. x  rFkk  y osQ fy, gy dhft,

2 3 8
O

1 5 11
x y

−⎡ ⎤ ⎡ ⎤ ⎡ ⎤
+ + =⎢ ⎥ ⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎣ ⎦ ⎣ ⎦

19. ;fn  X vkSj Y,  2 × 2 dksfV osQ vkO;wg gksa rks fuEufyf[kr lehdj.kksa dks X vkSj Y osQ fy,
gy dhft,

2X + 3Y  = 
2 3

4 0

  
  
  

, 3X + 2Y = 
2 2

1 5

   
     

20. ;fn A =   3 5 ,  B =   7 3  gksa rks ,d 'kwU;srj vkO;wg C Kkr dhft, tks bl izdkj gks

fd AC = BC.
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21. vkO;wg A, B vkSj C osQ ,sls mnkgj.k nhft, tks bl izdkj gksa fd AB = BC, tgk¡ A ,d
'kwU;srj vkO;wg gS ijarq B ≠ C gSA

22. ;fn  A = 
1 2

2 1

  
     

,   B = 
2 3

3 4

  
     

 vkSj   C = 
1 0

1 0

  
     

, gksa rks lR;kfir dhft, :

(i)    (AB) C = A (BC)   (ii)   A (B + C) = AB + AC.

23. ;fn  P = 

0 0

0 0

0 0

x

y

z

  
  
  
    

 vkSj  Q = 

0 0

0 0

0 0

a

b

c

  
  
  
    

  rks

fl¼ dhft, fd PQ = 

0 0

0 0

0 0

xa

yb

zc

  
  
  
    

 = QP.

24. ;fn    2 1 3    

1 0 1

1 1 0

0 1 1

    
     
    

 

1

0

1

  
  
  
     

= A gks rks A Kkr dhft,A

25. ;fn A =   2 1 ,  B = 
5 3 4

8 7 6

  
  
  

vkSj C = 
1 2 1

1 0 2

   
  
  

 gks rks lR;kfir dhft, fd

A (B + C) = (AB + AC)

26. ;fn  A = 

1 0 1

2 1 3

0 1 1

   
  
  
    

 gS rks lR;kfir dhft, fd  A2 + A  = A (A + I) tgk¡ I ,d

3 × 3 rRled vkO;wg gSA

27. ;fn A = 
0 1 2

4 3 4

   
     

 vkSj  B = 

4 0

1 3

2 6

  
  
  
    

 gksa rks lR;kfir dhft, fd

(i) (A′)′ = A (ii) (AB)′ = B′A′       (iii)   (kA)′ = (kA′)
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28. ;fn A = 

1 2

4 1

5 6

  
  
  
    

  rFkk B = 

1 2

6 4

7 3

  
  
  
    

 gksa rks lR;kfir dhft, fd

(i) (2A + B)′ = 2A′ + B′ (ii) (A – B)′ = A′ – B′

29. fl¼ dhft, fd fdlh Hkh vkO;wg A osQ fy, A′A  rFkk AA′ nksuksa gh lefer vkO;wg gSaA

30. ekuk A vkSj B, 3 × 3 osQ oxZ vkO;wg gSaA D;k (AB)2 = A2 B2 lR; gS\ dkj.k crkb,A

31. fn[kkb, fd ;fn A vkSj B oxZ vkO;wg gSa rFkk AB = BA gS] rc

(A + B)2 = A2 + 2AB + B2.

32. ;fn  A = 
1 2

1 3

  
     

,   B = 
4 0

1 5

  
  
  

,   C  = 
2 0

1 2

  
     

 rFkk  a = 4, b = –2 gksa rks fn[kkb, fd

(a) A + (B + C) = (A + B) + C (b) A (BC) = (AB) C

(c) (a + b)B = aB + bB (d) a (C–A) = aC – aA

(e) (AT)T = A (f) (bA)T = b AT

(g) (AB)T = BT AT (h) (A –B)C = AC – BC

(i) (A – B)T = AT – BT

33. ;fn  A = 
cosθ sinθ

– inθ cosθs

⎡ ⎤
⎢ ⎥
⎣ ⎦

, rks fn[kkb, fd A2 = 
cos2θ sin2θ

– in2θ cos2θs

⎡ ⎤
⎢ ⎥
⎣ ⎦

34. ;fn  A = 
0

0

x

x

   
  
  

,   B = 
0 1

1 0

  
  
  

  vkSj  x2 = –1 gks rks fn[kkb, fd (A + B)2 = A2 + B2

35. A = 

0 1 1

4 3 4

3 3 4

   
     
     

 osQ fy, lR;kfir dhft, fd A2 = I

36. xf.krh; vkxe osQ iz;ksx ls fl¼ dhft, fd fdlh Hkh oxZ vkO;wg osQ fy, (A′)n = (An)′,
tgk¡ n ∈ N
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37. izkjafHkd iafDr lafØ;kvksa osQ iz;ksx ls fuEufyf[kr vkO;wgksa dk O;qRØe (;fn laHko gks rks)
Kkr dhft,

(i)
1 3

5 7

  
     

(ii)
1 3

2 6

   
     

38. ;fn 
4

6

xy

z x y

  
      

 = 
8

0 6

w  
  
  

, gks rks x, y, z vkSj w osQ eku Kkr dhft,A

39. ;fn  A = 
1 5

7 12

  
  
  

 vkSj  B = 
9 1

7 8

  
  
  

 gksa rks ,d ,slk vkO;wg C Kkr dhft, fd

 3A + 5B + 2C ,d 'kwU; vkO;wg gksA

40. ;fn  A = 
3 5

4 2

   
     

 gks rks A2 – 5A – 14 Kkr dhft, vkSj fiQj blosQ iz;ksx ls A3 Kkr dhft,A

41. ;fn 3
a b

c d

  
  
  

 = 
6

1 2

a

d

  
     

  + 
4

3

a b

c d

   
     

 gks rks a, b, c vkSj d osQ eku Kkr dhft,A

42. vkO;wg A Kkr dhft, tks bl izdkj gks fd

2 1

1 0

3 4

   
  
  
     

  A  = 

1 8 10

1 2 5

9 22 15

     
      
    

43. ;fn A = 
1 2

4 1

  
  
  

 gks rks A2 + 2A + 7 I Kkr dhft,A

44. ;fn A =  
cosα sinα

sinα cosα

⎡ ⎤
⎢ ⎥−⎣ ⎦

 rFkk A – 1 = A′  gks rks α dk eku Kkr dhft,A

45. ;fn 

0 3

2 1

1 0

a

b

c

  
     
    

 ,d fo"ke lefer vkO;wg gks rks a, b vkSj c osQ eku Kkr dhft,A
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46. ;fn P (x) = 
cos sin

sin cos

x x

x x

⎡ ⎤
⎢ ⎥−⎣ ⎦

, gks rks fn[kkb, fd

P (x) . P (y) = P (x + y) = P (y) . P (x)

47. ;fn A ,d oxZ vkO;wg gS tks A2 = A dks larq"V djrk gS rks fn[kkb, fd (I + A)2 = 7A + I

48. ;fn A rFkk B leku dksfV osQ oxZ vkO;wg gSa vkSj B ,d fo"ke lefer vkO;wg gS rks fn[kkb,
fd A′BA ,d fo"ke lefer vkO;wg gSA

nh?kZ mÙkjh; (L.A.)

49. ;fn fdUgh nks oxZ vkO;wgksa osQ fy, AB = BA gks rks xf.krh; vkxe ls fl¼ dhft, fd
(AB)n = An Bn

50. ;fn 
0 2

A

y z

x y z

x y z

⎡ ⎤
⎢ ⎥= −⎢ ⎥
⎢ ⎥−⎣ ⎦

 bl izdkj gks fd A′ = A–1 rks x, y rFkk z osQ eku Kkr dhft,A

51. ;fn laHko gks rks izkajfHkd iafDr lafØ;kvksa osQ iz;ksx ls fuEufyf[kr vkO;wgksa dk O;qRØe Kkr
dhft,A

(i)  

2 1 3

5 3 1

3 2 3

   
     
     

   (ii) 

2 3 3

1 2 2

1 1 1

   
      
     

(iii) 

2 0 1

5 1 0

0 1 3

   
  
  
    

52. vkO;wg 

2 3 1

1 1 2

4 1 2

  
     
    

 dks ,d lefer rFkk ,d fo"ke lefer vkO;wg osQ ;ksx osQ :i esa

fyf[k,A

cgq fodYih; iz'u (Objective type questions)

iz'u 53 ls 67 rd fn, x, pkj fodYiksa esa ls lgh mÙkj pqfu,&

53. vkO;wg  P = 

0 0 4

0 4 0

4 0 0

  
  
  
    

 gS
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(A)  oxZ vkO;wg (B)  fod.kZ vkO;wg

(C)  rRled vkO;wg (D)  buesa ls dksbZ ugha

54. dksfV 3 × 3 osQ lHkh laHko vkO;wgksa dh la[;k ftudh izR;sd izfof"B 2 ;k 0 gks] gksxh

(A)  9 (B)  27 (C)  81 (D)  512

55. ;fn 
2 4

5 7 4

x y x

x x

   
     

 = 
7 7 13

6

y

y x

   
     

, gks rks x  rFkk  y osQ eku gksaxs

(A)  x = 3, y = 1 (B)  x = 2, y = 3

(C)  x = 2, y = 4 (D)  x = 3, y = 3

56. ;fn  A = 

1 1

1 1

sin ( ) tan
1

sin cot ( )

x
x

x
x

 
 

 
 

 

  

  

    
        

    
        

, B = 

1 1

1 1

cos ( ) tan
1

sin tan ( )

x
x

x
x

 
 

 
 

 

  

  

             
             

,

gks rks  A – B cjkcj gS

(A)  I (B)  0 (C)  2 I (D) 
1

I
2

57. ;fn A vkSj B Øe'k% 3 × m vkSj 3 × n, dksfV osQ nks vkO;wg gksa rFkk m = n, gks rks vkO;wg
(5A – 2B) dh dksfV gksxh

(A)  m × 3 (B) 3 × 3 (C) m × n             (D) 3 × n

58. ;fn  A = 
0 1

1 0

  
  
  

, rks A2 cjkcj gS

(A)   
0 1

1 0

  
  
  

(B) 
1 0

1 0

  
  
  

(C) 
0 1

0 1

  
  
  

         (D) 
1 0

0 1

  
  
  

59. ;fn vkO;wg A = [a
ij
]

2 × 2
 bl izdkj gS fd

a
ij
 = 

1  i  j

0   i   j 

≠⎡ ⎤
⎢ ⎥≠⎣ ⎦

;fn

;fn  rc A2 cjkcj gS
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(A)  I (B)  A (C)  0 (D)  buesa ls dksbZ ugha

60. vkO;wg 

1 0 0

0 2 0

0 0 4

  
  
  
    

 ,d

(A)  rRled vkO;wg gSA (B)  lefer vkO;wg gSA

(C)  fo"ke lefer vkO;wg gSA (D)  buesa ls dksbZ ughaA

61. vkO;wg  

0 5 8

5 0 12

8 12 0

   
  
  
      

(A)  fod.kZ vkO;wg gSA (B)  lefer vkO;wg gSA

(C)  fo"ke lefer vkO;wg gSA (D)  vfn'k vkO;wg gSA

62. ;fn A ,d m × n dksfV dk vkO;wg gS vkSj B bl izdkj dk vkO;wg gS fd AB′ vkSj  B′A
nksuksa gh ifjHkkf"kr gksa rks vkO;wg B dh dksfV gksxh

(A)  m × m (B)  n × n (C)  n × m (D)  m × n

63. ;fn A vkSj B leku dksfV osQ vkO;wg gksa rks  (AB′–BA′)

(A)  fo"ke lefer vkO;wg gSA (B)  fjDr ('kwU;)vkO;wg gSA

(C)  lefer vkO;wg gSA (D)  rRled vkO;wg gSA

64. ;fn A bl izdkj dh vkO;wg gS fd A2 = I, rc (A–I)3 + (A + I)3 –7A cjkcj gksxk

(A)  A (B)  I – A (C)  I + A (D)  3A

65. fdUgha nks A vkSj B vkO;wgksa osQ fy, dkSu lk lnSo lR; gS

(A)  AB = BA (B)  AB ≠ BA (C)  AB = O (D)  buesa ls dksbZ ugha

66. izkjafHkd LraHk lafØ;k C
2
 → C

2
 – 2C

1
 dk iz;ksx vkO;wg lehdj.k

1 3

2 4

   
  
  

 = 
1 1

0 1

   
  
  

  
3 1

2 4

  
  
  

, esa djus ij gesa izkIr gksrk gS
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(A)  
1 5

0 4

−⎡ ⎤
⎢ ⎥
⎣ ⎦

 = 
1 1

2 2

   
     

  
3 5

2 0

−⎡ ⎤
⎢ ⎥
⎣ ⎦

(B)  
1 5

0 4

−⎡ ⎤
⎢ ⎥
⎣ ⎦

 = 
1 1

0 1

   
  
  

  
3 5

0 2

−⎡ ⎤
⎢ ⎥
⎣ ⎦

(C)  
1 5

2 0

   
  
  

 = 
1 3

0 1

   
  
  

  
3 1

2 4

  
     

(D)  
1 5

2 0

   
  
  

 = 
1 1

0 1

   
  
  

  
3 5

2 0

−⎡ ⎤
⎢ ⎥
⎣ ⎦

67. izkjafHkd iafDr lafØ;k  R
1
 → R

1
 – 3R

2
 dk iz;ksx vkO;wg lehdj.k

4 2

3 3

  
  
  

 = 
1 2

0 3

  
  
  

  
2 0

1 1

  
  
  

, esa djus ij gesa izkIr gksrk gS

(A)  
5 7

3 3

    
  
  

 = 
1 7

0 3

   
  
  

  
2 0

1 1

  
  
  

(B)
5 7

3 3

    
  
  

 = 
1 2

0 3

  
  
  

 
1 3

1 1

    
  
  

(C)  
5 7

3 3

    
  
  

 = 
1 2

1 7

  
     

 
2 0

1 1

  
  
  

(D)
4 2

5 7

  
      

 = 
1 2

3 3

⎡ ⎤
⎢ ⎥− −⎣ ⎦

 
2 0

1 1

  
  
  

iz'u 68 ls 81 rd izR;sd esa fjDr LFkkuksa dks Hkfj,&

68. _________ vkO;wg nksuksa gh lefer rFkk fo"ke lefer vkO;wg gaSA

69. nks fo"ke lefer vkO;wgksa dk ;ksx lnSo  _________ vkO;wg gksrk gSA

70. fdlh vkO;wg dk ½.k vkO;wg bldks  _________ ls xq.kk djosQ izkIr fd;k tkrk gSA

71. fdlh vkO;wg dks ,d vfn'k  _________ ls xq.kk djus ij 'kwU; vkO;wg izkIr gksrk gSA

72. ,d vkO;wg tks vko';d ugha fd oxZ vkO;wg gks ,d _________ vkO;wg dgykrk gSA

73. vkO;wgksa dk xq.kuiQy] ;ksx dk  _________ djrk gSA

74. ;fn A ,d lefer vkO;wg gS rks A3 ,d _________ vkO;wg gksxkA

75. ;fn A ,d fo"ke lefer vkO;wg gS rks A2 ,d _________ gSA

76. ;fn A vkSj B leku dksfV osQ oxZ vkO;wg gSa rks

 (i)  (AB)′ = _________

(ii)  (kA)′ = _________ (k dksbZ vfn'k gSA)
(iii)  [k (A – B)]′ = _________
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77. ;fn A fo"ke lefer vkO;wg gS rks kA (k dksbZ vfn'k gS) ,d _________  gSA

78. ;fn A vkSj B lefer vkO;wg gSa rks

 (i)  AB – BA _________ gSA (ii)  BA – 2AB _________ gSA

79. ;fn A lefer vkO;wg gS rks B′AB _________ gSA

80. ;fn A vkSj B leku dksfV osQ lefer vkO;wg gSa rks AB lefer vkO;wg gksxk ;fn vkSj osQoy
;fn _________

81. ,d ;k vf/d izkjafHkd iafDr lafØ;kvksa osQ iz;ksx ls A–1 Kkr djrs le; ;fn ,d ;k ,d ls
vf/d iafDr;ksa osQ lHkh vo;o 'kwU; gks tk,¡ rks A–1 _________ gksrk gSA

iz'u 82 ls 101 rd crkb, fd dFku lR; gSa ;k vlR;&

82. ,d vkO;wg ,d la[;k dks fu:fir djrk gSA

83. fdlh Hkh dksfV osQ vkO;wgksa dks tksM+k tk ldrk gSA

84. nks vkO;wg leku gksrs gSa ;fn mudh iafDr;ksa rFkk LraHkksa dh la[;k leku gksA

85. vleku dksfV okys vkO;wgksa dks ?kVk;k ugha tk ldrk gSA

86. vkO;wgksa dk ;ksx] lkgp;Z rFkk Øe fofues; nksuksa gh fu;eksa dk ikyu djrk gSA

87. vkO;wgksa dk xq.ku Øe fofues; gksrk gSA

88. ,d oxZ vkO;wg ftldk izR;sd vo;o 1 gks rks mls rRled vkO;wg dgrs gSaA

89. ;fn A vkSj B nks leku dksfV osQ vkO;wg gSa rc A + B = B + A gksrk gSA

90. ;fn  A vkSj B nks leku dksfV osQ vkO;wg gSa rks  A – B = B – A gksrk gSA

91. ;fn vkO;wg  AB = O, rc A = O ;k B = O ;k nksuksa  A vkSj B 'kwU; vkO;wg gSaA

92. ,d LRakHk vkO;wg dk ifjoRkZ LraHk vkO;wg gksrk gSA

93. ;fn A vkSj B leku dksfV osQ nks oxZ vkO;wg gSa rc AB = BA gSA

94. ;fn leku dksfV osQ rhuksa vkO;wg lefer gSa rc mudk ;ksx Hkh lefer vkO;wg gSA

95. ;fn A vkSj B leku dksfV osQ dksbZ nks vkO;wg gSa rc (AB)′ = A′B′
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96. ;fn (AB)′ = B′ A′, tgk¡ A vkSj B oxZ vkO;wg ugha gS rc A osQ iafDr;ksa dh la[;k B osQ
LraHkksa dh la[;k osQ cjkcj gksxh rFkk A osQ LrHkksa dh la[;k B  osQ iafDr;ksa dh la[;k osQ
cjkcj gksxhA

  97. ;fn  A, B vkSj C leku dksfV osQ oxZ vkO;wg gSa rc AB = AC ls lnSo B = C izkIr gksrk gSA

  98. fdlh Hkh vkO;wg A osQ fy, AA′ lnSo lefer vkO;wg gksrk gSA

  99. ;fn A = 
2 3 1

1 4 2

   
  
  

 vkSj B = 

2 3

4 5

2 1

  
  
  
    

, rc AB vkSj BA nksuksa ifjHkkf"kr gSa rFkk leku gSaA

100. ;fn A fo"ke lefer vkO;wg gS rks A2 lefer vkO;wg gksxkA

101. (AB)–1 = A–1. B–1 tgk¡ A vkSj B O;wRØe.kh; vkO;wg gSa tks xq.ku osQ Øe & fofues; fu;e
dks larq"V djrs gSaA



64   iz'u iznf'kZdk

4.1 lexz voyksdu (Overview)

ge n dksfV osQ izR;sd oxZ vkO;wg  A = [a
ij
] dks ,d la[;k (okLrfod ;k lfEeJ) }kjk

lcaf/r djk ldrs gSa ftls oxZ vkO;wg dk lkjf.kd dgrs gSaA bls detA, }kjk fu:fir fd;k tkrk
gSA tgk¡ a

ij 
vO;o A dk (i, j)ok¡ vkO;wg gSA

;fn A
a b

c d

  
   

  
 gS rks A dk lkjf.kd dks |A| (;k det A)

|A| 
a b

c d
= = ad – bc }kjk fn;k tkrk gSA

   fVIi.kh

   (i) osQoy oxZ vkO;wgksa osQ lkjf.kd gksrs gSaA

  (ii) vkO;wg A osQ fy, A dks A dk lkjf.kd i<+rs gSa u fd A dk ifjek.k (Modulus)

4.1.1 ,d dksfV osQ vkO;wg dk lkjf.kd (Determinants of a matrix of  order one)

ekuk ,d dksfV dk vkO;wg A = [a] gS rks A osQ lkjf.kd dks a osQ cjkcj ifjHkkf"kr fd;k tkrk gSA

4.1.2 f}rh; dksfV osQ vkO;wg dk lkjf.kd (Determinants of a matrix of  order two)

ekuk dksfV 2 dk vkO;wg A = [a
ij
] = 

a b

c d

⎡ ⎤
⎢ ⎥
⎣ ⎦

 gSA rc A osQ lkjf.kd dks bl izdkj ifjHkkf"kr

djrs gSa& det (A) = |A| = ad – bc.

4.1.3 dksfV 3 osQ vkO;wg dk lkjf.kd (Determinants of a matrix of  order 3)

r̀rh; dksfV osQ vkO;wg osQ lkjf.kd dks f}rh; dksfV osQ lkjf.kdksa esa O;Dr djosQ Kkr fd;k tkrk
gSA ;g ,d lkjf.kd dk ,d iafDr (;k ,d LraHk) osQ vuqfn'k izlj.k dgykrk gSA r̀rh; dksfV osQ

vè;k; 4

lkjf.kd
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lkjf.kd dks Ng izdkj ls izlkfjr fd;k tk ldrk gS ;g gSA rhuksa iafDr;ksa (R
1
, R

2
 rFkk R

3
) vkSj rhuksa

LraHkksa (C
1
, C

2
 rFkk C

3
) esa ls izR;sd osQ laxr izlj.k gS izR;sd izlj.k ls leku gh eku izkIr gksrk gSA

oxZ vkO;wg A = [a
ij
]

3×3
,
  
osQ lkjf.kd ij fopkj dhft,] tgk¡

11 12 13

21 22 23

31 32 33

A

a a a

a a a

a a a

 

|A| dks C
1
, osQ vuqfn'k izlj.k djus ij gesa fuEu izkIr gksrk gSA

|A| = a
11

 (–1)1+1 
22 23

32 33

a a

a a  + a
21

 (–1)2+1 
12 13

32 33

a a

a a + a
31

 (–1)3+1
12 13

22 23

a a

a a

=  a
11

(a
22

 a
33

 –  a
23

 a
32

) – a
21

 (a
12

 a
33

 – a
13

 a
32

) + a
31

 (a
12

 a
23

 – a
13

 a
22

)

 fVIi.kh  O;kid :i esa ;fn A = kB, gS tgk¡  A vkSj B dksfV n osQ oxZ vkO;wg gSa rc
    |A| = kn |B|,  n = 1, 2, 3.

4.1.4 lkjf.kdksa osQ xq.k/eZ (Properties of Determinations)

fdlh Hkh oxZ vkO;wg A osQ fy,] |A| fuEufyf[kr xq.k/eks± dks larq"V djrk gSA

  (i) |A′| = |A|, tgk¡ A′ vkO;wg  A dk ifjorZ gSA

 (ii) ;fn ge ,d lkjf.kd dh dksbZ nks iafDr;ksa (;k LarHkksa) dks ijLij ifjofrZr dj nsa rks
lkjf.kd dk fpUg ifjofrZr gks tkrk gSA

(iii) ;fn ,d lkjf.kd dh dksbZ nks iafDr;k¡ (vFkok LraHk) leku gSa (;k lekuqikrh gS) rc
lkjf.kd dk eku 'kwU; gksrk gSA

(iv) fdlh lkjf.kd dks ,d vpj k ls xq.kk djus dk vFkZ gS fd blosQ osQoy ,d iafDr
(vFkok LraHk) osQ izR;sd vo;o dks k ls xq.kk djukA

 (v) ;fn ge ,d lkjf.kd osQ fdlh ,d iafDr (vFkok LraHk) osQ izR;sd vo;o dks ,d vpj
k ls xq.kk djrs gSa rks lkjf.kd dk eku Hkh k ls xqf.kr gks tkrk gSA

(vi) ;fn ,d lkjf.kd dh ,d iafDr (;k LraHk) osQ vo;oksa dks nks ;k vf/d inksa osQ ;ksxiQy
osQ :i esa O;Dr fd;k x;k gks rks fn, x, lkjf.kd dks nks ;k vf/d lkjf.kdksa osQ ;ksx
osQ :i esa O;Dr fd;k tk ldrk gSA



66   iz'u iznf'kZdk

(vii) ;fn ,d lkjf.kd dh fdlh iafDr (;k LraHk) osQ izR;sd vo;o esa nwljh iafDr (;k LraHk)
osQ laxr vo;oksa osQ leku xq.k”kksa dks tksM+ fn;k tkrk gS rks lkjf.kd dk eku ogh jgrk gSA

   fVIi.kh

(i) ;fn fdlh iafDr (;k LraHk) osQ lHkh vo;o 'kwU; gksa rks lkjf.kd dk eku 'kwU; gksrk gSA

(ii) ;fn x = α j[kus ij lkjf.kd ‘Δ’ dk eku  'kwU; gks tkrk gS rc ‘Δ’ dk ,d xq.ku[kaM
(x – α) gksrk gSA

(iii) ;fn fdlh lkjf.kd osQ eq[; fod.kZ osQ mQij ;k uhps osQ lHkh vo;o 'kwU; gSa rc
lkjf.kd dk eku fod.kZ osQ lHkh vo;oksa osQ xq.kuiQy osQ cjkcj gksrk gSA

4.1.5 f=kHkqt dk {ks=kiQy (Area of a triangle)

(x
1
, y

1
), (x

2
, y

2
) vkSj (x

3
, y

3
) 'kh"kks± okys f=kHkqt dk {ks=kiQy

1 1

2 2

3 3

1
1

1
2

1

x y

x y

x y

   ls fn;k tkrk gSA

4.1.6 milkjf.kd vkSj lg[kaM (Minors and Co-factor)

(i) vkO;wg A osQ lkjf.kd osQ vo;o a
ij
 dk mi&lkjf.kd og lkjf.kd gS tks i oha iafDr vkSj

j osa LraHk dks gVkus ls izkIr gksrk gS rFkk bls M
ij
 }kjk O;Dr djrs gSaA

(ii) ,d vo;o a
ij
 osQ lg[kaM dks A

ij
 = (–1)i+j M

ij
 }kjk fn;k tkrk gSA

(iii) fdlh vkO;wg A osQ lkjf.kd dk eku fdlh iafDr (;k LraHk) osQ vo;oksa vkSj muosQ laxr
lg[kaMksa osQ xq.kuiQy dk ;ksx gksrk gSA mnkgj.kkFkZ

|A| = a
11

 A
11

 + a
12

 A
12

 + a
13

 A
13

(iv) ;fn ,d iafDr (;k LraHk) osQ vo;oksa dks vU; iafDr (;k LraHk) osQ lg[kaMksa ls xq.kk fd;k
tk, rks mudk ;ksx 'kwU; gksrk gSA mnkgj.kkFkZ

a
11

 A
21

 + a
12

 A
22

 + a
13

 A
23

 = 0

4.1.7 vkO;wg osQ lg[kaMt vkSj O;qRØe (Adjoint and Inverse of a Matrix)

    (i) ,d oxZ vkO;wg A = [a
ij
]

n×n
 osQ lg[kaMt dks vkO;wg [A

ij
]

n×n
 osQ ifjorZ osQ :i esa
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ifjHkkf"kr fd;k tkrk gSA tgk¡ A
ij
 vo;o a

ij
 dk lg[kaM gSA bls adj A }kjk O;Dr djrs gSaA

;fn 
11 12 13

21 22 23

31 32 33

A ,

a a a

a a a

a a a

  rc adj 
11 21 31

12 22 32

13 23 33

A A A

A A A A ,

A A A

  tgk¡ A
ij
 dk lg[kaM a

ij
 gSA

   (ii) A (adj A) = (adj A) A = |A| I, tgk¡ A ,d dksfV n dk oxZ vkO;wg gSA

   (iii) ;fn |A| = 0 rks oxZ vkO;wg  A dks vO;qRØe.kh; (singular) dgrs gSa  rFkk ;fn |A| ≠ 0

gks rks O;qRØe.kh;  (non-singular) dgrs gSa

  (iv) ;fn A ,d dksfV n dk oxZ vkO;wg gS rks  |adj A| = |A|n–1 gksrk gSA

   (v)    ;fn  A vkSj B leku dksfV dh O;qRØe.kh; vkO;wg gSa rks AB rFkk BA Hkh mlh dksfV dh
O;qRØe.kh; vkO;wg gksaxsA

  (vi)    vkO;wgksa osQ xq.kuiQy dk lkjf.kd muosQ Øe'k% lkjf.kdksa osQ xq.kuiQy osQ leku gksrk gSA
vFkkZr~ |AB| = |A| |B|

 (vii)  ;fn AB = BA = I gks tgk¡ A vkSj B oxZ vkO;wg gSa rc B dks A dk O;qRØe dgrs gSa vkSj
bls B = A–1  fy[krs gSaA blosQ vfrfjDr B–1 =  (A–1)–1 = A gksrk gSA

(viii)   vkO;wg A O;qRØe.kh; gksrk gS ;fn vkSj osQoy ;fn |A| ≠  0  gksA

  (ix)  ;fn A ,d O;qRØe.kh; vkO;wg gS rc A–1 = 
1

| A | (adj A)

4.1.8 jSf[kd lehdj.kksa osQ fudk; (System of Linear equations)

    (i) fuEufyf[kr lehdj.k fudk; ij fopkj dhft,

a
1
x + b

1
 y + c

1
 z = d

1

a
2
x + b

2
 y + c

2
 z = d

2

a
3
x + b

3
 y + c

3
 z = d

3
,

vkO;wgksa osQ :i esa bu lehdj.kksa dks A X = B, ls O;Dr dj ldrs gSa tgk¡

A = 

1 1 1 1

2 2 2 2

3 3 3 3

, X B

a b c x d

a b c y d

a b c z d

⎡ ⎤ ⎡ ⎤⎡ ⎤
⎢ ⎥ ⎢ ⎥⎢ ⎥= =⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥⎣ ⎦⎣ ⎦ ⎣ ⎦

vkSj
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(ii) lehdj.k AX = B osQ vf}rh; (unique) gy dks X = A–1B, tgk¡ |A| ≠ 0 gS }kjk fn;k
tkrk gSA

(iii) lehdj.kksa dk ,d fudk; laxr ;k vlaxr gksrk gS ;fn blosQ gy dk vfLrRo gS vFkok
ugha gSA

(iv) vkO;wg lehdj.k AX = B esa oxZ vkO;wg  A osQ fy,

(a) ;fn |A| ≠ 0, rks vf}rh; gy vfLrRo gSA

(b) ;fn |A| = 0 vkSj (adj A) B ≠ 0, rks fdlh gy dk vfLrRo ugha gSA

(c) ;fn  |A| = 0 vkSj (adj A) B = 0, rks fudk; laxr rFkk vuar gy gksrs gSaA

4.2 gy fd, gq, mnkgj.k (Solved Examples)

y?kq mÙkjh; (S.A.)

mnkgj.k 1 ;fn 
2 5 6 5

8 8 3

x

x
  , rks x Kkr dhft,A

gy  gesa fn;k gS  
2 5 6 5

8 8 3

x

x
  blfy,

2x2 – 40 = 18 – 40 ⇒  x2   = 9   ⇒    x  = ± 3

mnkgj.k 2 ;fn 

2

2
1

2

1 1 1 1

1 ,

1

x x

y y yz zx xy

x y zz z

Δ= Δ =  , rks fl¼ dhft, fd  Δ + Δ
1
 = 0

gy  gesa fn;k gS 1

1 1 1

yz zx xy

x y z

  

iafDr;ksa vkSj LraHkksa dk ijLij ifjorZu djus ij gesa izkIr gksrk gS
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1

1

1

1

yz x

zx y

xy z

       

2

2

2

1
x xyz x

y xyz y
xyz

z xyz z

=

=  

2

2

2

1

1

1

x x
xyz

y y
xyz

z z
, C

1
 vkSj C

2 
dk ijLij ifjorZu djus ij

= 

2

2

2

1

(–1) 1 –

1

x x

y y

z z

  

⇒ Δ
1
 +  Δ   =  0

mnkgj.k 3 fcuk izlj.k fd,] fn[kkb, fd

2 2

2 2

cosec cot 1

cot cosec 1

42 40 2

  

     
  = 0

gy  C
1
 → C

1
 – C

2
 – C

3
  dk iz;ksx djus ij ge ikrs gSa fd

2 2 2

2 2 2

cosec – cot –1 cot 1

cot – cosec 1 cosec 1

0 40 2

   

       
   =  

2

2

0 cot 1

0 cosec 1 0

0 40 2

θ

θ − =

mnkgj.k  4  n'kkZb, fd 

x p q

p x q

q q x

   = (x – p) (x2 + px – 2q2)
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gy   C
1
 → C

1
 – C

2
  dk iz;ksx djus ij ge ikrs gSa fd

0

x p p q

p x x q

q x

 
     

1

( ) 1

0

p q

x p x q

q x

   

0 2

( ) 1

0

p x q

x p x q

q x

+
= − − ,   R

1
 → R

1
 + R

2 
dk iz;ksx djus ij

C
1 
osQ vuqfn'k izlj.k djus ij ge ikrs gSa

2 2( ) ( 2 )x p px x q      
= 

 
2 2( ) ( 2 )x p x px q   

mnkgj.k  5 ;fn  

0

0

0

b a c a

a b c b

a c b c

  
    

  
, nks fn[kkb, fd  = 0 gSA

gy  iafDr;ksa rFkk LrHkksa dk ijLij fofue; djus ij ge ikrs gSa fd 
0

0

0

a b a c

b a b c

c a c b

  
    

  

R
1
, R

2
 vkSj R

3
 esa  ‘–1’ mHk;fu"B ysus ij ge ikrs gSa

3

0

(–1) 0 –

0

b a c a

a b c b

a c b c

  
      

  

⇒ 2    = 0 ;k     = 0

mnkgj.k 6 fl¼ dhft, fd (A–1)′ = (A′)–1, tgk¡ A ,d O;qRØe.kh; vkO;wg gSA

gy  D;ksafd A O;qRØe.kh; vkO;wg gS blfy, |A| ≠ 0

ge tkurs gSa fd |A| = |A′| ijarq  |A| ≠ 0. blfy, |A′| ≠ 0    vFkkZr~] A′ Hkh O;qRØe.kh; vkO;wg gSA
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ge tkurs gSa fd  AA–1 = A–1 A = I

nksuksa vksj vkO;wgksa dk ifjorZ ysus ij ge ikrs gSa

(A–1)′  A′ = A′ (A–1)′ = (I)′  = I

vr%  (A–1)′ vkO;wg A′ dk O;qRØe gS vFkkZr~  (A′)–1 = (A–1)′

nh?kZ mÙkjh; (L.A.)

mnkgj.k 7  ;fn 

2 3

1 1

3 2

x

x

x

  = 0, dk ,d ewy x = – 4 gks rks vU; nks ewyksa dks Kkr dhft,A

gy   R
1
 → (R

1
 + R

2
 + R

3
) dk iz;ksx djus ij ge ikrs gSa fd

4 4 4

1 1

3 2

x x x

x

x

   

.

R
1 
ls mHk;fu"B (x + 4) ysus ij ge ikrs gSa

1 1 1

( 4) 1 1

3 2

x x

x

   

C
2
 → C

2
 – C

1
, C

3
 → C

3
 – C

1
, osQ iz;ksx ls ge ikrs gSa

1 0 0

( 4) 1 1 0

3 1 3

x x

x

    
  

.

R
1
 osQ vuqfn'k izlj.k djus ij ge ikrs gSa

 
Δ =  (x + 4) [(x – 1) (x – 3) – 0].  ijarq  Δ = 0 fn;k gS blfy,

x = – 4, 1, 3

vr% x = – 4 osQ vfrfjDr vU; nks ewy 1 rFkk 3 gSaA
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mnkgj.k 8 ,d f=kHkqt ABC esa ;fn

2 2 2

1 1 1

1 sin A 1 sin B 1 sin C 0

sinA +sin A sinB+sin B sinC+sin C

    

rks fl¼ dhft, fd ΔABC ,d lef}ckgq f=kHkqt gSA

gy   ekuk  Δ =  
2 2 2

1 1 1

1 sin A 1 sin B 1 sin C

sinA +sin A sinB+sin B sinC+sin C

   

            =  
2 2 2

1 1 1

1 sin A 1 sin B 1 sin C

cos A cos B cos C

   

   
 , R

3
 → R

3
 –  R

2

=  
2 2 2 2 2

1 0 0

1 sin A sin B sin A sin C sin B

cos A cos A cos B cos B cos C

   

   
, (C

3
 → C

3
 – C

2 
 vkSj C

2
 → C

2
 – C

1
)

R
1 
osQ vuqfn'k izlj.k djus ij ge ikrs gSa

         Δ = (sinB – sinA) (sin2C – sin2B) – (sinC – sin B) (sin2B – sin2A)

= (sinB – sinA) (sinC – sinB) (sinC – sin A) = 0

⇒ sinB – sinA = 0  ;k  sinC – sinB ;k sinC – sinA = 0

⇒ A = B ;k B = C ;k C = A

vFkkZr~ f=kHkqt ABC lef}ckgq f=kHkqt gSA

mnkgj.k 9  fn[kkb, fd ;fn lkjf.kd 

3 2 sin3

7 8 cos2 0

11 14 2

  
     

 
gS rc  sinθ = 0 ;k 

1

2
gksxkA
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gy  R
2
 → R

2
 + 4R

1
 vkSj R

3
 → R

3
 + 7R

1
 osQ iz;ksx ls ge ikrs gSa fd

3 2 sin3

5 0 cos2 4sin3 0

10 0 2+7sin3

  
    

 

;k           2 [5 (2 + 7 sin3θ) – 10 (cos2θ + 4sin3θ)] = 0

;k 2 + 7sin3θ – 2cos2θ – 8sin3θ = 0

;k 2 – 2cos 2θ  – sin 3θ  = 0

;k sinθ  (4sin2θ  + 4sinθ  – 3) = 0

;k sinθ = 0 ;k (2sinθ – 1) = 0 ;k (2sinθ + 3) = 0

;k sinθ = 0 ;k sinθ = 
1

2
 (D;ksa ?)

oLrqfu"B iz'u (Objective Type Questions)

mnkgj.k 10 vkSj 11 esa fn, x, pkj fodYiksa esa ls izR;sd osQ fy, lgh mÙkj pqfu,&

mnkgj.k  10  ;fn  

2

2
1

2

A 1 A B C

B 1

C 1

x x

y y x y z

zy zx xyz z

Δ= Δ =rFkk ,  rc

(A)  Δ
1
 = – Δ (B)  Δ ≠ Δ

1
(C)  Δ  – Δ

1 
= 0       (D) buesa ls dksbZ ugha

gy  lgh mÙkj (C) gS D;ksafd 1

A B C

x y z

zy zx xy

    

A

B

C

x yz

y zx

z xy

=

= 

2

2

2

A
1

B

C

x x xyz

y y xyz
xyz

z z xyz

= 

2

2

2

A 1

B 1

Cz 1

x x
xyz

y y
xyz

z
  = Δ
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mnkgj.k 11  ;fn  x, y ∈ R, rc lkjf.kd 

cos sin 1

sin cos 1

cos( ) sin( ) 0

x x

x x

x y x y

 
  

   
 fdl varjky esa gS

(A) 2, 2     (B) [–1, 1] (C) 2,1     (D) 1, 2,      

gy  lgh mÙkj (A) gSA okLro esa R
3
→ R

3
 – cosyR

1
 + sinyR

2
 osQ iz;ksx ls gesa izkIr gksrk gS

cos sin 1

sin cos 1

0 0 sin cos

x x

x x

y y

 
  

 
.

R
3 
osQ vuqfn'k izlj.k djus ij ge ikrs gSa

Δ = (siny – cosy) (cos2x + sin2x)

    = (siny – cosy) = 
1 1

2 sin cos
2 2

y y
       

    = 2 cos sin sin cos
4 4

y y
         

    = 2  sin (y – 
4

π
)

blfy,  – 2 ≤ Δ ≤ 2

mnkgj.k 12 ls 14 rd izR;sd esa fjDr LFkku dks Hkfj,&

mnkgj.k  12 ;fn A, B, C ,d f=kHkqt osQ dks.k gSa rc

2

2

2

sin A cotA 1

sin B cotB 1 ................

sin C cotC 1

   

gy  mÙkj 0 gSA R
2
 → R

2
 – R

1
 rFkk R

3
 → R

3
 – R

1
 dk iz;ksx dhft,A

mnkgj.k 13 lkjf.kd 

23 3 5 5

15 46 5 10

3 115 15 5

+

Δ= +

+

  = _________
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gy  mÙkj 0 gSA C
2
 vkSj C

3 
ls mHk;fu"B 5  fudkfy, vkSj mlosQ ckn C

1→  C
3
 – 3  C

2 
osQ

iz;ksx ls ok¡fNr ifj.kke izkIr gksxkA

mnkgj.k 14  lkjf.kd

2 2

2 2 2

2 2

sin 23 sin 67 cos180

sin 67 sin 23 cos 180 _______.

cos180 sin 23 sin 67

° ° °

Δ= − ° − ° ° =

° ° °

gy  Δ = 0  gSA  C
1
 → C

1
 + C

2
 + C

3
 dk iz;ksx dhft,A

crkb, fd mnkgj.k 15 ls 18 rd fn, x, dFku lR; gSa ;k vlR;&

mnkgj.k  15   lkjf.kd

cos( ) sin ( ) cos2

sin cos sin

cos sin cos

x y x y y

x x y

x x y

   
  

 
, x  ls Lora=k gSA

gy   lR; gSA R
1
 →  R

1
 + sinyR

2
 + cosy R

3 
 dk iz;ksx dhft, vkSj fiQj ljy dhft,A

mnkgj.k  16  lkjf.kd

2 4
1 1 1

2 4
2 2 2

1 1 1

C C C

C C C

n n n

n n n

+ +

+ +
 = 8

gy   lR; gSA

mnkgj.k 17  ;fn 

5 2

A 2 3

1 1

x

y

z

  
     
    

, xyz  = 80, 3x + 2y + 10z = 20,  rc

A adj.

81 0 0

A 0 81 0

0 0 81
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gy : vlR;

mnkgj.k 18  ;fn 
–1

1 5
4

2 20 1 3
1 3

A 1 2 , A 3
2 2

2 3 1 1 1

2 2

x

y

     
    
            
      

  
    

rc  x = 1, y = – 1

gy   lR;

4.3 iz'ukoyh

y?kq mÙkjh; (S.A.)

lkjf.kdksa osQ xq.k/eks± dk iz;ksx djosQ iz'u 1 ls 6 rd osQ eku fudkfy,&

1.
2 1 1

1 1

x x x

x x

   
  2.

a x y z

x a y z

x y a z

 
 

 

3.

2 2

2 2

2 2

0

0

0

xy xz

x y yz

x z zy
4.

3

3

3

x x y x z

x y y z y

x z y z z

    
  
  

5.

4

4

4

x x x

x x x

x x x

 
 

 
6.    

2 2

2 2

2 2

a b c a a

b b c a b

c c c a b

  
  

  

lkjf.kdksa osQ xq.k/eks± dk iz;ksx djosQ iz'u 7 ls 9 rd fl¼ dhft,A

7.     8. 9.
2 2

2 2

2 2

0

y z yz y z

z x zx z x

x y xy x y

 

  

 

4

y z z y

z z x x xyz

y x x y

 
  

 

2

3

2 2 1 1

2 1 2 1 ( 1)

3 3 1

a a a

a a a
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10. ;fn A + B + C = 0 rks fl¼ dhft, fd 

1 cosC cosB

cosC 1 cosA 0

cosB cos A 1

 

11. ;fn ,d leckgq f=kHkqt osQ 'kh"kZ (x
1
, y

1
), (x

2
, y

2
), (x

3
, y

3
) rFkk f=kHkqt dh Hkqtkvksa

dh yackbZ  ‘a’ gS rks fl¼ dhft, fd  

2
1 1 4

2 2

3 3

1
3

1
4

1

x y
a

x y

x y

=

12. θ dk og eku Kkr dhft, tks  

1 1 sin3

4 3 cos2 0

7 7 2

θ⎡ ⎤
⎢ ⎥− θ =⎢ ⎥
⎢ ⎥− −⎣ ⎦

 dks larq"V djrk gksA

13. ;fn  

4 4 4

4 4 4 0

4 4 4

x x x

x x x

x x x

     
        
       

, rks x dk eku Kkr dhft,A

14. ;fn a
1
, a

2
, a

3
, ..., a

r
 G.P. esa gSa rks fl¼ dhft, fd lkjf.kd

1 5 9

7 11 15

11 17 21

r r r

r r r

r r r

a a a

a a a

a a a

   

   

   

  r ls Lora=k gSA

15. n'kkZb, fd a osQ fdlh Hkh eku osQ fy, fcanq  (a + 5, a – 4), (a – 2, a + 3) vkSj
(a, a) ,d ljy js[kk esa ugha gSA

16. n'kkZb, fd f=kHkqt ABC ,d lef}ckgq f=kHkqt gS ;fn lkjf.kd

2 2 2

1 1 1

1 cosA 1 cosB 1 cosC 0

cos A cosA cos B cosB cos C cosC

⎡ ⎤
⎢ ⎥

Δ= + + + =⎢ ⎥
⎢ ⎥+ + +⎣ ⎦
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17. ;fn  

0 1 1

A 1 0 1

1 1 0

  
     
    

  rks A–1  Kkr dhft, vkSj n'kkZb, fd 
2

–1 A 3I
A

2

  .

nh?kZ mÙkjh; (L.A.)

18. ;fn 
1 2 0

A 2 1 2

0 1 1

⎡ ⎤
⎢ ⎥= − − −⎢ ⎥
⎢ ⎥−⎣ ⎦

, rks A–1 Kkr dhft,A

A–1 dk iz;ksx djosQ jSf[kd lehdj.kksa osQ fudk; x – 2y = 10 , 2x –  y – z = 8,

–2y + z = 7 dks gy dhft,A

19. vkO;wg fof/ ls lehdj.k fudk; 3x + 2y – 2z = 3,  x + 2y + 3z = 6, 2x – y + z = 2

dks gy dhft,A

20. ;fn 

2 2 4 1 1 0

A 4 2 4 , B 2 3 4

2 1 5 0 1 2

      
            
         

, rks BA Kkr dhft, vkSj bldk iz;ksx

lehdj.k fudk; y + 2z = 7, x – y = 3,  2x + 3y + 4z = 17 dks gy djus osQ fy, dhft,A

21. ;fn  a + b + c ≠ 0 vkSj  0

a b c

b c a

c a b

= , rks fl¼ dhft, fd a = b = c

22. fl¼ dhft, fd 

2 2 2

2 2 2

2 2 2

bc a ca b ab c

ca b ab c bc a

ab c bc a ca b

   

   

   
 , a + b + c ls foHkkftr gksrk gSA

bldk HkkxiQy Hkh Kkr dhft,A

23. ;fn  x + y + z = 0, rks fl¼ dhft, fd 

xa yb zc a b c

yc za xb xyz c a b

zb xc ya b c a

=
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cgqfodYih; iz'u (Objective Type Questions)

iz'u 24 ls 37 rd izR;sd osQ fy, fn, x, pkj fodYiksa esa ls lgh fodYi pqfu,&

24. ;fn  
2 5 6 2

8 7 3

x

x

 
 , rc x dk eku gS

(A)  3 (B)  ± 3(C)  ± 6 (D)  6

25. lkjf.kd 

a b b c a

b a c a b

c a a b c

− +
− +
− +

 dk eku gS

(A)  a3 + b3 + c3 (B)  3 abc

(C)  a3 + b3 + c3 – 3abc (D)  buesa ls dksbZ ugha

26. ,d f=kHkqt dk {ks=kiQy 9 oxZ bdkbZ gS ftlds 'kh"kZ  (–3, 0), (3, 0) vkSj (0, k) gSa rks k

dk eku gksxk

(A)  9 (B)  3

(C)  – 9 (D)  6

27. lkjf.kd  

2

2 2

2

b ab b c bc ac

ab a a b b ab

bc ac c a ab a

   

   

   
 cjkcj gS

(A)  abc (b–c) (c – a) (a – b) (B) (b–c) (c – a) (a – b)

(C)  (a + b + c) (b – c) (c – a) (a – b) (D) buesa ls dksbZ ugha

28. varjky 
4 4

x
π π

− ≤ ≤  esa lkjf.kd 

sin cos cos

cos sin cos 0

cos cos sin

x x x

x x x

x x x

  osQ fofHkUu okLrfod ewyksa

dh la[;k gS

(A)  0 (B)  2 (C)  1 (D)  3
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29. ;fn  A, B vkSj C ,d f=kHkqt osQ dks.k gSa rks lkjf.kd

1 cosC cosB

cosC 1 cosA

cosB cos A 1

 
 

 
 cjkcj gS

(A)  0 (B)  – 1 (C)  1 (D)  buesa ls dksbZ ugha

30. ;fn  f (t) = 

cos 1

2sin 2

sin

t t

t t t

t t t
, rc  20

( )
lim
t

f t

t 
cjkcj gS

(A)  0 (B)  – 1 (C)  2 (D)  3

31. ;fn θ ,d okLrfod la[;k gS rc  

1 1 1

1 1 sin 1

1 cos 1 1

    
  

dk vf/dre eku gSA

(A)  
1

2
(B)  

3

2
(C)  2 (D)  

2 3

4

32. ;fn  f  (x) = 

0

0

0

x a x b

x a x c

x b x c

  
  
  

 , rc

(A)  f (a) = 0 (B)  f (b) = 0 (C)  f (0) = 0 (D)  f (1) = 0

33. ;fn  A  = 

2 3

0 2 5

1 1 3

    
  
  
    

 , rc A–1 dk vfLrRo gS ;fn

(A)  λ = 2 (B)  λ ≠  2 (C)   λ ≠ – 2 (D)  buesa ls dksbZ ugha

34. ;fn  A vkSj B O;qRØe.kh; vkO;wg gaS rc fuEu esa ls dkSu lk lR; ugha gS\

(A)  adj A = |A|. A–1 (B)  det(A)–1 = [det (A)]–1

(C)  (AB)–1 = B–1 A–1 (D)  (A + B)–1 = B–1 + A–1
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35. ;fn  x, y, z esa dksbZ Hkh 'kwU; ugha gS vkSj  

1 1 1

1 1 1 0

1 1 1

x

y

z

 
  

 
, gS rc

x–1 + y–1 + z–1 cjkcj gS

(A)  x y z (B)  x–1 y–1 z–1 (C)  – x  – y  – z (D)  –1

36. lkjf.kd  

2

2

2

x x y x y

x y x x y

x y x y x

  
  
  

 dk eku gS

(A)  9x2 (x + y)      (B)  9y2 (x + y) (C)  3y2 (x + y)      (D) 7x2 (x + y)

37.      'a'  osQ ,sls nks eku gSa ftuosQ fy, Δ =

1 –2 5

2 1

0 4 2

a

a

 = 86, gS rks bu nks la[;kvksa dk ;ksx gS

(A)  4 (B)  5 (C)  – 4 (D)  9

fjDr LFkku Hkfj,&

38. ;fn A ,d 3 × 3 dksfV dk vkO;wg gS rks |3A| = _______

39. ;fn A ,d 3 × 3 dksfV dk O;qRØe.kh; vkO;wg gS rc |A–1 |  = _______

40. ;fn x, y, z ∈ R, rc lkjf.kd 

    
    
    

2 2– –

2 2– –

2 2– –

2 2 2 2 1

3 3 3 3 1

4 4 4 4 1

x x x x

x x x x

x x x x

  

  

  

 cjkcj gS _______A

41. ;fn cos2θ = 0, rc 

2
0 cos sin

cos sin 0 ________.

sin 0 cos

θ θ
θ θ =
θ θ

42. ;fn A ,d 3 × 3 dksfV dk vkO;wg gS rc (A2)–1  = ________

43. ;fn A ,d 3 × 3 dksfV dk vkO;wg gS rc A osQ lkjf.kd osQ lHkh mi&lkjf.kdksa dh la[;k
________ gSA
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44. ,d lkjf.kd A dh fdlh iafDr osQ vo;oksa vkSj muosQ laxr lg[kaMksa osQ xq.kuiQy dk
;ksx  _________ osQ cjkcj gksrk gSA

45. ;fn lehdj.k  
3 7

2 2

7 6

x

x

x

 = 0  dk ,d ewy x = – 9 gS rc blosQ vU; nks ewy

__________ gSaA

46.

0

0

0

xyz x z

y x y z

z x z y

−
− −
− −

  = __________

47. ;fn  f (x)  =  

17 19 23

23 29 34

41 43 47

(1 ) (1 ) (1 )

(1 ) (1 ) (1 )

(1 ) (1 ) (1 )

x x x

x x x

x x x

+ + +

+ + +

+ + +

 = A + Bx + Cx2 + ..., gS rc

A =  ________

crkb, fd iz'u 48 ls 58 rd fn, x, dFku lR; gSa ;k vlR;&

48.   –13A  =   31A  , tgk¡ A ,d oxZ vkO;wg gS vkSj  |A| ≠ 0 gSA

49. (aA)–1 = 
–11

A
a , tgk¡ a  ,d okLrfod la[;k gSSs vkSj A ,d oxZ vkO;wg gSA

50. |A–1| ≠ |A|–1 , tgk¡ A O;qRØe.kh; vkO;wg gSA

51. ;fn A vkSj B dksfV 3 osQ vkO;wg gSa vkSj |A| = 5, |B| = 3, rc |3AB|  = 27 × 5 × 3 = 405.

52. ;fn rhu dksfV osQ ,d lkjf.kd dk eku 12 gS rc blosQ izR;sd vo;o dks blosQ
lg[kaM ls cnyus ij izkIr lkjf.kd dk eku 144 gksxkA

53.

1 2

2 3 0

3 4

x x x a

x x x b

x x x c

+ + +
+ + + =
+ + +

, tgk¡ a, b, c, A.P esa gSA

54. |adj. A| = |A|2 , tgk¡ A ,d dksfV 2 dk oxZ vkO;wg gSA



lkjf.kd    83

55. lkjf.kd  

sin A cosA sin A +cosB

sin B cosA sin B+cosB

sin C cosA sin C+cosB

= 0

56. ;fn lkjf.kd 
+

x a p u l f

y b q v m g

z c r w n h

   
   
  

 dks dksfV 3 osQ K lkjf.kdksa esa ,sls fo?kfVr fd;k

tk, fd muosQ izR;sd vo;o esa osQoy ,d in gks rc K dk eku 8 gSA

57. ;fn 16

a p x

b q y

c r z

   ,  gS rc 1 32

p x a x a p

q y b y b q

r z c z c r

+ + +
Δ = + + + =

+ + +
gksxkA

58.

1 1 1

1 (1 sin ) 1

1 1 1 cos

+ θ
+ θ

dk vf/dre eku 
1

2
 gSA
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5.1 lexz voyksdu (Overview)

5.1.1 fdlh fcanq ij ,d iQyu dk lkarR;

eku yhft, fd okLrfod la[;kvksa osQ fdlh mileqPp; ij f  dksbZ okLrfod iQyu gS rFkk
;g Hkh eku yhft, fd c iQyu f  osQ izkar esa fLFkr ,d fcanq gSA rc f,  fcanq c ij larr gksrk
gS] ;fn

lim ( ) ( )
x c

f x f c
→

=

vf/d lqLi"V :i ls] ;fn x = c ij iQyu osQ oke i{k dh lhek] nf{k.k lhek rFkk iQyu osQ
eku dk vfLrRo gks vkSj ;s ijLij cjkcj gksa] vFkkZr~

lim ( ) ( ) lim ( )
x c x c

f x f c f x
    

  

rks f  dks x = c ij larr dgk tkrk gSA

5.1.2 ,d varjky esa lkarR;
(i) f  ,d [kqys varjky (a, b) esa larr dgk tkrk gS] ;fn og bl varjky esa izR;sd fcanq

ij larr gksA

(ii) f  ,d can varjky [a, b] esa larr dgk tkrk gS] ;fn

 f  varjky (a, b) esa larr gksA

lim
x a+→

  f (x) = f (a)

–
lim
x b→

  f (x) = f (b)

vè;k; 5

lkarR; vkSj vodyuh;rk
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5.1.3 lkarR; dk T;kferh; vFkZ

(i) x = c ij iQyu f  larr gksxk] ;fn fcanq ( ), ( )c f c ij bl iQyu osQ vkys[k esa dksbZ

foPNsnu u gksA

(ii) ,d varjky esa dksbZ iQyu larr dgk tkrk gS] ;fn bl laiw.kZ varjky esa ml iQyu osQ
vkys[k esa dksbZ foPNsnu u gksA

5.1.4 vlkarR;

iQyu f  fcanq x = a ij fuEufyf[kr fLFkfr;ksa esa ls fdlh esa Hkh vlarr gksxk%

(i) lim
x a−→

  f (x) vkSj lim
x a+→

  f (x)  dk vfLrRo gS] ijarq ;s cjkcj ugha gSaA

(ii) lim
x a−→

  f (x) vkSj lim
x a+→

  f (x) osQ vfLrRo cjkcj gSa] ijarq budk eku f (a) osQ cjkcj

ugha gSaA

(iii)  f (a) ifjHkkf"kr ugha gSA

5.1.5 oqQN lkekU; iQyuksa dk lkarR;
iQyu f (x) varjky ftlesa

f  larr gS

1.  vpj iQyu] vFkkZr~ f (x)  = c

2.  rRled iQyu] vFkkZr~  f (x)  = x R

3.  cgqin iQyu] vFkkZr~

f (x)= a
0
 xn + a

1
 x n–1 + ... + a

n–1
 x + a

n

4. | x – a | (–∞ ,∞ )

5. x–n, n ,d /ukRed iw.kkZad gS (–∞ ,∞ ) – {0}

6. p (x) / q (x), tgk¡ p (x) vkSj q (x) pj R – { x : q (x) = 0}

x esa cgqin gSa

7. sin x, cos x R

8. tan x, sec x R– { (2 n + 1) 
π

2
: n ∈ Z}
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9. cot x, cosec x R– { (nπ : n ∈ Z}

10. ex R

11. log x (0, ∞ )

12. vius laxr izkarksa esa izfrykse f=kdks.kferh; iQyu vFkkZr~ sin–1 x, cos–1 x bR;kfnA

5.1.6 la;ksftr iQyuksa dk lkarR;

eku yhft, fd f vkSj g okLrfod ekuksa okys ,sls iQyu gSa fd (fog) fcanq a ij ifjHkkf"kr gSA ;fn
a ij g larr gS rFkk g (a) ij f larr gS] rks (fog) fcanq a ij larr gksrk gSA

5.1.7 vodyuh;rk

f ′ (x) = 
0

( ) ( )
lim
h

f x h f x

h→

+ −
, tgk¡ Hkh lhek dk vfLrRo gks] ls ifjHkkf"kr iQyu dks x ij f

osQ vodyt osQ :i esa ifjHkkf"kr fd;k tkrk gSA nwljs 'kCnksa esa ge dgrs gSa fd dksbZ iQyu f  vius

izkar esa fdlh fcanq c ij vodyuh; gksrk gS] ;fn 
0

( ) ( )
lim
h

f c h f c

h−→

+ −
, ftls oke vodyt

dgk tkrk gS vkSj Lf ′ (c)  ls O;Dr fd;k tkrk gS rFkk 
0

( ) ( )
lim
h

f c h f c

h+→

+ −
, ftls nf{k.k

vodyt dgk tkrk gS vkSj R f ′ (c)  ls O;Dr fd;k tkrk gS] nksuksa gh ifjfer gksa rFkk ijLij
cjkcj gksaA

(i) iQyu y = f (x) dks ,d [kqys varjky (a, b) esa vodyuh; dgk tkrk gS] ;fn og
(a, b) osQ izR;sd fcanq ij vodyuh; gksrk gSA

(ii) iQyu y = f (x) dks ,d can varjky [a, b] esa vodyuh; dgk tkrk gS] ;fn R f ′ (a)

vkSj L f ′ (b) dk vfLrRo gks rFkk (a, b) osQ izR;sd fcanq osQ fy, f ′ (x) dk vfLrRo gksA

(iii) izR;sd vodyuh; iQyu larr gksrk gS] iajrq bldk foykse lR; ugha gSA

5.1.8 vodytksa dk chtxf.kr
;fn u vkSj v pj x osQ iQyu gSa] rks

(i)
( )d u v

d x

±
 = ±

du dv

dx dx
   (ii) ( ) = +

d dv du
u v u v

dx dx dx
    (iii) 

2

du dv
v ud u dx dx

dx v v

−
⎛ ⎞ =⎜ ⎟
⎝ ⎠
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5.1.9 Ükà[kyk fu;e iQyuksa osQ la;kstu dks vodfyr djus osQ fy, ,d fu;e gSA eku yhft,

fd f = vou A ;fn t = u (x) rFkk 
dt

dx
 vkSj 

dv

dt
 nksuksa dk gh vfLrRo gS rks .=

df dv dt

dx dt dx
A

5.1.10 oqQN ekud vodyt (vius mi;qDr izkarksa esa) fuEufyf[kr gSa%

1.
–1

2

1
(sin )

1
=

−

d
x

dx x
2.

–1

2

1
(cos )

1

d
x

dx x

−
=

−

3.
–1

2

1
(tan )

1
=

+
d

x
dx x

4.
–1

2

1
(cot )

1

d
x

dx x

−
=

+

5.
–1

2

1
(sec ) , 1

1

d
x x

dx x x
= >

− 6.
–1

2

1
(cosec ) , 1

1

d
x x

dx x x

−
= >

−

5.1.11 pj?kkrkadh vkSj y?kqx.kdh; iQyu

(i) eku yhft, /ukRed vk/kj b > 1okyk pj?kkrkadh iQyu y = f (x) = bx gSA bldk izkar
lHkh okLrfod la[;kvksa dk leqPp; R gS rFkk ifjlj lHkh /ukRed okLrfod la[;kvksa
dk leqPp; gSA vk/kj 10 okyk pj?kkrkadh iQyu lkekU; pj?kkrkadh iQyu dgykrk gS
rFkk vk?kkj  e okyk pj?kkrkadh iQyu izko`Qfrd pj?kkrkadh iQyu dgykrk gSA

(ii) eku yhft, fd b > 1, ;fn  bx=a rks vk/kj b ij a osQ y?qkx.kd] x gksrk gSA bls
log

b
 a = x }kjk O;Dr fd;k tkrk gSA ;fn vk/kj b = 10 gks] rks bls lkekU; y?kqx.kd

dgk tkrk gS rFkk ;fn vk/kj  b = e gks] rks bls izko`Qfrd y?kqx.kd dgk tkrk gSA
log x vk/kj – e ij y?kqx.kd iQyu dks O;Dr djrk gSA y?kqx.kdh; iQyu dk izkar
lHkh /ukRed okLrfod la[;kvksa dk leqPp; R+ gS rFkk bldk ifjlj lHkh okLrfod
la[;kvksa leqPp; R gSA

(iii) fdlh Hkh vk/kj b > 1 osQ fy,] y?kqx.kdh; iQyu osQ xq.k uhps fy[ks tk jgs gaS%

1.  log
b
 (xy) = log

b
 x + log

b
 y ; x > 0;  y > 0   4.  

log
log

log
c

b
c

x
x

b
=  , tgk¡ c > 1 gSaA

2.  log
b
 
⎛ ⎞
⎜ ⎟
⎝ ⎠

x

y  = log
b
 x – log

b
 y                  5.  log

b
 x 

1

log
=

x b



88   iz'u iznf'kZdk

3.  log
b
 xn = n log

b
 x                  6.  log

b
 b = 1 vkSj  log

b
 1 = 0

(iv) x osQ lkis{k ex  dk vodyt ex  gS]  vFkkZr~ ( )x xd
e e

dx
 gSA x osQ lkis{k (log )x dk

vodyt
1

x
gS] vFkkZr~ 

1
(log )

d
x

dx x
 gSA

5.1.12  f (x) = (u (x))v(x), osQ :i osQ iQyuksa dks vodfyr djus osQ fy,] y?kqx.kdh;
vodyu ,d l'kDr rduhd gS tgk¡  f  vkSj  u nksuksa dk] bl rduhd dk oqQN vFkZ
gksus osQ fy,] /UkkRed iQyu gksuk vko';d gSA

5.1.13 fdlh iQyu dk ,d vU; iQyu osQ lkis{k vodyu

eku yhft, fd u = f (x) vkSj v = g (x) pj x osQ nks iQyu gSaA rc] g (x) osQ lkis{k f (x)  dk

vodyt Kkr djus osQ fy,] vFkkZr~ 
du

dv
 Kkr djus osQ fy,] ge lw=k

du
du dx

dvdv
dx

=
 dk mi;ksx djrs gSaA

5.1.14 f}rh; dksfV vodyt

2

2

d dy d y

dx dx dx

       ] iQyu y dk x osQ lkis{k f}rh; dksfV vodyt dgykrk gSA ;fn y = f (x)

gks] rks bls y′′ ;k y
2
 ls O;Dr djrs gSaA

5.1.15 jksys dk izes;

eku yhft, fd  f : [a, b]    R varjky [a, b] ij larr vkSj (a, b) ij vodyuh; bl izdkj
gS fd f (a) = f (b)] tgk¡ a vkSj b dksbZ okLrfod la[;k,¡ gSaA rc (a, b) esa U;wure ,d fcanq c

dk vfLrRo bl izdkj gS fd f ′ (c) = 0 A

T;kferh; :i ls] jksys dk izes; ;g lqfuf'pr djrk gS fd oØ y = f (x) ij U;wure ,d fcanq
,slk gS fd ftl ij oØ dh Li'kZ js[kk x-v{k osQ lekarj gS  (fcanq dk Hkqt (a, b)esa fLFkr gS)A

5.1.16 ekè;eku izes; (yxzakt)

eku yhft, fd f : [a, b]   R varjky [a, b] ij ,d larr iQyu gS rFkk (a, b) ij vodyuh;
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gSA rc] (a, b) esa de ls de ,d fcanq c ,slk gS fd f ′ (c) = 
( ) ( )f b f a

b a

 
  gksrk gSA

T;kferh; :i ls] ekè; eku izes; ;g dgrh gS fd (a, b) esa U;wure ,d ,slss fcanq c dk
vfLRkRo gS fd fcanq (c, f (c)) ij Li'kZ js[kk fcanqvksa (a, f (a) vkSj (b, f (b)) dks feykus okyh
js[kk[kaM osQ lekarj gksrh gSA

5.2  gy mnkgj.k
y?kq mÙkjh; (S.A.)
mnkgj.k 1 vpj k dk eku Kkr dhft, rkfd iQyu  f ] x = 0 ij larr gks] tgk¡

2

1 – cos 4
( ) , 0

8
, 0

x
f x x

x
k x

⎧
⎪⎪= ≠⎨
⎪
⎪ =⎩

 gSA

gy  ;g fn;k gS fd iQyu f] x = 0 ij larr gSA vr%] 
0

lim
x→  f (x) = f (0) gSA

⇒ 20

1– cos4
lim

8x

x
k

x→
=

⇒
2

20

2sin 2
lim

8x

x
k

x→
=

⇒
2

0

sin 2
lim

2x

x
k

x→

⎛ ⎞ =⎜ ⎟
⎝ ⎠

⇒ k = 1
vr%] ;fn f] x = 0 ij larr gS] rks k dk eku 1 gksxkA
mnkgj.k 2 iQyu f(x) = sin x . cos x osQ lkarR; dh ppkZ dhft,A
gy  D;ksafd sin x vkSj cos x larr iQyu gSa rFkk nks larr iQyuksa dk xq.kuiQy ,d larr iQyu
gksrk gS] blfy,  f(x) = sin x . cos x ,d larr iQyu gSA

mnkgj.k 3 ;fn

3 2

2

–16 20
, 2

( ) ( – 2)

2

x x x
x

f x x

k x

⎧ + +
≠⎪= ⎨

⎪ =⎩

  x = 2 ij larr gS] rks k dk eku Kkr

dhft,A
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gy   f (2) = k fn;k gSA

vc] –

3 2

222 2

–16 20
lim ( ) lim ( ) lim

( – 2)xx x

x x x
f x f x

x+ →→ →

+ +
= =

= 
2

22 2

( 5)( – 2)
lim lim( 5) 7

( – 2)x x

x x
x

x  

    

D;ksafd x = 2 ij f  larr gS] blfy, gesa izkIr gksrk gS%

 
2

lim ( ) (2)
x

f x f
→

=

⇒ k = 7

mnkgj.k 4  n'kkZb, fd  

1
sin , 0

( )
0, 0

x x
f x x

x

⎧ ≠⎪= ⎨
⎪ =⎩

 }kjk ifjHkkf"kr iQyu f,  x = 0 ij larr gSA

gy   x = 0 ij] oke i{k dh lhek uhps fn, vuqlkj izkIr gksrh gS&

 
– –0 0

1
lim ( ) lim sin
x x

f x x
x→ →

=  =  0 [D;ksafd –1 < sin
1

x
 < 1]

blh izdkj] 
0 0

1
lim ( ) lim sin 0
x x

f x x
x    

   gSA lkFk gh]  f (0) = 0 gSA

bl izdkj] –0 0
lim ( ) lim ( ) (0)
x x

f x f x f
   

   gSA vr%] x = 0 ij iQyu f  larr gSA

mnkgj.k 5   f (x) = 
1

–1x
fn;k gSA la;ksftr iQyu y = f  [f(x)] esa vlarr osQ fcanq Kkr dhft,A

gy  ge tkurs gSa fd iQyu f (x) = 
1

–1x
 fcanq x = 1 ij vlarr gSA

vc 1x  osQ fy,]

f (f (x)) = 
1

–1
f

x
  
     = 

1 –1
1 2 ––1
–1

x

x
x

 

tks x = 2 ij vlarr gSA
vr% ok¡fNr vlarr fcanq x = 1 vkSj x = 2  gSaA

mnkgj.k 6 eku yhft, fd lHkh x ∈ R osQ fy,] f (x) = x x  rksA x = 0 ij] f (x) dh

vodytrk dh ppkZ dhft,A
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gy  ge f  dks iqu% fuEufyf[kr :i esa fy[k ldrs gS% 
2

2

, 0
( )

, 0

x x
f x

x x

⎧ ≥⎪= ⎨
− <⎪⎩

;fn

;fn

vc] L f ′ (0) = 
– –

2

0 0 0

(0 ) – (0) – – 0
lim lim lim 0
h h h

f h f h
h

h h −→ → →

+
= = =

rFkk R f ′ (0) = 
2

0 0 0

(0 ) – (0) – 0
lim lim lim 0
h h h

f h f h
h

h h+ + −→ → →

+
= = =

D;ksafd oke vodyt vkSj nf{k.k vodyt nksuksa cjkcj gSa vr% x = 0 ij  f vodyuh; gSA

mnkgj.k 7 tan x  dks x osQ lkis{k vodfyr dhft,A

gy  eku yhft, fd y = tan x  gSA  Ükà[kyk fu;e dk iz;ksx djus ij] ge izkIr djrs gSa%

1
. (tan )

2 tan

dy d
x

dx dxx
 

= 
21

.sec ( )
2 tan

d
x x

dxx

= 
21 1

(sec )
22 tan

x
xx

  
    

= 

2(sec )

4 tan

x

x x

mnkgj.k  8  ;fn y = tan(x + y) gS] rks 
dy

dx
Kkr dhft,A

gy  y = tan (x + y) fn;k gSA nksuksa i{kksa dks x osQ lkis{k vodfyr djus ij

       
2sec ( ) ( )

dy d
x y x y

dx dx
   

= sec2 (x + y) 1
dy

dx
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;k [1 – sec2 (x + y] 
dy

dx
= sec2 (x + y)

vr%]
2

2

sec ( )

1 sec ( )

dy x y

dx x y

  
   = – cosec2 (x + y)

mnkgj.k 9  ;fn ex + ey = ex+y fn;k gS] rks fl¼ dhft, fd y xdy
e

dx
−=− gSA

gy  ex + ey = ex+y fn;k gSA nksuksa i{kksa dks x osQ lkis{k vodfyr djus ij

ex + ey
dy

dx
 = ex+y 1

dy

dx
       ;k  (ey – ex+y)

dy

dx
 =  ex+y – ex

ftlosQ IkQyLo:i  
–

–
x y x x y x

y x
y x y y x y

dy e e e e e
e

dx e e e e e

 
 

 
     

   .

mnkgj.k 10  ;fn y = tan–1 

3

2

3 1 1
,

1 3 3 3

x x
x

x

⎛ ⎞−
− < <⎜ ⎟

−⎝ ⎠
gS] rks 

dy

dx
 Kkr dhft,A

gy  x = tan  jf[k,] tgk¡ 
6 6

−π π
< θ <

vr% y = tan–1 
3

2

3tan tan

1 3tan

⎛ ⎞θ− θ
⎜ ⎟

− θ⎝ ⎠
= tan–1 (tan3  )

= 3  (D;ksafd 3
2 2

      )

= 3tan–1x

blfy,]     
dy

dx
= 2

3

1 x .

mnkgj.k 11 ;fn  y = sin–1   21 1x x x x   vkSj 0 < x < 1 gS] rks 
dy

dx
 Kkr dhft,A

gy  gesa izkIr gS% y = sin–1   21 1x x x x   gS] tgk¡ 0 < x < 1

x = sinA vkSj x  = sinB j[kus ij%
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y = sin–1   2 2sin A 1 sin B sin B 1 sin A   

 = sin–1   sin AcosB sin Bcos A 

= sin–1   sin(A B) = A – B

bl izdkj] y = sin–1 x –  sin–1 x

x osQ lkis{k vodfyr djus ij]

  
  

2 2

1 1
.

1 1

dy d
x

dx dxx x
  

  

= 2

1 1

2 11 x xx
 

  

mnkgj.k 12 ;fn x = a sec3   vkSj y = a tan3  gS] rks 
3

    ij 
dy

dx
 Kkr dhft,A

gy  gesa x = a sec3   vkSj y = a tan3  izkIr gSA
        osQ lkis{k vodfyr djus ij]

2 33 sec (sec ) 3 sec tan
dx d

a a
d d

      
  

rFkk 2 2 23 tan (tan ) 3 tan sec
dy d

a a
d d

= θ θ = θ θ
θ θ

bl izdkj] 

2 2

3

3 tan sec tan
sin

sec3 sec tan

dy
dy ad

dxdx a
d

         
   

 

vr%]
3

at sin
3 3 2

dy

dx

π π⎛ ⎞ θ = =⎜ ⎟
⎝ ⎠

ij

mnkgj.k 13  ;fn xy = ex–y gS] rks fl¼ dhft, fd 
dy

dx
 = 2

log

(1 log )

x

x 

gy  gesa izkIr gS% xy = ex–y nksuksa i{kksa dk y?kqx.kd ysus ij]
y log x = x – y
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⇒ y (1 + log x) = x

vFkkZr~ y = 1 log

x

x  nksuksa i{kksa dks x osQ lkis{k vodfyr djus ij

2 2

1
(1 log ).1

log

(1 log ) (1 log )

x x
dy xx
dx x x

        
  

  

mnkgj.k 14  ;fn y = tanx + secx gS] rks fl¼ dhft, fd 
2

2

d y

dx
 = 2

cos

(1 sin )

x

x  gSA

gy  gesa izkIr gS% y = tanx + secx

         x osQ lkis{k vodfyr djus ij]

dy

dx
 = sec2x + secx tanx

= 2 2

1 sin

cos cos

x

x x
   =  2

1 sin

cos

x

x

 
= 

1 sin

(1 sin )(1 sin )

x

x x

+
+ −

bl izdkj] 
dy

dx
 = 

1

1–sin x   vc] x osQ lkis{k iqu% vodfyr djus ij

2

2

d y

dx
 =

  
2 2

– – cos cos

(1– sin ) (1– sin )

x x

x x
 

mnkgj.k 15  ;fn f (x) = |cos x| gS] rks f ′
3

4

   
    Kkr dhft,A

gy  tc 
2

 
< x < π rks cosx < 0, ftlls |cos x| = – cos x, vFkkZr~ f (x) = – cos x gSA

   f ′ (x) = sin x

vr%  f ′
3

4

   
    = sin 

3

4

   
    

 = 
1

2

mnkgj.kmnkgj.kmnkgj.kmnkgj.kmnkgj.k 16  ;fn  f (x) = |cos x – sinx| gS] rks f ′
6

   
     Kkr dhft,A
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gygygygygy tc 0 < x < 
4

π
 gS] rks cos x > sin x gksrk gS] ftlls cos x – sin x > 0 gS] vFkkZr~

f  (x) = cos x – sin x gSA
   f ′ (x) = – sin x – cos x

vr%  f ′
6

   
    = – sin

6

 
 – cos

6

 
 =  

1
(1 3)

2
− + gSA

mnkgj.kmnkgj.kmnkgj.kmnkgj.kmnkgj.k 17  0,
2

   
    

 esa iQyu f (x) = sin 2x osQ fy, jksys osQ izes; dk lR;kiu dhft,A

gygygygygy 0,
2

   
    

 esa iQyu f (x) = sin 2x ij fopkj dhft,A è;ku nhft, fd%

(i) 0,
2

   
    

 esa iQyu f  larr gS] D;ksafd f   ,d lkbu (sine) iQyu gS] tks lnSo larr

gksrk gSA

(ii) 0,
2

   
     esa f ′ (x) = 2cos 2x dk vfLrRo gSA vr%] 0,

2

π⎛ ⎞
⎜ ⎟
⎝ ⎠

 esa f  vodyuh; gSA

(iii) f (0) = sin0 = 0 gS rFkk f  
2

   
     = sinπ = 0 gSA blls  f (0) =  f  

2

   
     gSA

;gk¡ jksys osQ izes; osQ izfrca/ larq"V gks tkrs gSaA vr%] de ls de ,d ,sls fcUnq c ∈ 0,
2

   
    

dk vfLrRo gS rkfd f ′(c) = 0 gSA bl izdkj]

2 cos 2c = 0 ⇒    2c = 
2

 
⇒    c = 

4

 

mnkgj.kmnkgj.kmnkgj.kmnkgj.kmnkgj.k 18 [3, 5] esa iQyu f (x) = (x – 3) (x – 6) (x – 9) osQ fy, ekè;eku izes; dk lR;kiu
dhft,A
gygygygygy (i)   [3, 5] esa iQyu f  larr gS] D;ksafd cgqin iQyuksa dk xq.kuiQy ,d cgqin gS] tks

larr gSA
     (ii)   (3, 5) esa f ′(x) = 3x2 – 36x + 99 dk vfLrRo gSA vr%] ;gk¡ (3, 5) esa vodyuh; gSA

bl izdkj] ekè;eku izes; osQ izfrca/ larq"V gks tkrs gSaA vr% de ls de ,d ,sls fcanq
c ∈ (3, 5) osQ fy,&

(5) (3)
( )

5 3

f f
f c
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⇒ 3c2 – 36c + 99 = 
8 0

2

 
 = 4

⇒ c =  
13

6
3

 

vr%] 
13

6
3

c    (D;ksafd nwljk eku vekU; gSA)

nh?kZ mÙkjh; mnkgj.k (L.A.)

mnkgj.kmnkgj.kmnkgj.kmnkgj.kmnkgj.k 19 ;fn f (x) = 
2 cos 1

,
cot 1 4

x
x

x

   
 gS] rks f 

4

   
     dk ,slk eku Kkr dhft, fd

x = 
4

 
 ij f (x) larr cu tk,A

gygygygygy fn;k gS   f (x) = 
2 cos 1

,
cot 1 4

x
x

x

   
 

vr%]
4 4

2 cos 1
lim ( ) lim

cot 1x x

x
f x

x    

  
 

= 
( )

4

2 cos 1 sin
lim

cos sinx

x x

x xπ
→

−

−

= 
  
  

  
  

  
  

4

2 cos 1 2 cos 1 cos sin
lim . . .sin

cos sin cos sin2 cos 1x

x x x x
x

x x x xx  

   
   

= ( )
2

2 2

4

2cos 1 cos sin
lim . sin

cos sin 2 cos 1x

x x x
x

x x xπ
→

− +
− +

= ( )
4

cos 2 cos sin
lim . sin

cos 2 2 cos 1x

x x x
x

x xπ
→

⎛ ⎞+
⎜ ⎟

+⎝ ⎠

= 
  

4

cos sin
lim sin

2 cos 1x

x x
x

x  
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= 

1 1 1
12 2 2

1 22. 1
2

       
 

 

bl izdkj]  
4

1
lim ( )

2x

f x
  

 
 ;fn ge 

1

4 2
f

π⎛ ⎞=⎜ ⎟
⎝ ⎠

 ifjHkkf"kr djsa] rks
4

x
 ij f (x) larr cu tk,xkA

vr%] f  osQ 
4

x
π

=  ij larr gksus osQ fy, 
1

4 2
f

         gSA

mnkgj.k 20 n'kkZb, fd 

1

1

1
, 0

( )
1

0, 0

x

x

e
x

f x
e

x

⎧
−⎪ ≠⎪=⎨
+⎪

⎪ =⎩

;fn

;fn

 }kjk fn;k tkus okyk iQyu f  fcanq

      x = 0 ij vlarr gSA
gy x = 0  ij %

1

10 0

1 0 1
lim ( ) lim 1

0 1
1

x

x x
x

e
f x

e
    

      
 

 
.

blh izdkj]           

1

10 0

1
lim ( ) lim

1

x

x x
x

e
f x

e
    

 
 

 

=  

1

0

1

1
1

lim
1

1

x

x

x

e

e

  

 

   = 

1

10

1 1 0
lim 1

1 0
1

x

x
x

e

e
 

 

  

    
 

 

bl izdkj] 
0 00

lim ( ) lim ( ), lim ( )
     

 
x xx

f x f x f xgAS  vr%]  dk vfLrRo ugha gSA blhfy,] x = 0 ij f

vlarr gSA
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mnkgj.k 21 eku yhft, fd 

2

1 cos4
, 0

, 0( )

, 0
16 4

x
x

x
a xf x

x
if x

x

−⎧ <⎪
⎪⎪ ==⎨
⎪

>⎪
⎪ + −⎩

;fn

;fn  gSA

a osQ fdl eku osQ fy, x = 0 ij f  larr gS\

gy ;gk¡ f (0) = a gS rFkk 0 ij f  dh oke lhek gS%

20 0

1 cos4
lim ( ) lim
x x

x
f x

x    

   
2

20

2sin 2
lim
x

x

x  
 

2

2 0

sin 2
lim 8

2x

x

x  

       = 8 (1)2 = 8

rFkk 0 ij f  dh nf{k.k lhek gS%

0 0
lim ( ) lim

16 4x x

x
f x

x
    

 
  

        = 0

( 16 4)
lim

( 16 4)( 16 4)x

x x

x x
  

  

    

        =   
0 0

( 16 4)
lim lim 16 4 8

16 16x x

x x
x

x    

  
    

  

bl izdkj] 
0 0

lim ( ) lim ( ) 8
x x

f x f x
    

   gSA vr%] x = 0 ij f  osQoy rHkh larr gksxk tc a = 8 gksA

mnkgj.k 22 

2 3, 3 2

( ) 1 , 2 0

2 , 0 1

x x

f x x x

x x

+ − ≤ <−⎧
⎪= + − ≤ <⎨
⎪ + ≤ ≤⎩

;fn

;fn
;fn

 }kjk ifjHkkf"kr iQyu dh vodyuh;rk dh

tk¡p dhft,A
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gy f (x) dh vodyuh;rk osQ lansgkLin fcanq osQoy x = – 2 vkSj x = 0 gSaA
x = – 2 ij voyuh;rk osQ fy,%

vc]  L f ′ (–2) = 
0

(–2 ) (–2)
lim
h

f h f

h  

  

= 
0 0 0

2(–2 ) 3 (–2 1) 2
lim lim lim 2 2

h h h

h h

h h      

       

rFkk  R f ′ (–2) = 
0

(–2 ) (–2)
lim
h

f h f

h  

  

= 
0

–2 1 ( 2 1)
lim

h

h

h  

     

= 
0 0

1 (–1)
lim lim 1
h h

h h

h h    

    

bl izdkj] R f  ′ (–2) ≠ L f  ′ (–2) gSA vr%] x = – 2 ij] f  vodyuh; ugha gSA
blh izdkj] x = 0 ij iQyu dh vodyuh;rk osQ fy,] gesa

L (f ′(0)=  
0

(0 ) (0)
lim

h

f h f

h  

  

=  
0

0 1 (0 2)
lim

h

h

h  

    

=  
0 0

1 1
lim lim 1

h h

h

h h    

         

ftldk vfLrRo ugha gSA vr%] x = 0 ij iQyu vodyuh; ugha gSA

mnkgj.k 23 cos-1   22 1x x  osQ lkis{k tan-1 

21 x

x

   
  
  

 dks vodfyr dhft,] tgk¡

     
1

,1
2

x
        gSA

gy eku yhft, fd  u = tan-1 

21 x

x

   
  
  

vkSj v = cos-1   22 1x x  gSA



100   iz'u iznf'kZdk

ge 

du
du dx

dvdv
dx

 
 Kkr djuk pkgrs gSaA

vc u = tan-1 

21 x

x

   
  
  

 esa x = sinθ jf[k,] tgk¡ 
4 2

π π⎛ ⎞<θ<⎜ ⎟
⎝ ⎠

 gSA

rc] u = tan-1 

21 sin

sin

    
     

  = tan-1 (cot θ)

        = tan-1 tan
2 2

⎛ ⎞π π⎛ ⎞− θ = − θ⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

 
–1sin

2
x

   

vr%]   2

1

1

du

dx x

  
  gksxkA

vc          v = cos–1 (2x 21 x )

;k]          v = 
2

 
– sin–1 (2x 21 x ) ;  x = sin v j[kus ij%

= 
2

 
– sin–1 (2sinθ 

2 –11 sin ) sin (sin 2 )
2

π
− θ = − θ

 = 
2

 
– sin–1 (sin (π – 2θ))   [D;ksafd 

2

π
 < 2 θ < π]

= ( 2 ) 2
2 2

          

vr% v = 
2

  
+ 2sin–1x

⇒ 2

2

1

dv

dx x
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vr%

2

2

1

11
2 2

1

du
du xdx

dvdv
dx x

−
−−= = =

−

.

oLrqfu"B iz'u

mnkgj.kksa 24 ls  35 rd izR;sd esa] fn, gq, pkjksa fodYiksa esa ls lgh mÙkj pqfu,&

mnkgj.k 24 ;fn iQyu f (x) =

sin
cos , 0

, 0

x
x x

x
k x

⎧ + ≠⎪
⎨
⎪ =⎩

;fn

;fn
 fcanq x = 0 ij larr gS] rks k dk eku gS

(A)  3 (B)  2 (C)  1 (D)  1.5
gy (B) lgh mÙkj gSA

mnkgj.k 25  iQyu f (x) = [x], tgk¡ [x] egÙke iw.kkZad iQyu dks O;Dr djrk gS] fuEufyf[kr
ij larr gS
(A)  4 (B)  – 2 (C)  1 (D)  1.5

gy  (D) lgh mÙkj gSA egÙke iw.kkZad iQyu [x], x osQ lHkh iw.kkZadh; ekuksa ij vlarr gSA vr%]
D lgh mÙkj gSA

mnkgj.k 26 mu fcanqvksa dh la[;k] ftu ij iQyu f (x) = 
1

–[ ]x x   larr ugha gS]

(A)  1 (B)  2 (C)  3 (D)buesa ls dksbZ ugha

gy  (D) lgh mÙkj gSA D;ksafd tc x ,d iw.kkZad gS] rks x – [x] = 0 gS] blfy, fn;k gqvk iQyu
lHkh x ∈ Z osQ fy, vlarr gSA

mnkgj.k 27  f (x) = tanx }kjk fn, tkus okyk iQyu fuEufyf[kr leqPp; ij vlarr gS

(A)   :n n  Z     (B)    2 :n n  Z   (C)  (2 1) :
2

n n
       

  
Z (D) :

2

n
n

      
  

Z

gy  (C) lgh mÙkj gSA

mnkgj.k 28  eku yhft, fd  f (x)= |cosx| gSA tc]

(A) f  izR;sd LFkku ij vodyuh; gS

(B) f  izR;sd LFkku ij larr gS] ijarq x = nπ, n  Z  ij vodyuh; ugha gS
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(C) f  izR;sd LFkku ij larr gS] ijarq x = (2n + 1)
2

π
, n∈Z  ij vodyuh; ugha gS

(D) buesa ls dksbZ ugha

gy  (C) lgh mÙkj gSA

mnkgj.k 29  iQyu f (x) = |x| + |x – 1|

(A)  x = 0 rFkk x = 1 nksuksa ij larr gS (B) x = 1 ij larr gS] ijarq x = 0 ij larr ugha gS

(C)  x = 0 rFkk x = 1 nksuksa ij vlarr gS (D) x = 0 ij larr gS] ijarq x = 1 ij larr ugha gS

gy%  lgh mÙkj (A) gSA

mnkgj.k 30  k dk og eku] tks 
1

sin , 0
( )

, 0

x
f x x

k x

⎧ ≠⎪=⎨
⎪ =⎩

;fn

;fn

}kjk ifjHkkf"kr iQyu dks x = 0 ij larr cuk ns]
(A)  8 (B)  1 (C)  –1 (D)  buesa ls dksbZ ugha

gy  (D) lgh mÙkj gSA fu%lansg] 
0

1
lim sin
x x→

 dk vfLrRo ugha gSA

mnkgj.k 31  mu fcanqvksa dk lEeqPp;] tgk¡ f (x) = |x – 3| cosx }kjk fn;k tkus okyk iQyu
vodyuh; gS]
(A)  R (B)  R – {3} (C)  (0, ∞) (D)  buesa ls dksbZ ugha
gy  (B) lgh mÙkj gSA
mnkgj.k 32  x osQ lkis{k sec (tan–1x) dk vody xq.kkad gS

(A)  21

x

x+ (B)  21

x

x+ (C)  21x x+ (D)  2

1

1 x+

gy  (A) lgh mÙkj gSA

mnkgj.k 33  ;fn u = 
–1

2

2
sin

1

x

x

⎛ ⎞
⎜ ⎟
+⎝ ⎠

vkSj v = 
–1

2

2
tan

1

x

x

⎛ ⎞
⎜ ⎟
−⎝ ⎠

 gS] rks 
du

dv
 gS

(A)  
1

2
(B)  x (C)  

2

2

1–

1

x

x+ (D)  1

gy  (D) lgh mÙkj gSA
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mnkgj.k 34  iQyu f (x) = ex sinx, [0, ]x∈ π  osQ fy,] jksys osQ izes; esa c dk eku gS

(A)  
6

π
(B)  

4

π
(C)  

2

π
(D)  

3

4

π

gy  (D) lgh mÙkj gSA

mnkgj.k 35  iQyu f (x) = x (x – 2), x ∈ [1, 2] osQ fy,] ekè; eku izes; esa c dk eku gS

(A)  
3

2
(B)  

2

3
(C)  

1

2
(D)  

3
–

2

gy  (A) lgh mÙkj gSA

mnkgj.k 36  fuEufyf[kr dk lqesyu dhft,&
LraHk I LraHk II

(A) ;fn iQyu 

sin3
, 0

( )

, 0
2

      
    

x
x

xf x
k

x

;fn

;fn

(a) |x|

x = 0 ij larr gS] rks k cjkcj gS
(B) izR;sd larr iQyu vodyuh; gksrk gS (b) lR;
(C) ,d iQyu dk mnkgj.k] tks izR;sd LFkku ij (c) 6

larr gS] ijarq Bhd ,d LFkku ij vodyuh; ugha gS
(D) rRled iQyu] vFkkZr] f (x) = x Rx∀ ∈ ,d (d) vlR;

larr iQyu gS
gy  A → c, B → d,  C → a, D → b

mnkgj.kksa 37 ls 41 rd izR;sd esa fjDr LFkkuksa dks Hkfj,&

mnkgj.k 37  mu fcanqvksa dh la[;k] tgk¡ iQyu f (x) = 
1

log | |x  vlarr gS] ________gSA

gy  fn;k gqvk iQyu x = 0, ± 1 fcanqvksa ij vlarr gSA vr%] vlarrrk osQ fcanqvksa dh ok¡fNr
     la[;k 3 gSA

mnkgj.k 38 ;fn 
1if 1

( )
2if 1

ax x
f x

x x

+ ≥⎧
=⎨ + <⎩

larr gS] rks a _______ osQ cjkcj eku gksuk pkfg,A

gy  a = 2

mnkgj.k 39  x osQ lkis{k log
10

x dk vodyt ________ gSA
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gy  ( )10
1

log e
x

mnkgj.k 40 ;fn 
–1 1

sec
1

x
y

x

⎛ ⎞+
= ⎜ ⎟⎜ ⎟−⎝ ⎠

 + 
–1 –1

sin
1

x

x

⎛ ⎞
⎜ ⎟⎜ ⎟+⎝ ⎠

gS, rks 
dy

dx
 = ______gSA

gy   0

mnkgj.k 41 cos x osQ lkis{k sin x dk vodyt ________ gSA
gy   – cot x

mnkgj.k 42 ls 46 rd izR;sd esa crkb, fd dFku lR; gS ;k vlR; &

mnkgj.k 42  x = a, ij f (x) larrrk osQ fy,\ lim ( )
x a

f x
+→  vkSj –

lim ( )
x a

f x
→  esa ls izR;sd f (a)

osQ cjkcj gksrk gSA
gy   lR;

mnkgj.k 43  y = |x – 1| ,d larr iQyu gSA
gy   lR;

mnkgj.k 44 ,d larr iQyu esa oqQN ,sls fcanq gks ldrs gSa tgk¡ lhekvksa dk vfLrRo u gksaA
gy   vlR;

mnkgj.k 45  |sinx| pj x osQ izR;sd eku osQ fy, ,d vodyuh; iQyu gSA
gy  vlR;

mnkgj.k 46  cos |x| izR;soQ LFkku ij vodyuh; gSA
gy   lR;

5.3 iz'ukoyh

laf{kIr mÙkj (S.A.)

1. iQyu  f (x) = x3 + 2x2 – 1 dks x = 1 ij larrrk dh tk¡p dhft,A

Kkr dhft, fd iz'u 2 ls 10 rd esa fn, iQyuksa esa ls dkSu ls iQyu bafxr fcanqvksa ij larr
;k vlarr gSa%

2. 2x= ij 2

3 5, 2
( )

, 2

      
   

x x
f x

x x

;fn

;fn 3. 0x= ij
2

1 cos2
, 0

( )

5, 0

      
   

x
x

xf x

x

;fn

;fn
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  4. 2x= ij

22 3 2
, 2

( ) 2

5, 2

        
   

x x
x

f x x

x

;fn

;fn

5. x= 4 ij

4
, 4

( ) 2( 4)

0, 4

  
     

   

x
x

f x x

x

;fn

;fn

  6. x = 0 ij 

1
cos , 0

( )

0, 0

     
   

x x
f x x

x

;fn

;fn

  7. x = a ij

1
sin , 0

( )

0,

       
   

x a x
x af x

x a

;fn

;fn

  8. x = 0 ij

1

1
, 0

( )
1

0, 0

 
     

  
   

x

x

e
x

f x
e

x

;fn

;fn

  9. x = 1   ij

2

2

, 0 1
2( )

3
2 3 , 1 2

2

 
      

       

x
x

f x

x x x

;fn

;fn

10. x = 1 ij ( ) 1x x x= + −

iz'u 11 ls 14 rd izR;sd esa k dk og eku Kkr dhft, ftlosQ fy, iQyu bafxr fcanq ij larr gS%
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11.
3 8, 5

5 ( )
2 , 5

x x
x f x

k x

− ≤⎧
= =⎨ >⎩

;fn
ij

;fn
     12.  

22 16
, 2

2 ( ) 4 16

, 2

x

x x
x f x

k x

+⎧ −
≠⎪= = −⎨

⎪ =⎩

;fn
ij

;fn

13.  x = 0 ij 

1 1
, 1 0

( )
2 1

, 0 1
1

    
           

   

kx kx
x

xf x
x

x
x

;fn

;fn

14. x = 0 ij 

1 cos
, 0

sin( )
1

, 0
2

       
    

kx
x

x xf x

x

;fn

;fn

15.    fl¼ dhft, fd 
2 , 0

2( )

0

x
x

x xf x

k x

⎧ ≠⎪ +=⎨
⎪ =⎩

   ls ifjHkkf"kr iQyu f  fcanq x = 0 ij vlarr

jgrk gS] pkgs k dk dksbZ Hkh eku fy;k tk,A
16. a vkSj b osQ eku Kkr dhft, ftlosQ fy;s fn;k gqvk iQyu

4
, 4

4

( ) , 4

4
, 4

4

x
a x

x

f x a b x

x
b x

x

−⎧ + <⎪ −⎪⎪= + =⎨
⎪ −⎪ + >

−⎪⎩

;fn

;fn

;fn

fcanq x = 4 ij larr gSA

17. iQyu f (x) = 
1

2x+  fn;k gSA la;ksftr iQyu y = f (f (x)) esa vlarR; osQ fcanq Kkr dhft,A

18. iQyu 
2

1
( )

2
f t

t t
=

+ −
 dh vlarrrk osQ lHkh fcanq Kkr dhft,] tgk¡ 

1

1
t

x
=

−
 gSA
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19. n'kkZb, fd iQyu f (x) = sin cosx x+  fcanq x = π ij larr gSA

iz'u 20 ls 22 esa] f  dh vodyuh;rk dh tk¡p dhft, tc fd f  fuEufyf[kr }kjk ifjHkkf"kr
gS&

20. x = 2 ij] f (x) =  
[ ], , 0 2

( 1) , 2 3

   
 

    

x x x

x x x

;fn

;fn

21. x = 0 ij] f (x) =  

2 1
sin , 0

0 , 0

   
 
   

x x
x

x

;fn

;fn

22. x = 2 ij] f (x) =  
1 , 2

5 , 2

   
 

   

x x

x x

;fn

;fn

23. n'kkZb, fd x = 5 ij] f (x) = 5x−  larr gS] ijarq vodyuh; ugha gSA

24. ,d iQyu f : R →  R lHkh x, y ∈R, f (x) ≠  0 osQ fy, lehdj.k f (x +y)=f (x)

f (y) dks larq"V djrk gSA eku yhft, fd ;g iQyu x = 0 ij vodyuh; gS rFkk
f ′ (0) = 2 gSA fl¼ dhft, fd f ′(x) = 2 f (x) gSA

fuEufyf[kr iz'u 25 ls 43 rd izR;sd dks x osQ lkis{k vodfyr dhft,&

25. 2cos2 x 26. 8

8x

x
27. ( )2log x x a+ +

28. ( )5log log log x⎡ ⎤
⎣ ⎦ 29. 2sin cosx x+ 30. 2sin ( )n ax bx c+ +

31. ( )cos tan 1x+ 32. sinx2 + sin2x + sin2(x2)  33.
–1 1

sin
1x

⎛ ⎞
⎜ ⎟⎜ ⎟+⎝ ⎠

34. ( )cos
sin

x
x 35. sinmx . cosnx 36. (x + 1)2 (x + 2)3 (x + 3)4

37.
–1 sin cos

cos ,
4 42

x x
x

+ −π π⎛ ⎞ < <⎜ ⎟
⎝ ⎠

38.
–1 1 cos

tan ,
1 cos 4 4

x
x

x

⎛ ⎞− π π
− < <⎜ ⎟⎜ ⎟+⎝ ⎠

39.
–1tan (sec tan ),

2 2
x x x

π π
+ − < <
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40.
–1 cos sin

tan , tan –1
cos sin 2 2

⎛ ⎞− π π
− < < >⎜ ⎟+⎝ ⎠

a x b x a
x x

b x a x b
rFkk

41.
–1

3

1 1
sec , 0

4 3 2
x

x x

⎛ ⎞
< <⎜ ⎟

−⎝ ⎠
42.

2 3
–1

3 2

3 1 1
tan ,

3 3 3

a x x x

aa ax

           

43.
2 2

–1

2 2

1 1
tan , 1 1, 0

1 1

x x
x x

x x

⎛ ⎞+ + −⎜ ⎟ − < < ≠
⎜ ⎟+ − −⎝ ⎠

iz'u 44 ls 48 rd izkpfyd :i esa fn;s iQyuksa esa ls izR;sd osQ fy, 
dy

dx
Kkr dft, &

44.    x = t + 
1

t
,  y = t – 

1

t
45. x =  eq

1 1
, y e−θ

⎛ ⎞ ⎛ ⎞θ+ = θ−⎜ ⎟ ⎜ ⎟θ θ⎝ ⎠ ⎝ ⎠

46. x = 3cosq – 2cos3q,  y = 3sinq – 2sin3q

47. 2 2

2 2
sin , tan

1 1

t t
x y

t t
= =

+ − 48. 2

1 log 3 2log
,

t t
x y

tt

+ +
= =

49. ;fn x = ecos2t vkSj y = esin2t ] rks fl¼ dhft, fd 
log

log

dy y x

dx x y

−
=  gSA

50. ;fn x = asin2t (1 + cos2t) vkSj y = b cos2t (1–cos2t) rk s n'kk Zb, fd ]

4

dy b
x

dx a

π
= =ij_

51. ;fn x = 3sint – sin 3t vkSj y = 3cost – cos 3t rks t = 
3

π
ij 

dy

dx
 Kkr dhft,A

52.  sinx osQ lkis{k 
sin

x

x
dks vodfyr dhft,A

53. tan–1 x osQ lkis{k  tan–1

21 1x

x

⎛ ⎞+ −⎜ ⎟
⎜ ⎟
⎝ ⎠

 dks vodfyr dhft,] tc x ≠ 0.

iz'u 54 ls 57 rd izR;sd esa 
dy

dx
 Kkr dhft,] tcfd x vkSj y fn;s gq, laca/ ls la;ksftr gaS
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54. sin (xy) + 
x

y  = x2 –  y 55. sec (x + y) = xy

56. tan–1 (x2 + y2) = a 57. (x2 + y2)2 = xy

58. ;fn ax2 + 2hxy + by2 + 2gx + 2fy + c = 0 rks n'kkZb, fd . 1
dy dx

dx dy
=

59. ;fn 
x

yx e=  rks fl¼ dhft, fd log

dy x y

dx x x

−
=

60. ;fn 
x y xy e −=  rks fl¼ dhft, fd 

( )2
1 log

log

ydy

dx y

+
=

61. ;fn 
(cos ).....(cos )(cos )

xxy x
∞

= rks fl¼ dhft, fd 
2 tan

log cos 1

dy y x

dx y x
=

−

62. ;fn x sin (a + y) + sin a cos (a + y) = 0 rks fl¼ dhft, fd
2sin ( )

sin

dy a y

dx a

+
=

63. ;fn 21 x− + 21 y− = a (x – y) rks fl¼ dhft, fd 
2

2

1

1

dy y

dx x

−
=

−

64. ;fn y = tan–1x rks osQoy  y osQ inksa esa 
2

2

d y

dx
 Kkr dhft,A

iz'u 65 ls 69 rd fn;s iQyuksa esa ls izR;sd osQ fy, jksys osQ izes; dk lR;kiu dhft,&

65. [0, 1] esa f (x) = x (x – 1)2            66.  0,
2

π⎡ ⎤
⎢ ⎥⎣ ⎦

esa f (x) = sin4x + cos4x

67. [–1, 1] esa f (x) = log (x2 + 2) – log3       68.   [–3, 0] esa f (x) = x (x + 3)e–x/2

69. [– 2, 2] esa f (x) = 24 x−

70.

2 1, 0 1
( )

3 , 1 2

x x
f x

x x

⎧ + ≤ ≤⎪=⎨
− ≤ ≤⎪⎩

;fn

;fn   }kjk fn, tkus okys iQyu ij jksys osQ izes; dh

vuqiz;ksxrk ij ppkZ dhft,A
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71. [0, 2p] esa oØ y = (cosx – 1) ij mu fcanqvksa dks Kkr dhft,] tgk¡ Li'kZ js[kk x-v{k osQ

lekarj gSA

72. jksys osQ izes; dk iz;ksx djrs gq, oØ y = x (x – 4), x Î [0, 4] ij og fcanq Kkr dhft,

tgk¡ Li'kZ js[kk x-v{k osQ lekarj gSA

iz'u 73 ls 76 rd fn;s gq, iQyuksa esa ls izR;sd osQ fy, ekè;eku izes; dk lR;kiu dhft,&

73. [1, 4] esa f (x) = 
1

4 1x− 74.  [0, 1] esa f (x) = x3 – 2x2 – x + 3

75. [0, p] esa f (x) = sinx – sin2x 76.  [1, 5] esa f (x) = 225 x−

77. oØ y = (x – 3)2 ij ,d ,slk fcanq Kkr dhft,] ftl ij Li'kZ js[kk (3, 0) vkSj (4, 1)

fcanqvksa dks feykus okyh thok osQ lekarj gksA

78. ekè; eku izes; dk iz;ksx djrs gq,] fl¼ dhft, fd oØ y = 2x2 – 5x + 3 ij ,d ,slk

fcanq gS tks A(1, 0) vkSj B (2, 1) fcanqvksa osQ chp fLFkr gS rFkk ml ij [khaph x;h Li'kZ js[kk

thok AB osQ lekarj gSA lkFk gh] og fcanq Hkh Kkr dhft,A

nh?kZ mÙkjh; (L.A.)

79. p vkSj q osQ ,sls eku Kkr dhft, fd iQyu

                    

2 3 , 1
( )

2, 1

x x p x
f x

qx x

⎧ + + ≤⎪=⎨
+ >⎪⎩

;fn

;fn

fcanq  x = 1 ij vodyuh; gksA

80. ;fn xm.yn = (x + y)m+n gS rks fl¼ dhft, fd

(i)    
dy y

dx x
=  vkSj        (ii)   

2

2
0

d y

dx
=

81. ;fn x = sint vkSj y = sin pt gS rks fl¼ dhft, fd(1–x2)
2

2

d y

dx
 – x 

2 0
dy

p y
dx

+ = gSA

82. ;fn y = xtanx + 
2 1

2

x +
gS] rks 

dy

dx
 Kkr dhft,A

oLrqfu"B iz'u
iz'u la[;k 83 ls  96 rd izR;sd esa ls fn;s gq, pkjksa fodYiksa esa ls lgh fodYi pqfu,&
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83. ;fn f (x) = 2x vkSj g (x) = 
2

1
2

x
+ gS rks fuEufyf[kr esa ls dkSu & lk iQyu vlarr gks

ldrk gS\

(A)   f (x) + g (x)        (B)   f (x) – g (x)      (C)   f (x) . g (x) (D) 
( )

( )

g x

f x

84. iQyu f (x) =  
2

3

4

4

x

x x

−
−

(A) osQoy ,d fcanq ij vlarr gS      (B)  Bhd nks fcanqvksa ij vlarr gS

(C) Bhd rhu fcanqvksa ij vlarr gS    (D)  buesa ls dksbZ ugha

85. fcanqvksa dk og leqPp;] tgk¡ f (x) = 2 1x−   sin x ls fn;s tkuk okyk iQyu f  vodyuh;

gS] fuEufyf[kr gS

(A) R (B) R – 
1

2
⎧ ⎫
⎨ ⎬
⎩ ⎭

    (C)  (0, )∞         (D)  buesa ls dksbZ ugha

86. iQyu f (x) = cot x fuEufyf[kr leqPp; ij vlarr gS

(A) { }:x n n= π ∈Z (B) { }2 :x n n= π ∈Z

(C) ( )2 1 ;
2

x n n
π⎧ ⎫= + ∈⎨ ⎬

⎩ ⎭
Z (D) ;

2

n
x n

π⎧ ⎫= ∈⎨ ⎬
⎩ ⎭

Z

87. iQyu f (x) = xe

(A) izR;sd LFkku ij larr gS] ijarq x = 0 ij vodyuh; ugha gS

(B) izR;sd LFkku ij larr vkSj vodyuh; gS

(C) x = 0 ij larr ugha gS

(D) buesa ls dksbZ ugha

88. ;fn f (x) = 2 1
sinx

x
 ] tgk¡ x ≠ 0 rks x = 0 ij iQyu f  dk eku fuEufyf[kr gksxk ;fn

;g iQyu x = 0 larr gS
(A) 0 (B)  – 1 (C) 1             (D)buesa ls dksbZ ugha
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89. ;fn 
1 ,

2 ( ) = 

sin ,
2

mx x
f x

x n x

π⎧ + ≤⎪⎪
⎨ π⎪ + >
⎪⎩

;fn

;fn
 fcanq x = 

2

π
 ij larr gS rks

(A)   m = 1, n = 0              (B)   m = 
2

nπ
+ 1 (C)    n = 

2

mπ
 (D) m = n = 

2

π

90. eku yhft, f (x) = |sin x| gS] rc
(A) f  izR;sd LFkku ij vodyuh; gS
(B) f  izR;sd LFkku ij larr gS] ijarq x = nπ, n ∈ Z ij vodyuh; ugha gS

(C) f  izR;sd LFkku ij larr gS ijarq x = (2n + 1) 
2

π
, n ∈ Z ij vodyuh; ugha gS

(D) buesa ls dksbZ ugha

91. ;fn y = log 
2

2

1

1

x

x

⎛ ⎞−
⎜ ⎟
+⎝ ⎠

 rks 
dy

dx
 cjkcj gS

(A)
3

4

4

1

x

x− (B) 4

4

1

x

x

−
− (C) 4

1

4 x− (D)
3

4

4

1

x

x

−
−

92.    ;fn y = sin x y+  gS] rks 
dy

dx
 cjkcj gS

(A)
cos

2 1

x

y− (B)
cos

1 2

x

y− (C)
sin

1 2

x

y− (D)
sin

2 1

x

y−

93. cos–1x osQ lkis{k cos–1 (2x2 – 1) dk vodyt gS

(A) 2 (B) 2

1

2 1 x

−

− (C)
2

x (D) 1 – x2

94. ;fn x = t2 vkSj y = t3 gS] rks 
2

2

d y

dx
 gS

(A)
3

2 (B)
3

4t (C)
3

2t (D)
3

2t
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95. varjky [0, 3 ] esa iQyu f (x) = x3 – 3x osQ fy,] jksys osQ izes; esa c dk eku gS

(A) 1 (B)  – 1                 (C)   
3

2 (D)   
1

3

96. iQyu f (x) = x + 
1

x
, x ∈ [1, 3] osQ fy,] ekè; eku izes; esa c dk eku gS

(A) 1 (B)  3               (C)  2                (D) buesa ls dksbZ ugha

iz'u la[;k 97 ls 101 rd izR;sd esa fjDr LFkkuksa dks Hkfj,&

  97. ,d ,sls iQyu dk mnkgj.k tks lHkh LFkkuksa ij larr gS] ijarq Bhd nks fcanqvksa ij vodyuh;
jgus esa vleFkZ jgrk gS __________ gSA

  98. x3 osQ lkis{k x2 vodyt _________gSA

  99. ;fn f (x) = |cosx| rks  f ′
4

   
     = _______

100. ;fn f (x) = |cosx – sinx | gS rks f ′
3

   
     = _______

101. oØ 1x y  osQ fy,] 
1 1

,
4 4

⎛ ⎞
⎜ ⎟
⎝ ⎠

 ij 
dy

dx
  __________

iz'u la[;k 102 ls 106 rd izR;sd esa fn, gq, dFku osQ fy, crkb, fd ;g lR; gS ;k vlR;&

102. [0, 2] esa iQyu f (x) = |x – 1| osQ fy,] jksys dk izes; iz;qDr gSA

103. ;fn  f  vius izk¡r D ij larr gS] rks | f | Hkh D ij larr gksxkA

104. nks larr iQyuksa dk la;kstu ,d larr iQyu gksrk gSA

105. f=kdks.kferh; ,oa f=kdks.kferh; O;qRØe iQyu vius&vius izk¡rksa esa vodyuh; gksrs gSaA

106. ;fn  f . g  fcanq x = a ij larr gS] rks  f  vkSj g fcanq x = a ij i`Fkd&i`Fkd :i ls larr
gksrs gSaA
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6.1   lexz voyksdu (Overview)

6.1.1 jkf'k;ksa osQ ifjorZu dh nj

IkQyu y = f (x) osQ fy, 
d

dx
(f (x)), x osQ lkis{k y osQ ifjorZu dh nj dks fu:fir djrk gSA

vr% ;fn s  nwjh rFkk t le; dks O;Dr djrs gSa rks 
ds

dt
] le; osQ lkis{k nwjh osQ ifjorZu dh

nj dks O;Dr djrk gSA

6.1.2 Li'kZ js[kk,¡ rFkk vfHkyac

fdlh oØ y = f (x) dks fcanq (x
1
, y

1
) ij Li'kZ djus okyh js[kk dks ml fcanq ij oØ dh Li'kZ

js[kk dgrs gSa rFkk bldk lehdj.k 
1 11 ( , ) 1( – )x y

dy
y y x x

dx
⎛ ⎞− =⎜ ⎟
⎝ ⎠

gksrk gSA

Li'kZ js[kk osQ Li'kZ fcanq ij yac js[kk dks oØ vfHkyac dgrs gSa rFkk bldk lehdj.k

y – y
1
 = 

 

1 1

1

( , )

–1
( )

x y

x x
dy
dx

−
⎛ ⎞
⎜ ⎟
⎝ ⎠

gksrk gSA nks oØksa osQ chp dk izfrPNsn dks.k oØksa osQ izfrPNsn fcanq

ij mudh Li'kZ js[kkvksa osQ chp dk dks.k gksrk gSA

6.1.3 lfUudVu

D;ksafd f ′(x) = 
0

( ) – ( )
lim
x

f x x f x

xΔ →

+Δ
Δ

, blfy, ge dg ldrs gSa fd f ′(x) yxHkx

(approximately )
( ) – ( )f x x f x

x

+Δ
Δ

osQ cjkcj gSA

⇒   f (x + Δ x) dk lfUudV eku = f (x) + Δx .f ′ (x)

vè;k;

vodyt osQ vuqiz;ksx

6
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6.1.4 o/Zeku@ßkleku iQyu

fdlh varjky (a, b) esa ,d larr iQyu f (x) :

(i) fujarj o/Zeku gS] ;fn lHkh x
1
, x

2
 ∈ (a, b) osQ fy, x

1
< x

2 
⇒ f (x

1
) < f (x

2
) fodYir% lHkh

x ∈ (a, b), osQ fy, f ′  (x) > 0

(ii) fujarj ßkleku gS] ;fn lHkh x
1
, x

2
 ∈ (a, b),  osQ fy, x

1
 < x

2
 ⇒  f (x

1
) > f (x

2
) fodYir%

lHkh x ∈ (a, b), osQ fy, f ′(x) < 0

6.1.5  izes; : eku yhft, fd iQyu f ] varjky [a, b] ij larr rFkk varjky (a, b) esa vodyuh; gS] rks

(i) [a, b] esa f  o/Zeku gS] ;fn izR;sdx ∈ (a, b) osQ fy, f ′ (x) > 0

       (ii) [a, b] esa f  ßkleku gS] ;fn izR;sd x ∈ (a, b) osQ fy,  f ′ (x) < 0

      (iii) [a, b] esa f  ,d vpj iQyu gS] ;fn izR;sd x ∈ (a, b)  osQ fy,  f ′ (x) = 0

6.1.6  mfPp"B ,ao fufEu"B

fdlh okLrfod iQyu f  dk LFkkuh; mfPp"B LFkkuh; fufEu"B

fdlh iQyu f  osQ izkar osQ varLFk (Hkhrj) fLFkr fcanq c dks

(i) LFkkuh; mfPp"B dgrs gSa] ;fn ,d ,sls h > 0 dk vfLRkRo gS fd (c – h, c + h) esa fLFkr
lHkh x osQ fy, f (c) > f (x)

f (c) osQ bl eku dks f  dk LFkkuh; mPpre eku dgrs gSaA

(ii) LFkkuh; fufEu"B dgrs gSa] ;fn ,d ,sls h > 0 dk vfLrRo gS fd (c – h, c + h) esa fLFkr
lHkh x osQ fy, f (c) < f (x)

          f (c) osQ bl eku dks f dk LFkkuh; fuEure eku dgrs gSaA

varjky [a, b] esa ifjHkkf"kr iQyu f(x), x = c, tgk ¡ c ∈ [a, b], ij mfPp"B (;k fujis{k
mfPp"B) dgk tkrk gS] ;fn lHkh x ∈ [a, b] osQ fy, f  (x) ≤ f (c)

blh izdkj varjky [a, b] esa ifjHkkf"kr iQyu  f (x), x = d, tgk¡ d ∈ [a, b] ij fufEu"B
(;k fujis{k fufEu"B) dgk tkrk gS] ;fn lHkh x ∈ [a, b] osQ fy, f (x) ≥ f (d)

6.1.7 f dk Økafrd fcanq : fdlh iQyu f  osQ izkar esa ,d fcanq c] ftl ij ;k rks
 f ′ (c) = 0 ;k f  vodyuh; ugha gS] f  dk Økafrd fcanq dgykrk gSA
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LFkkuh; mPpre vFkok LFkkuh; eku fuEure Kkr djus dh O;kogkfjd fof/

(a) izFke vodyt ijh{k.k

(i)      x osQ fcanq c ls gksdj c<+us ij ;fn  f ′ (x) dk fpg~u èku ls Í.k esa ifjofrZr gksrk gS]
rks c LFkkuh; mfPp"B dk ,d fcanq gS rFkk f (c) LFkkuh; mPpre eku gSA

            (ii)     x  osQ fcanq c ls gksdj c<+us ij ;fn f ′ (x) dk fpg~u Í.k ls èku esa ifjofrZr gksrk gS]
rks c LFkkuh; fufEu"B dk ,d fcanq gS rFkk f (c) LFkkuh; fuEure eku gSA

           (iii)    x osQ fcanq c ls gksdj c<+us ij ;fn f ′ (x) dk fpg~u ifjofrZr ugha gksrk gS] rks c

u rks LFkkuh; mfPp"B dk fcanq gS vkSj u LFkkuh; fufEu"B dk fcanq gSA bl izdkj
osQ fcanq dks ufr ifjorZu fcanq dgrs gSaA

(b) f}rh; vodyt ijh{k.k

eku yhft, fd f  fdlh varjky I esa ifjHkf"kr ,d iQyu gS rFkk c ∈ I eku yhft, fd
f, c ij nks ckj vodyuh; gSA rc

(i)     ;fn f ′(c) = 0 rFkk f ″(c) < 0,  rks x = c LFkkuh; mfPp"B dk ,d fcanq gSA bl
n'kk esa f  dk LFkkuh; mPpre eku f (c) gSA

            (ii)    ;fn f ′ (c) = 0 rFkk  f ″(c) > 0] rks x = c LFkkuh; fufEu"B dk ,d fcanq gSA bl
n'kk esa f  dk LFkkuh; fuEure eku f (c) gSaA

           (iii)   ;fn f ′(c) = 0 rFkk f ″ (c) = 0, rks ;g ijh{k.k vliQy gks tkrk gSA ,slh fLFkfr
esa] ge iqu% izFke vodyt ijh{k.k ij okil tkrs gSaA

6.1.8 fujis{k mfPp"B rFkk@ vFkok fujis{k fufEu"B Kkr djus dh O;kogkfjd fofèk

pj.k 1 :  iznÙk varjky esa f  osQ lHkh Økafrd fcanqvksa dks Kkr dhft,A

pj.k 2 :  bu lHkh fcanqvksa ij rFkk varjky osQ vaR; fcanqvksa ij f  osQ eku dk
ifjdyu dhft,A

pj.k 3 : pj.k 2  esa ifjdfyr ekuksa esa ls f  osQ mPpre rFkk fuEure ekukas dks yhft,A
mPpre eku f  dk fujis{k mPpre eku rFkk fuEure eku f  dk fujis{k
fuEure eku gksxkA

6.2  gy fd, gq, mnkgj.k
y?kq mÙkjh; iz'u (S.A.)

mnkgj.k 1 oØ y = 5x – 2x3 osQ fy,] ;fn x esa 2 bdkbZ@ls- dh nj ls o`f¼ gks jgh gS] rks
x = 3 ij oØ dk izko.; fdruh rhozrk ls ifjofrZr gks jgk gS\
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gy  oØ dk izko.; = 
dy

dx
 = 5 – 6x2

⇒
d dy

dt dx
⎛ ⎞
⎜ ⎟
⎝ ⎠

 = –12x 
dx

dt

        = –12 . (3) . (2)

        = –72 bdkbZ@ls-

vr% tc x  esa bdkbZ@ls- dh nj ls o`f¼ gks jgh gS] rc oØ dh izo.krk 72 bdkbZ@ls- dh
nj ls ?kV jgh gSaA

mnkgj.k 2  
4

π
vèkZ 'kh"kZ dks.k okys ,d 'kkadoh; dhi (funnel) ls] ftldk 'kh"kZ uhps dh vksj

gS] dhi osQ i`"B osQ {ks=kiQy esa 2 cm2 /sec dh leku nj ls mlosQ 'kh"kZ osQ ,d fNnz ls ikuh
cg jgk gSA ikuh osQ lrg dh fr;Zd mQ¡pkbZ osQ ?kVus dh nj ml le; Kkr dhft, tc mldh
fr;Zd mQ¡pkbZ 4cm gSA

gy  ;fn s oØ i`"B osQ {ks=kiQy dks fu#fir djrk gS]

rks 
d s

d t = 2cm2 /sec

s = π rl = π (lsin 4

π
)l = 

2

2
l

π

blfy,, 
ds

dt
= 

2

2

dl
l

dt

π
= 2

dl
l

dt
π

tc l = 4 cm, 
1 1 2

.2  cm/s
42 .4 2 2

dl

dt
= = =

ππ π
.

mnkgj.k 3 oØ y2 = x rFkk  x2 = y osQ chp dk izfrPNsn – dks.k Kkr dhft,A

gy  iznÙk lehdj.kksa dks ljy djus ij] gesa izkIr gksrk gS fd y2 = x rFkk x2 = y ⇒ x4 = x  vFkok
x4 – x = 0

vko`Qfr 6-1
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     ⇒ x (x3 – 1) = 0 ⇒ x = 0, x = 1

blfy,, y = 0,  y = 1

vFkkZr (0, 0) rFkk (1, 1) izfrPNsn fcanq gSaA

iqu% y2 = x ⇒ 2y
dy

dx
 = 1 ⇒ 

dy

dx
 = 

1

2y

rFkk x2 = y ⇒ 
dy

dx
 = 2x

fcanq (0, 0), ij oØ y2 = x dh Li'kZ js[kk y-v{k osQ lekarj gS rFkk oØ x2 = y dh Li'kZ js[kk
x-v{k osQ lekarj gSA

⇒ izfrPNsn – dks.k  = 
2

π

fcanq (1, 1) ij oØ  y
2
 = x dh Li'kZ js[kk dh izo.krk (m

1
) 

1

2
gS rFkk oØ x2 = y dh

Li'kZ js[kk dh izo.krk 2 gSA

vr,o tan θ  = 

1
2 –

2
1 1+  = 

3

4
⇒   θ = tan–1 

3

4
⎛ ⎞
⎜ ⎟
⎝ ⎠

mnkgj.k 4 fl¼ dhft, fd iQyu f (x) = tan x – 4x, varjky 
–

,
3 3

π π⎛ ⎞
⎜ ⎟
⎝ ⎠

esa fujarj ßkleku gSA

gy  f (x) = tan x – 4x ⇒ f ′(x) = sec2x – 4

tc 
–

3

π
< x <

3

π
, 1 < secx < 2

blfy,, 1 < sec2x < 4 ⇒ –3 < (sec2x – 4) < 0
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vr% 
–

3

π
< x <

3

π
osQ fy,  f ′(x) < 0

blfy, 
–

,
3 3

π π⎛ ⎞
⎜ ⎟
⎝ ⎠

 esa f(x)  fujarj ßkleku gSA

mnkgj.k 5  fuèkkZfjr dhft, fd x osQ fdu ekuksa osQ fy,] iQyu y = x4 – 
34

3

x
oèkZeku gS rFkk

fdu ekuksa osQ fy,] ;g ßkleku gSA

gy  y = x4 – 
34

3

x
⇒ 

dy

dx
= 4x3 – 4x2 = 4x2 (x – 1)

vc, 
dy

dx
= 0 ⇒ x = 0, x = 1.

D;ksafd x∀ ∈(– ∞, 0) ∪ (0, 1) osQ fy, f ′ (x) < 0  rFkk f varjky [– ∞, 0] vkSj (0, 1) esa
larr gS] blfy, f  varjky (– ∞, 1] esa ßkleku gS vkSj f varjky [1, ∞ ) esa oèkZeku gSA

fVIi.kh  ;gk¡ f  vrajky (– ∞, 0) ∪ (0, 1) esa fujarj ßkleku rFkk (1, ∞) esa fujarj oèkZeku gSA

mnkgj.k 6 fl¼ dhft, fd iQyu f (x) = 4x3 – 18x2 + 27x – 7 dk dksbZ mfPp"B vFkok
fufEu"B ugha gSA

gy  f (x) = 4x3 – 18x2 + 27x – 7

 f ′ (x) = 12x2 – 36x + 27 = 3 (4x2 – 12x + 9) = 3 (2x – 3)2

f ′ (x) = 0 ⇒ x = 
3

2
 (Økafrd fcanq)

D;ksafd lHkh  x 
3

2
<  rFkk lHkh  x >

3

2
 osQ fy,  f ′ (x) > 0

vr% x = 
3

2 ,d ufr ifjorZu dk fcanq gS] vkSj u rks mfPp"B dk fcanq vkSj u fufEu"B dk fcanq



120    iz'u iznf'kZdk

x = 
3

2 osQoy ,d Økafrd fcanq gS rFkk f  dk dksbZ mfPp"B ;k fufEu"B ugha gSA

mnkgj.k 7  vodyksa osQ iz;ksx }kjk 0.082 dk lfUudV eku Kkr dhft,A

gy  eku yhft, fd  f (x) = x

x = .09 rFkk Δx = – 0.008 eku ysus ij

f (x + Δx) ; f (x) + Δx . f ′(x) osQ iz;ksx }kjk&

f (0.09 – 0.008) =  f (0.09) +  (– 0.008) f ′ (0.09)

⇒ 0.082  = 0.09  – 0.008 . 
1

2 0.09

⎛ ⎞
⎜ ⎟
⎝ ⎠

 = 0.3 – 
0.008

0.6

= 0.3 – 0.0133 = 0.2867

mnkgj.k 8  oØksa 
2 2

2 2
–

x y

a b
= 1 rFkk xy = c2  osQ yEcdks.kh; izfrPNsnu osQ fy, izfrca/ Kkr dhft,A

gy  eku yhft, fd oØ (x
1
, y

1
) ij izfrPNsn djrs gSaA

blfy, 
2 2

2 2
–

x y

a b
= 1 ⇒ 2 2

2 2
–

x y dy

dxa b
= 0  ⇒  

2

2

dy b x

dx a y
=

⇒ izfrPNsnu fcanq ij Li'kZ js[kk dh izo.krk  (m
1
) = 

2
1

2
1

b x

a y

iqu% xy = c2 ⇒ 
dy

x y
dx

+ = 0 ⇒ 
–dy y

dx x
= ⇒ m

2
 = 

1

1

y

x

−

yacdks.kh; izfrPNsnu osQ fy,]  m
1
 × m

2 
= – 1  ⇒ 

2

2

b

a
= 1  ;k a2 – b2 = 0
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mnkgj.k 9 iQyu f (x) = 
4 3 23 45

– – 8 – 105
4 2

x x x +  osQ lHkh LFkkuh; mfPp"B rFkk LFkkuh;

fufEu"B fcanqvksa dks Kkr dhft,A

gy  f ′ (x) = –3x3 – 24x2 – 45x

= – 3x (x2 + 8x + 15) = – 3x (x + 5) (x + 3)

f ′  (x) = 0 ⇒ x = –5,  x = –3, x = 0

f ″(x) = –9x2 – 48x – 45

= –3 (3x2 + 16x + 15)

f  ″(0) = – 45 < 0. blfy, x = 0 LFkkuh; mfPp"B fcanq gSA

f ″(–3) = 18 > 0. blfy, x = –3 LFkkuh; fufEu"B fcanq gSA

f ″(–5) = –30 < 0. blfy, x = –5 LFkkuh; mfPp"B fcanq gSA

mnkgj.k 10  fl¼ dhft, fd 
1

x
x

+ dk LFkkuh; mPpre eku mlosQ LFkkuh; fuEure eku ls de gSA

gy   eku yhft, fd  y = 
1

x
x

+  ⇒ 
dy

dx
 = 1 – 2

1

x

dy

dx = 0 ⇒ x2 = 1 ⇒ x = ± 1.

2

2

d y

dx
= + 3

2

x
, blfy, 

2

2

d y

dx
(x = 1 ij) > 0 rFkk 

2

2

d y

dx (x = –1ij) < 0

vr% y dk LFkkuh; mPpre eku  x = –1 ij gS rFkk LFkkuh; mPpre eku = – 2

y dk LFkkuh; fuEure eku x = 1 ij gS rFkk LFkkuh; fuEure eku = 2

vr% LFkkuh; mPpre eku (–2) LFkkuh; fuEure eku (2) ls de gSA
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nh?kZ mÙkjh; iz'u (L.A.)

mnkgj.k 11 fdlh 'kkadoh; crZu osQ 'kh"kZ osQ ,d NksVs fNnz ls] ftldk v{k mQ?okZ/j gS] ikuh
1 cu cm/sec dh nj ls cg jgk gSA crZu esa ikuh osQ lrg dh fr;Zd mQ¡pkbZ osQ ?kVus dh nj ml

le; Kkr dhft, tc fr;Zd mQ¡pkbZ 4 cm gSA 'kkadoh; crZu dk 'kh"kZ dks.k 
6

π
gSA

gy  fn;k gqvk gS fd 
dv

dt
 = 1 cm3/s, tgk¡ v 'kkadoh; crZu esa ikuh dk vk;ru gSA

vkÑfr 6.2 ls, l = 4cm,  h = l cos 
6

π
 = 

3

2
l

rFkk  r = l sin
6

π
= 

2

l

blfy, v =  
1

3
πr2h = 

2
33 3

3 4 2 24

l
l l

   

23

8

dv dl
l

dt dt

π
=

blfy,, 1 = 
3

16.
8

dl

dt

π

⇒      1

2 3

dl

dt
=

π
cm/s.

vr% fr;Zd mQ¡pkbZ osQ ?kVus dh nj = 
1

2 3π
cm/s

mnkgj.k 12 oØ y = cos (x + y), –2π ≤ x ≤ 2π, dh mu lHkh Li'kZ js[kkvksa osQ lehdj.k Kkr
dhft, tks js[kk x + 2y = 0 osQ lekarj gaSA

gy   fn;k gqvk gS fd y = cos (x + y) ⇒ 
dy

dx
= – sin (x + y) 1

dy

dx
⎡ ⎤+⎢ ⎥⎣ ⎦

...(i)

vko`Qfr 6-2
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;k  
dy

dx
 = – 

( )
( )

sin

1 sin

x y

x y

+
+ +

D;ksafd Li'kZ js[kk x + 2y = 0 osQ lekarj gS] blfy, Li'kZ js[kk dh izo.krk = 
1

–
2

blfy,] 
( )
( )

sin
–

1 sin

x y

x y

+
+ + = 

1
–

2
 ⇒ sin (x + y) = 1 .... (ii)

D;ksafd cos (x + y) = y rFkk sin (x + y) = 1 ⇒ cos2 (x + y) + sin2 (x + y) = y2 + 1

⇒ 1 = y2 + 1 ;k y = 0

blfy,  cosx = 0

blfy, x = (2n + 1)
2

π
,  n = 0, ± 1, ± 2...

vr%]  x =  
3

,
2 2

π π
± ± ,  iajrq  x = 

2

π
, x = 

–3

2

π
lehdj.k (ii) dks larq"V djrs gSaA

vr%  , 0
2

π⎛ ⎞
⎜ ⎟
⎝ ⎠

,
–3

,0
2

π⎛ ⎞
⎜ ⎟
⎝ ⎠

mi;qDr fcanq gSA

bl izdkj , 0
2

π⎛ ⎞
⎜ ⎟
⎝ ⎠

 ij Li'kZ js[kk dk lehdj.k  y = 
1

–
2

–
2

x
π⎛ ⎞

⎜ ⎟
⎝ ⎠

 ;k 2x + 4y – π = 0 \

rFkk 
–3

,0
2

π⎛ ⎞
⎜ ⎟
⎝ ⎠

ij Li'kZ js[kk dk lehdj.k y = 
1

–
2

3

2
x

π⎛ ⎞+⎜ ⎟
⎝ ⎠

 ;k 2x + 4y + 3π = 0

mnkgj.k 13  oØ y2 = 4ax rFkk x2 = 4by dk izfrPNsn dks.k Kkr dhft,A

gy  fn;k gqvk gS fd y2 = 4ax...(i) rFkk x2 = 4by... (ii). gy djus ij

22

4

x

b

⎛ ⎞
⎜ ⎟
⎝ ⎠

= 4ax  ⇒  x4 = 64 ab2 x
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;k x (x3 – 64 ab2) = 0  ⇒  x = 0, 
1 2

3 34x a b=

vr% (0, 0) rFkk 
1 2 2 1

3 3 3 34 ,4a b a b
⎛ ⎞
⎜ ⎟⎜ ⎟
⎝ ⎠

izfrPNsn &fcanq gSaA

iqu%,  y2 = 4ax ⇒ 
4 2

2

dy a a

dx y y
= = rFkk x2 = 4by ⇒   

2

4 2

dy x x

dx b b
= =

blfy,] (0, 0) ij oØ y2 = 4ax dh Li'kZ js[kk y-v{k osQ lekarj gS] rFkk oØ x2 =

4by dh Li'kZ js[kk x-v{k osQ lekarj gSA

 ⇒   oØksa osQ chp dk dks.k = 
2

π

1 2 2 1

3 3 3 34 ,4a b a b
⎛ ⎞
⎜ ⎟⎜ ⎟
⎝ ⎠

ij] m
1 
(oØ (i) dh Li'kZ js[kk dh izo.krk)

= 

1

3

2 1

3 3

2 1

2
4

a a

b
a b

⎛ ⎞= ⎜ ⎟
⎝ ⎠

 rFkk m
2 
(oØ (ii)dh Li'kZ js[kk dh izo.krk) = 

1 2 1
3 3 34

2
2

a b a

b b
⎛ ⎞= ⎜ ⎟
⎝ ⎠

blfy,] tan θ = 
2 1

1 2

–

1

m m

m m+  = 

1 1

3 3

1 1

3 3

1
2 –

2

1
1 2

2

a a

b b

a a
b b

⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

⎛ ⎞ ⎛ ⎞+ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 =  

1 1

3 3

2 2

3 3

3 .

2

a b

a b
⎛ ⎞

+⎜ ⎟⎜ ⎟
⎝ ⎠

vr%]  θ = tan–1

1 1

3 3

2 2

3 3

3 .

2

a b

a b

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟⎛ ⎞⎜ ⎟+⎜ ⎟⎜ ⎟⎜ ⎟

⎝ ⎠⎝ ⎠
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mnkgj.k 14  fl¼ dhft, fd oØ x = 3cos θ – cos3θ, y  =  3sinθ – sin3θ osQ fdlh fcanq ij
vfHkayc dk lehdj.k 4 (y cos3θ – x sin3θ) = 3 sin 4θ

gy   ;gk¡ x = 3cos θ – cos3θ

blfy,
dx

dθ
 = –3sin θ + 3cos2θ sinθ = – 3sinθ (1 – cos2θ) = –3sin3θ

dy

dθ
 = 3cos θ – 3sin2θ cosθ =  3cosθ  (1 – sin2θ) = 3cos3θ

3

3

cos
–

sin

dy

dx

θ
=

θ
. blfy,] vfHkYakc dh izo.krk = 

3

3

sin

cos

θ
θ

vr% vfHkyac dk lehdj.k fuEufyf[kr gS]

y – (3sinθ – sin3θ) = 
3

3

sin

cos

θ
θ

[x – (3cosθ – cos3θ)]

⇒  y cos3θ – 3sinθ cos3θ + sin3θ cos3θ = xsin3θ – 3sin3θ cosθ + sin3θ cos3θ

⇒  y cos3θ – xsin3θ = 3sinθ cosθ (cos2θ – sin2θ)

     = 
3

2
sin2θ . cos2θ

     = 
3

4
sin4θ

;k 4 (ycos3 θ – xsin3 θ) = 3 sin4θ.

mnkgj.k 15 f (x) = secx + log cos2x, 0 < x < 2π dk mPpre rFkk fuEure eku Kkr

dhft,A

gy   f (x) = secx + 2 log cosx

    blfy,]   f ′ (x) = secx tanx – 2 tanx = tanx (secx –2)
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 f ′  (x) = 0 ⇒ tanx = 0 ;k secx = 2 ;k cosx = 
1

2

vr% x d lEHko eku   x = 0, ;k x = π  rFkk

     x = 
3

π
;k x = 

5

3

π

iqu%]     f ′′  (x)  = sec2x (secx –2) + tanx (secx tanx)

                = sec3x + secx tan2x – 2sec2x

   = secx (sec2x + tan2x – 2secx)

ge ns[krs gSa fd

f ′′  (0) = 1 (1 + 0 – 2) = –1 < 0. blfy,]  x = 0 ,d mfPp"B fcanq gSA

f ′′  (π) = –1 (1 + 0 + 2) = –3 < 0. blfy,] x = π ,d mfPp"B fcanq gSA

f ′′  3

π⎛ ⎞
⎜ ⎟
⎝ ⎠

 = 2 (4 + 3 – 4) = 6 > 0. blfy,] x = 
3

π
 ,d fuEu"B fcanq gSA

f ′′  
5

3

π⎛ ⎞
⎜ ⎟
⎝ ⎠

 = 2 (4 + 3 – 4) = 6 > 0. blfy,] x = 
5

3

π
 ,d fuEu"B fcanq gSA

y dk x = 0 ij mPpre eku 1 + 0 = 1 gSA

y dk x = π ij mPpre eku –1 + 0 = –1 gSA

y dk x = 
3

π
ij fuEure eku 2 + 2 log

1

2
 = 2 (1 – log2) gSA

y dk x = 
5

3

π
 ij fuEure eku 2 + 2 log

1

2
 = 2 (1 – log2)  gSA

mnkgj.k 16  ml egÙke vk;r dk {ks=kiQy Kkr dhft,] tks nh?kZo`Ùk 
2 2

2 2
1

x y

a b
+ = osQ varxZr

fLFkr gSA

gy  tSlk fd vkòQfr 6.3 esa iznf'kZr gS] eku yhft, fd ABCD egÙke {ks=kiQy dk vk;r gS
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ftldh Hkqtk AB = 2x rFkk BC = 2y, tgk¡ C (x, y) nh?kZòÙk 
2 2

2 2
1

x y

a b
+ =  ij fLFkr ,d fcanq gSA

vk;r dk {ks=kIkQy A] 4xy gSA vFkkZr~ A = 4xy] ftlls A2 = 16x2y2 = s (eku fy;k)

blfy,] s = 16x2 
2

2
21–

x
b

a

⎛ ⎞
⎜ ⎟
⎝ ⎠

 = 
2

2

16b

a
 (a2x2 – x4)

⇒
2

2

16ds b

dx a
=  [2a2x – 4x3]

iqu%  
ds

dx
 = 0 ⇒  x =

2 2

a b
y =rFkk

vc
2 2

2 2

16d s b

dx a
= [2a2 – 12x2]

vr%
2 2 2

2 2 2
2 2 2

16 16
[2 6 ] ( 4 ) 0

2

a d s b b
x a a a

dx a a
= = − = − <ij]

vr% x = 
2

a
 ij]  y = 

2

b
,  ;gk¡ s egÙke gS vr,o A Hkh egÙke gSA

egÙke {ks=kiQy A = 4.x.y = 4 .
2

a
.

2

b
 = 2ab oxZ bdkbZ

mnkgj.k 17 varjky – ,
2 2

π π⎡ ⎤
⎢ ⎥⎣ ⎦

 esa iQyu f (x) = sin2x – x, osQ mPpre rFkk fufEure ekuksa dk

varj Kkr dhft,A

gy  f (x) = sin2x – x

vko`Qfr 6-3
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⇒ f ′(x) = 2 cos2 x – 1

blfy,  f ′(x) = 0 ⇒ cos2x = 
1

2
⇒ 2x is 3 3

− π π
;k ⇒ x = –

6 6

π π
;k

–
2

f
π⎛ ⎞

⎜ ⎟
⎝ ⎠

 = sin (– π) + 
2 2

π π
=

–
6

f
π⎛ ⎞

⎜ ⎟
⎝ ⎠

 = 
2

sin –
6 6

π π⎛ ⎞+⎜ ⎟
⎝ ⎠

= 
3

–
2 6

π
+

6
f

π⎛ ⎞
⎜ ⎟
⎝ ⎠

 = 
2

sin –
6 6

π π⎛ ⎞
⎜ ⎟
⎝ ⎠

= 
3

–
2 6

π

2
f

π⎛ ⎞
⎜ ⎟
⎝ ⎠

 = ( )sin –
2

π
π = –

2

π

Li"Vr;k]  
2

π
mPpre eku gS rFkk –

2

π
fuEure eku gSA

vr% vHkh"V varj = 
2

π
 + 

2

π
= π

mnkgj.k 18 'kh"kZ dks.k 2θ okyk ,d lef}ckgq f=kHkqt a f=kT;k okys fdlh o`Ùk osQ varxZr fLFkr

gSA fl¼ dhft, fd f=kHkqt dk {ks=kiQy mPpre gSA tc θ = 
6

π

gy  eku yhft, fd ,d lef}ckgq f=kHkqt ABC f=kT;k a okys fdlh o`Ùk osQ varxZr gS] bl
    izdkj fd AB = AC

AD = AO + OD = a + a cos2θ rFkk BC = 2BD

= 2a sin2θ (vkd`fr 6.4 nsf[k,)

blfy,] Δ ABC dk {ks=kiQy] vFkkZr~ Δ = 
1

2
BC . AD
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= 
1

2
2a sin2θ . (a + a cos2θ)

=  a2sin2θ (1 + cos2θ)

⇒         Δ = a2sin2θ + 
1

2
a2 sin4θ

blfy,]  
d

d

Δ
θ

= 2a2cos2θ + 2a2cos4θ

           = 2a2(cos2θ + cos4θ)

d

d

Δ
θ

= 0 ⇒ cos2θ = –cos4θ = cos (π – 4θ)

blfy,]  2θ = π – 4θ ⇒ θ = 
6

π

2

2

d

d

Δ
θ

 = 2a2 (–2sin2θ – 4sin4θ) < 0 (θ = 
6

π
ij)

vr% f=kHkqt dk {ks=kiQy mPpre gS] tc θ = 
6

π

oLrqfu"B iz'u

fuEufyf[kr mnkgj.k la[;k 19 ls 23 rd izR;sd esa fn, gq, pkj fodYiksa esa ls lgh mÙkj pqfu,&

mnkgj.k 19 oØ 3y = 6x – 5x3 ij fLFkr ml fcanq dk Hkqt] ftl ij oØ dk vfHkyac ewy fcanq
ls gksdj tkrk gSA

(A) 1 (B) 
1

3
(C) 2 (D) 

1

2
 gSA

gy eku yhft, fd oØ 3y = 6x – 5x3  ij (x
1
, y

1
) og fcanq gS] ftl ij vfHkyac ewy fcanq

vko`Qfr 6-4
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ls gksdj tkrk gSA rc 
1 1

2
1

( , )

2 – 5
x y

dy
x

dx
⎛ ⎞ =⎜ ⎟
⎝ ⎠ iqu%  (x

1
, y

1
) ij ewy fcanq ls tkus okys

vfHkyac ls ge izkIr djrs gSa 2 1
1 2

1 1

– –3
2 –5

6 –5

x
x

y x
= =

D;ksafd x
1
 = 1] bl lehdj.k dks larq"V djrk gS] blfy, lgh mÙkj (A) gSA

mnkgj.k 20 nks oØ x3 – 3xy2 + 2 = 0 rFkk 3x2y – y3 = 2

(A) ,d nwljs dks Li'kZ djrs gSaA (B) ledks.k ij dkVrs gSaA

(C) 
3

π
dks.k ij dkVrs gSaA (D) 

4

π
 dks.k ij dkVrs gSaA

gy  igys oØ osQ lehdj.k ls] 3x2 – 3y2 – 6xy
dy

dx
 = 0

⇒
dy

dx
 = 

2 2–

2

x y

xy = (m
1
) eku fy;k rFkk nwljs oØ osQ lehdj.k ls

6xy + 3x2
dy

dx
– 3y2

dy

dx
= 0 ⇒

dy

dx
=  2 2

–2

–

xy

x y = (m
2
) eku fy;k

D;ksafd   m
1
 . m

2
 = –1. blfy, lgh mÙkj (B) gSA

mnkgj.k 21 lehdj.k x = et . cost, y = et . sint }kjk iznÙk oØ dh  t = 
4

π
ij Li'kZ js[kk]

x-v{k ls dks.k cukrh gSA

(A) 0 (B) 
4

π
(C) 

3

π
(D) 

2

π

gy
dx

dt
= – et . sint + etcost, 

dy

dt
= etcost + etsint
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blfy, 
4

t

dy

dx π
=

⎛ ⎞
⎜ ⎟
⎝ ⎠ = 

cos sin

cos – sin

t t

t t

+
= 

2

0
 vr% lgh mÙkj (D) gSA

mnkgj.k 22 oØ y = sinx osQ fcanq (0, 0) ij vfHkyac dk lehdj.k:

(A) x = 0 (B) y = 0 (C) x + y = 0   (D) x – y = 0 gSA

gy  
dy

dx
= cosx. blfy, vfHkyEc dh izo.krk = 

0

–1

cos xx =

⎛ ⎞
⎜ ⎟
⎝ ⎠ = –1. vr% vfHkyac dk lehdj.k

y – 0 = –1(x – 0) ;k x + y = 0 gSA

vr% lgh mÙkj (C) gSA

mnkgj.k 23 oØ y2 = x ij og fcanq tgk¡ Li'kZ js[kk x-v{k ls 
4

π
 dks.k cukrh gSA

(A) 
1

,
2 4

1⎛ ⎞
⎜ ⎟
⎝ ⎠

(B) 
1

,
4 2

1⎛ ⎞
⎜ ⎟
⎝ ⎠

(C) (4, 2) (D) (1, 1)  gSA

gy
1

2

dy

dx y
= = tan

4

π
= 1 ⇒ y = 

1

2
 ⇒ x = 

4

1

blfy, lgh mÙkj B gSA

fuEufyf[kr mnkgj.kksa 24 ls 29 rd izR;sd esa fjDr LFkku dh iwfrZ dhft,&

mnkgj.k 24  a osQ os eku ftuosQ fy, y = x2 + ax + 25 x-v{k dks Li'kZ djrk gS]______gSA

gy 0 2 0
dy

x a
dx

= ⇒ + = ] vFkkZr~] x = 
2

a
− ,

blfy,]
2

25 0
4 2

a a
a
⎛ ⎞+ − + =⎜ ⎟
⎝ ⎠

⇒ a =  ± 10

mnkgj.k 25  ;fn  f (x) = 2

1

4 2 1x x+ + ] rks bldk mPpre eku _______gSA
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gy   f  osQ mPpre gksus osQ fy, 4x2 + 2x + 1 dks fuEure gksuk pkfg,] vFkkZr~]

4x2 + 2x + 1  = 4 (x + 
1

4
)2 + 

1
1

4
⎛ ⎞−⎜ ⎟
⎝ ⎠

ftlls 4x2 + 2x + 1 dk fuEure eku = 
3

4
feyrk gSA

vr% f dk mPpre eku = 
4

3

mnkgj.k 26  eku yhft, fd c ij  f  dk f}rh; vodyt gS] bl izdkj fd  f ′(c) = 0 rFkk
f ″(c) > 0, rks c ij iQyu ______gSA

gy  c ij iQyu LFkkuh; fuEufyf[kr gSA

mnkgj.k 27  ;fn f (x) = sinx rks varjky 
–

,
2 2

π π⎡ ⎤
⎢ ⎥⎣ ⎦

esa f  dk fufEu"B eku_____gSA

gy   –1

mnkgj.k 28 sinx + cosx dk mfPp"B eku _____gSA

gy  2 .

mnkgj.k 29  fdlh xksys osQ vk;ru osQ ifjorZu dh nj mlosQ i`"Bh; {ks=kiQy osQ lkis{k] tc
mldh f=kT;k 2 cm gS]______gSA

gy 1 cm3/cm2

v = 
3 24

4
3

dv
r r

dr
π ⇒ = π , s = 

24
ds

r
dr

π ⇒  = 8
2

dv r
r

ds
π ⇒ = = 1]  r = 2 ijA

6.3  iz'ukoyh
y?kq mÙkjh; iz'u (S.A.)

1. ued dk ,d xksykdkj xsan ikuh esa bl izdkj ?kqy jgk gS fd fdlh {k.k mlosQ vk;ru osQ
?kVus  dh nj mlosQ i`"Bh; {ks=kiQy osQ lekuqikrh gSA fl¼ dhft, fd mldh f=kT;k ,d
vpj nj ls ?kV jgh gSA
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  2. ;fn fdlh o`Ùk dk {ks=kiQy ,d leku nj ls c<+rk gS] rks fl¼ dhft, fd mldk ifjeki
(ifjf/) mldh f=kT;k osQ O;qRØekuqikrh gSA

  3. ,d iarx 151.5 cm dh mQ¡pkbZ ij {kSfrt fn'kk esa xfreku gSA ;fn irax dh pky
10 m/s gS] rks mldh Mksj dks fdruh rst+h ls NksM+k tk jgk gS] tc mldh nwjh irax mM+kus
okys yM+osQ ls 250 m gS\ yM+osQ dh m¡QpkbZ 1.5 m gSA

  4. ,d nwljs ls 45° ij >qdh gqbZ nks lM+dksa osQ laf/&LFky ls nks euq"; A rFkk B] ,d gh le;
v osx ls pyuk izkjEHk djrs gSaA ;fn os vyx&vyx lM+dksa ij pyrs gSa rks muosQ ijLij
,d nwljs ls vyx gksus dh nj Kkr dhft,A

  5. dks.k θ, 0 < θ < 
2

 
, Kkr dhft, tks vius sine ls nksxquh rsth ls c<+rk gSA

  6. (1.999)5 dk lfUudV eku Kkr dhft,A

  7. ,d [kks[kys csyukdkj [kksy] ftldh vkarfjd rFkk ckg~; f=kT;k,¡ Øe'k% 3 cm rFkk 3.0005

cm gSa] esa èkkrq osQ vk;ru dk lfUudV eku Kkr dhft,A

  8. 2 m yack ,d euq"; 
2

1
3

m/s dh nj ls fdlh fctyh osQ [kaHks dh vksj] tks tehu ls 
1

5
3

m

mQij gS] py jgk gSA mldh Nk;k dk vxzHkkx fdlh nj ls xfreku gS\ mldh Nk;k dh

yackbZ] ml le; fdl nj ls ifjofrZr gks jgh gS] tc og izdk'k osQ lzksr osQ vk/kj ls 
1

3
3

m

nwj gS\

  9. fdlh rjurky dks li+QkbZ osQ fy, [kkyh djuk gSA ;fn rky dks can djus osQ t seconds

ckn rky esa ikuh dh ek=kk] fyVj esa] L ls fu:fir gksrh gS rFkk L = 200 (10 – t)2] rks 5
seconds esa var esa ikuh fdruh rsth ls ckgj fudy jgk gS\ izFke  5 seconds esa ikuh osQ
ckgj fudyus dh vkSlr nj D;k gS\

10. fdlh ?ku dk vk;ru ,d vpj nj ls c<+ jgk gSA fl¼ dhft, fd mlosQ i`"Bh; {ks=kiQy
dh o`f¼ mldh Hkqtk dh O;qRØekuqikrh gSA

11. x RkFkk y nks oxksaZ dh Hkqtk,¡ gSa] bl izdkj fd y = x – x2  nwljs oxZ osQ {ks=kiQy esa ifjorZu
dh nj igys oxZ osQ {ks=kiQy osQ lkis{k Kkr dhft,A
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12. oØ 2x = y2 rFkk 2xy = k osQ yacdks.kh; izfrPNsn osQ fy, izfrca/ Kkr dhft,A

13. fl¼ dhft, fd oØ xy = 4 rFkk x2 + y2 = 8] ,d nwljs dks Li'kZ djrs gSaA

14. oØ  x y = 4  ml fcanq osQ funsZ'kkad Kkr dhft,] ftl ij Li'kZ js[kk dk v{kksa ls

>qdko leku gSA

15. oØ y = 4 – x2 rFkk y = x2 dk izfrPNsn&dks.k Kkr dhft,A

16. fl¼ dhft, fd oØ y2 = 4x rFkk x2 + y2 – 6x + 1 = 0 ,d nwljs dks fcanq (1, 2) ij Li'kZ
djrs gSaA

17. oØ 3x2 – y2 = 8 osQ mu vfHkyEc js[kkvksa osQ lehdj.k Kkr dhft,] tks js[kk x + 3y = 4 osQ
lekarj gSaA

18. oØ x2 + y2 – 2x – 4y + 1 = 0 osQ fdu fcanqvksa ij Li'kZ js[kk,¡ y-v{k osQ lekarj gSaA

19. fl¼ dhft, fd js[kk  x y

a b
= 1, oØ y = b .

– x

ae dks ml fcanq ij Li'kZ djrh gS ftl

ij oØ y-v{k dks dkVrk gSA

20. fl¼ dhft, fd f (x) = 2x + cot–1x + log ( )21 x x+ − , R esa o/Zeku iQyu gSA

21. fl¼ dhft, fd a  1osQ fy,  f (x) = 3 sinx – cosx – 2ax + b, R esa ßkleku iQyu gSA

22. fl¼ fdft, fd f (x) = tan–1(sinx + cosx), vrajky 0,
4

   
    esa ,d o/Zeku iQyu gSA

23. fdl fcanq ij] oØ y = – x3 + 3x2 + 9x – 27 dh izo.krk mPpre gS\ mPpre izo.krk Hkh
Kkr dhft,A

24. fl¼ dhft, fd f (x) = sinx + 3 cosx dk mfPp"B eku x = 
6

 
ij gSA

nh?kZ mÙkjh; iz'u (L.A.)

25. ;fn fdlh ledks.k f=kHkqt dh ,d Hkqtk rFkk d.kZ dh yackbZ;ksa dk ;ksxiQy fn;k gqvk gS]

rks fl¼ dhft, fd f=kHkqt dk {ks=kiQy mPpre gS] tc muosQ eè; dk dks.k 
3

 
gSA



vodyt osQ vuqiz;ksx    135

26. iQyu f (x) = x5 – 5x4 + 5x3 – 1 osQ LFkkuh; mfPp"B] LFkkuh; fufEu"B rFkk ufr ifjorZu
osQ fcanqvksa dks Kkr dhft,A lkFk gh laxr LFkkuh; mPpre rFkk LFkkuh; fuEure ekuksa dks
Hkh Kkr dhft,A

27. fdlh uxj esa ,d VsyhiQksu daiuh dh lwph esa 500 xzkgd gSa vkSj og izR;sd xzkgd ls izfr
o"kZ 300 # fuf'pr 'kqYd olwyrh gSaA daiuh okf"kZd 'kqYd c<+kuk pkgrh gS] vkSj ,slk ekuk
tkrk gS fd izR;sd 1# dh o`f¼ djus ij ,d xzkgd VsyhiQksu lsok ysuk lekIr dj nsxkA
Kkr dhft, fd fdruh o`f¼ djus ls egÙke (mPpre) ykHk gksxkA

28. ;fn ljy js[kk x cosα + y sinα = p oØ 
2 2

2 2
 x y

a b
= 1 dks Li'kZ djrh gS] rks fl¼ dhft,

fd a2 cos2α + b2 sin2α = p2

29. c2 {ks=kiQy osQ fdlh fn, gq, xÙks ls oxkZdkj vkèkkj dk ,d [kqyk gqvk ckDl cukuk gSA fl¼

dhft, fd ckDl dk egÙke vk;ru 
3

6 3

c
 ?ku bdkbZ gSA

30. 36 cm ifjeki okys vk;r dh foek,¡ Kkr dhft, ftls mldh Hkqtkvksa esa ls fdlh ,d osQ
pkjksa vksj ?kqekus ij vf/d ls vf/d lEHko vk;ru izliZ (sweep) gksA

31. ;fn fdlh ?ku rFkk xksys osQ i`"Bh; {ks=kiQy dk ;ksxiQy vpj gS rks ?ku osQ ,d dksj
(edge) rFkk xksys osQ O;kl dk vuqikr ml le; D;k gS tc muosQ vk;ru dk ;ksxiQy
fuEure gS\

32. AB fdlh o`Ùk dk ,d O;kl gS rFkk C mldh ifjf/ ij dksbZ fcanq gSA fl¼ dhft, fd
Δ ABC dk {ks=kiQy egÙke ml le; gksxk tc og lef}ckgq gSA

33. oxkZdkj vkèkkj rFkk mQèokZ/j i`"B okys èkkrq osQ fdlh ckDl esa 1024 cm3 oLrq vkrh gSA
'kh"kZ rFkk vk/kj osQ i`"Bksa osQ eky(oLrq) dk ewY; Rs 5/cm2 gS rFkk i`"Bksa osQ eku dk ewY;
Rs 2.50/cm2 gSA ckDl dk fuEure ewY; Kkr dhft,A

34. Hkqtk x, 2x vkSj 
3

x
osQ fdlh vk;rkdkj lekarj "kV~iQyd rFkk ,d xksys osQ i`"Bh; {ks=kiQy

dk ;ksxiQy vpj fn;k gqvk gSA fl¼ dhft, fd muosQ vk;ru dk ;ksxiQy fuEure gksxk]
;fn  x  xksys dh f=kT;k osQ rhu xqus osQ cjkcj gSA muosQ vk;ru osQ ;ksxiQy dk fuEure
eku Hkh Kkr dhft,A
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oLrqfu"B iz'u

iz'u 35 ls  39 rd izR;sd esa fn, pkj fodYiksa esa ls lgh mÙkj pqfu,&

35. fdlh leckgq f=kHkqt dh Hkqtk,¡ 2 cm/sec dh nj ls c<+ jgh gSaA tc Hkqtk 10 cm gS] f=kHkqt
dk {ks=kiQy

(A) 10 cm2/s (B) 3 cm2/s (C) 10 3 cm2/s (D) 
10

3
cm2/s

dh nj ls c<+rk gSA

36. ,d {kSfrt iQ'kZ ij 5 ehVj yach ,d lh<+h fdlh mQèokZ/j nhokj ij >qdh gSA ;fn lh<+h
dk mQijh fljk 10 cm/sec, dh nj ls uhps dh vksj fiQly jgk gS rks lh<+h rFkk iQ'kZ osQ
chp dk dks.k] ml le; tc lh<+h dk fupyk fljk nhokj ls 2 ehVj nwj gS%

(A) 
1

10
radian/sec    (B) 

1

20
radian/sec   (C) 20 radian/sec   (D) 10 radian/sec

37. fcanq (0, 0) ij oØ y = 
1

5x dh

(A) ,d mQèokZ/j Li'khZ js[kk (y-v{k osQ lekarj)

(B) ,d {kSfrt Li'khZ js[kk (x-v{k osQ lekarj)

(C) ,d frjNh Li'khZ js[kk

(D) dksbZ Hkh Li'khZ js[kk ugha

38. js[kk x + 3y = 8 osQ lekarj] oØ 3x2 – y2 = 8 osQ vfHkyac dk lehdj.k gSA

(A) 3x – y = 8 (B) 3x + y + 8 = 0

(C) x + 3y   8 = 0 (D) x + 3y = 0

39. ;fn oØ ay + x2 = 7  rFkk x3 = y, fcanq (1, 1) ij yacor dkVrs gSa] rks a dk eku gS

(A) 1 (B) 0 (C) – 6 (D) .6
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40. ;fn y = x4 – 10 rFkk ;fn x, 2 ls 1.99 rd ifjofrZr gksrk gS] rks y dk ifjorZu D;k
(fdruk) gS]

(A) 0.32 (B) 0.032 (C) 5.68 (D) 5.968

41. oØ y (1 + x2) = 2 – x osQ] ml fcanq ij] tgk¡ ;g x-v{k dks dkVrh gS] Li'kZ js[kk dk
lehdj.k

(A) x + 5y = 2 (B) x – 5y = 2 (C) 5x – y = 2 (D) 5x + y = 2  gSA

42. os fcanq] ftu ij oØ y = x3 – 12x + 18 dh Li'kZ js[kk,¡ x-v{k osQ lekarj gSa]

(A) (2, –2), (–2, –34) (B) (2, 34), (–2, 0)

(C) (0, 35), (–2, 0) (D) (2, 2), (–2, 34) gSA

43. oØ y = e2x dh] fcanq (0, 1) ij] Li'kZ js[kk x-v{k ls fcanq

(A) (0, 1) (B) 
1

– ,0
2

  
     (C) (2, 0)       (D) (0, 2)  ij feyrh gSA

44. oØ x = t2 + 3t – 8, y = 2t2 – 2t – 5 dh] fcanq (2, –1) ij] Li'kZ js[kk dh izo.krk

(A) 
22

7
(B) 

6

7
 (C) 

– 6

7
(D) – 6 gSA

45. nks oØ x3 – 3xy2 + 2 = 0 rFkk 3x2y – y3 – 2 = 0 fdl dks.k ij izfrPNsn djrs gSa%

(A) 
π

4
(B) 

π

3
(C) 

π

2
(D) 

π

6

46. og varjky] ftlesa iQyu f (x) = 2x3 + 9x2 + 12x – 1 ßkleku gS

(A) [–1,  ) (B) [–2, –1] (C)  (–  , –2] (D) [–1, 1]

47. eku yhft, fd f : R → R, f (x) = 2x + cosx }kjk ifjHkkf"kr gS] rks f

(A) dk x = π ij ,d fufEu"B gS (B) dk x = 0 ij ,d mfPp"B gS

(C) ,d ßkleku iQyu gS (D) ,d o/Zeku iQyu gS
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48. y = x (x – 3)2 , x osQ uhps fn, gq, ekukas osQ fy, ßkleku gS]

(A) 1 < x < 3 (B) x < 0

(C) x > 0 (D) 0 < x < 
3

2

49. iQyu f (x) = 4 sin3x – 6 sin2x + 12 sinx + 100

(A) 
3π

π,
2

⎛ ⎞
⎜ ⎟
⎝ ⎠

esa fujarj o/Zeku gS (B) 
π

, π
2

⎛ ⎞
⎜ ⎟
⎝ ⎠

esa fujarj ßkleku gS

(C) 
–

,
2 2

    
    

esa fuajrj ßkleku gS (D) 0,
2

   
    

esa fuajrj ßkleku gS

50. fuEufyf[kr esa ls dkSu&lk iQyu 0,
2

   
    esa ßkleku gS

(A) sin2x (B) tanx (C) cosx (D) cos 3x

51. iQyu f (x) = tanx – x

(A) lnSo o/Zeku gS (B) lnSo ßkleku gS

(C) dHkh Hkh o/Zeku ugha gS (D) dHkh o/Zeku gS dHkh ßkleku gS

52. ;fn x ,d okLrfod la[;k gS] rks x2 – 8x + 17 dk fuEure eku

(A) –1 (B) 0 (C) 1 (D) 2 gSA

53. cgqin x3 – 18x2 + 96x dk] varjky [0, 9] esa] fuEure eku

(A) 126 (B) 0 (C) 135 (D) 160 gSA

54. iQyu f (x) = 2x3 – 3x2 – 12x + 4 osQ

(A) nks LFkkuh; mPpre fcanq gSa (B) nks LFkkuh; fuEure fcanq gSa

(C) ,d mPpre rFkk ,d fUkEure gS (D) dksbZ Hkh mPpre ;k fuEure ugha gS
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55. sin x . cos x dk mPpre eku gS

(A) 
1

4
(B) 

1

2
(C) 2 (D) 2 2

56. f (x) = 2 sin3x + 3 cos3x  dk eku x = 
5

6

 
, ij

(A) mPpre (B) fuEure (C) 'kwU;    (D) u rks mPpre vkSj u fuEure gSA

57. oØ y = –x3 + 3x2 + 9x – 27 dh mPpre izo.krk

(A) 0 (B) 12 (C) 16 (D) 32

58. f (x) = xx dk LrC/ fcanq gS

(A) x = e (B) x = 
1

e
(C) x = 1 (D) x = e

59.
1  

    

x

x
dk mPpre eku gS

(A) e (B) ee (C) 
1

ee (D) 

1

1  
    

e

e

iz'u 60 ls 64 rd izR;sd esa fjDr LFkku dh iwfrZ dhft,&

60. oØ y = 4x2 + 2x – 8 rFkk y = x3 – x + 13 ,d nwljs dks fcanq _____ij Li'kZ djrs gSaA

61. oØ y = tanx osQ (0, 0) ij vfHkyac dk  lehdj.k ________gSA

62. a osQ os eku ftuosQ fy, iQyu f (x) = sinx – ax + b, R esa  o/Zeku gS______.gSaA

63. iQyu f (x) = 
2

4

2 –1x

x
, x > 0, varjky _______esa ßkleku gSA

64. iQyu f (x) = ax + 
b

x
 (a > 0, b > 0, x > 0) dk fuEure eku______gSA



7.1 lexz voyksdu (Overview)

7.1.1 eku yhft, fd 
d

dx
(F (x)) = f (x) gSA rc] ge ( )f dxx∫ = F (x) + C fy[krs gSaA ;s

lekdy vfuf'pr lekdy ;k O;kid lekdy dgykrs gSaA C  lekdyu dk fLFkjkad ;k vpj
dgykrk gSA bu lHkh lekdyksa dk varj ,d vpj gksrk gSA

7.1.2 ;fn nks iQyuksa dk varj ,d vpj gks rks mudk ,d gh vodyt gksrk gSA

7.1.3 T;kferh; :i ls] dFku ( )f dxx∫ = F (x) + C = y (eku yhft,) oØksa osQ ,d oqQy dks

fu:fir djrk gSA C osQ fofHkUu eku bl oqQy osQ fofHkUu lnL;ksa osQ laxr gksrs gSa rFkk ;s lHkh
lnL; bu oØksa esa ls fdlh ,d dks Lo;a mlosQ lekarj LFkkukarfjr djosQ izkIr fd, tk ldrs
gSaA lkFk gh] ,d js[kk x = a vkSj bu oØksa osQ izfrPNsn fcanqvksa ij oØksa ij [khaph xbZ Li'kZ js[kk,¡
ijLij lekarj gksrh gSaA

7.1.4    vfuf'pr lekdyksa osQ oqQN xq.k

(i) vodyu vkSj lekdyu dh izfØ;k,¡ ,d nwljs dh izfrykse ;k foijhr izfØ;k,¡ gksrh

gS vFkkZr] ( ) ( )
d

f dx fx x
dx

=∫  vkSj ( ) ( )' Cf dx fx x= +∫ gksrk gS] tgk¡  C dksbZ

LoSfPNd fLFkjkad ;k vpj gSA

(ii) ,d gh vodyt okys nks vfuf'pr lekdyksa ls oØksa dk ,d gh oqQy izkIr gksrk gS vkSj
blhfy, ;s lerqY; gksrs gSaA vr%] ;fn f  vkSj  g nks ,sls iQyu gSa fd

( ) ( )
d d

f dx g x dxx
dx dx

=∫ ∫ gS] rks ( )f dxx∫  vkSj ( )g dxx∫ lerqY; gksrs gSaA

(iii) nks iQyuksa osQ ;ksx dk lekdy bu iQyuksa osQ lekdyksa osQ ;ksx osQ cjkcj gksrk gSA vFkkZr~]

( ) ( )( ) dxf gx x+∫ = ( )f dxx∫  + ( )g dxx∫  gksrk gSA

vè;k; 7

lekdy
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(iv) ,d vpj xq.kd dks lekdy fpUg osQ ;k rks igys ;k ckn esa fy[kk tk ldrk gSA vFkkZr~]

( )a f dxx∫ = ( )a f dxx∫ gS] tgk¡ a ,d vpj gSA

(v) xq.kksa (iii) vkSj (iv) dks iQyuksa  f
1
, f

2
, ..., f

n
 dh ,d ifjfer la[;k rFkk okLrfod

k
1
, k

2
, ..., k

n
 la[;kvksa osQ fy, O;kiho`Qr fd;k tk ldrk gS] ftlls

( ) ( ) ( )( )1 1 2 2 ..., n nk f k f k f dxx x x+ + +∫ = ( ) ( ) ( )1 1 2 2 ... n nk f dx k f dx k f dxx x x+ + +∫ ∫ ∫

7.1.5  lekdyu dh fof/;k¡

lekdy Kkr djus osQ fy, dbZ fof/;k¡ ;k rduhosaQ gSa] tgk¡ ge iQyu  f  dk izfrvodyt izR;{k
:i ls ugha pqu ldrs gSaA ;gk¡ ge bUgsa ekud :iksa esa cnyrs gSaA buesa ls oqQN fof/;k¡ fuEufyf[kr
ij vk/kfjr gSa&

1. izfrLFkkiu }kjk lekdyu    2. vkaf'kd fHkUuksa }kjk lekdyu    3. [kaM'k% lekdyu

7.1.6  fuf'pr lekdy

fuf'pr lekdy dks ( )
b

a

f dxx∫ , ls O;Dr fd;k tkrk gS] tgk¡ a lekdy dh fuEu lhek gS rFkk

b lekdy dh mPp (;k mifj) lhek gSA fuf'pr lekdy dk eku fuEufyf[kr nks fof/;ksa ls
Kkr fd;k tkrk gS&

(i) ;ksx dh lhek osQ :i esa fuf'pr lekdy

(ii) ( )
b

a

f dxx∫ = F(b) – F(a), ;fn f (x) iQyu f (x) dk ,d izfr vodyt gSA

7.1.7   ;ksx dh lhek osQ :i esa fuf'pr lekdy

fuf'pr lekdy ( )
b

a

f dxx∫ oØ  y = f (x), (y > 0) dksfV;ksa x = a vkSj x = b rFkk x-v{k ls

ifjc¼ {ks=kiQy gS] fuEu izdkj fy[kk tkrk gS%

( )
b

a

f dxx∫ = (b – a) ( ) ( )( )1
lim ( ) ... –1
n

f a f f a ha h n
n→∞

+ + +⎡ ⎤++⎣ ⎦
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vFkok

( )
b

a

f dxx∫ = ( ) ( )( )
0

lim ( ) ... –1
h

h f a f f a ha h n
→

+ + +⎡ ⎤++⎣ ⎦

tgk¡  h = –
0

b a

n
→ tc n→∞  .

7.1.8   dyu dh ewyHkwr izes;

(i) {ks=kiQy iQyu : iQyu A (x) {ks=kiQy iQyu dks O;Dr djrk gS rFkk bls

A (x) = ( )
x

a

f dxx∫

(ii) lekdyu dh izFke ewyHkwr izes;

eku yhft, fd ,d can varjky [a, b] ij  f  ,d lrr iQyu gS rFkk eku yhft, fd
A (x) {ks=kiQy iQyu gSA rc] lHkh x ∈ [a, b] osQ fy,]  A′ (x) = f (x) gksrk gSA

(iii) lekdyu dh f}rh; ewyHkwr izes;

eku yhft, fd ,d can varjky [a, b] ij ifjHkkf"kr  f  ,d lrr iQyu gS rFkk F

iQyu  f  dk ,d izfrvodyt gS rc]

( )
b

a

f dxx∫ = ( )[ ]F
b

ax = F(b) – F(a)

7.1.9   fuf'pr lekdyksa osQ oqQN xq.k

P
0
  :  ( )

b

a

f dxx∫ = ( )
b

a

f dtt∫

P
1
  :  ( )

b

a

f dxx∫ = – ( )
a

b

f dxx∫ , fof'k"V :i esa, ( )
a

a

f dxx∫ = 0

P
2
  :  ( )

b

a

f dxx∫ = ( ) ( )
c b

a c

f dx f dxx x+∫ ∫ ; a < c < b



lekdy    143

P
3
  :  ( )

b

a

f dxx∫  = ( )–
b

a

f dxa b x+∫

P
4
  :  ( )

0

a

f dxx∫  = ( )
0

–
a

f dxa x∫

P
5
  :  ( )

2

0

a

f dxx∫  = ( ) ( )
0 0

2 –
a a

f dx f dxx a x+∫ ∫

P
6
  :  ( )

2

0

a

f dxx∫  = ( )
0

2 , (2 ) ( )

0, (2 ) ( ).

a

f dx f a x f xx

f a x f x

⎧
− =⎪

⎨
⎪ − =−⎩

∫ ;fn

;fn

,

P
7
  :  (i) ( )

–

a

a

f dxx∫  = ( )
0

2
a

f dxx∫ , ;fn  f
  
 ,d le iQyu gS] vFkkZr~  f (–x) = f (x)

(ii)  ( )
–

a

a

f dxx∫ = 0, ;fn  f  ,d fo"ke iQyu gS] vFkkZr~,  f (–x) = –f (x)

7.2   gy fd, gq, mnkgj.k

lf{kIr mÙkj (S.A.)

mnkgj.k 1 x osQ lkis{k 
3 2

2

2
– 3c

a b
x

xx

⎛ ⎞
+⎜ ⎟

⎝ ⎠
 dks lekdfyr dhft,A

gy
3 2

2

2
– 3c

a b
x dx

xx

⎛ ⎞+⎜ ⎟
⎝ ⎠∫

= ( )
2–1

–2 322 – 3a dx bx dx c x dxx +∫ ∫ ∫

= 4a

5

39
C

5

b cx
x

x
+ + +

mnkgj.k 2 2 2 2

3ax
dx

b c x   dk eku fudkfy,A
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gy eku yhft, fd  v = b2 + c2x2 , rc  dv  = 2c2 xdx gSA

vr%] 2 2 2

3ax
dx

b c x+∫  = 2

3

2

a dv

c v 

                      = 

2 2 2
2 2

3 3
log log C

2 2

a a
v c b c x

c c
+ + +

mnkgj.k 3  lekdyu dh ,d izfrvodyt osQ :i esa vo/kj.kk dk iz;ksx djrs gq,] fuEufyf[kr
dk lR;kiu dhft,&

3 2 3

– – log 1 C
1 2 3

x x x
dx x x

x
= + + +

+∫

gy  
2 3

– – log 1 C
2 3

d x x
x x

dx

  
       

= 1 – 
22 3 1

–
2 3 1

x x

x
 

 

= 1 – x + x2 – 
1

1x  
 =  

2

1

x

x +

bl izdkj]   
2 3 3

– – log + 1 C
2 3 1

x x x
x x dx

x

⎛ ⎞
+ + =⎜ ⎟ +⎝ ⎠

∫

mnkgj.k 4  
1

1 –

x
dx

x

 
 ,  dk eku fudkfy,A

gy  eku yhft, fd 1
I =

1–

x
dx

x

+
∫  = 2

1

1–
dx

x
∫  + 21–

x dx

x
  = –1

1sin Ix + ,

    tgk¡  I
1 
=

 21–

x dx

x
  gSA
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 1 – x2  =  t2  jf[k,] ftlls  –2x dx = 2t dt vr%]

   1I  = – dt  = – t + C = 2– 1– Cx  

vr%]         I = sin–1x 2– 1– Cx  

mnkgj.k 5  ( )( )
, β

– –

dx

x x
>∫ α

α β  dk eku fudkfy,A

gy   x – α = t2 jf[k,A rc]  – x  =   2– t   = 2– –t  = 2– –t    

     rFkk dx = 2tdt

( )2 2

2
I =

– –

t dt

t t
∫

β α
 

( )2

2
= 

β – –α

dt

t
∫

2 2
2

–

dt

k t
  , tgk¡ 2 –k    

= 
–1 –1 –

2sin C 2sin C
–

t x

k
+ = +

α
β α

mnkgj.k 6 8 4tan secx x dx∫  dk eku fudkfy,A

gy I = 8 4tan secx x dx∫
= ( )8 2 2tan sec secx x x dx∫

= ( )8 2 2tan tan 1 secx x x dx+∫

= 10 2 8 2tan sec tan secx x dx x x dx+∫ ∫

=
11 9tan tan

C
11 9

x x
+ +
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mnkgj.k 7  
3

4 23 2

x
dx

x x+ +∫  Kkr dhft,

gy  x2 = t jf[k,A rc] 2x dx = dt

vc]      I = 
3

4 2 2

1

23 2 3 2

x t dt
dx

x x t t
=

+ + + +∫ ∫

eku yhft, fd   2

A B

1 23 2

t

t tt t
= +

+ ++ +

xq.kkadksa dh rqyuk djus ij] gesa]  A = –1, B = 2 izkIr gksrk gSA

rc] I = 
1

2 –
2 2 1

dt dt

t t
⎡ ⎤
⎢ ⎥+ +⎣ ⎦∫ ∫

   = 
1

2log 2 log 1
2

t t⎡ ⎤+ − +⎣ ⎦

   = 

2

2

2
log C

1

x

x

+
+

+

mnkgj.k 8 2 22sin 5cos

dx

x x+∫  Kkr dhft,A

gy  va'k vkSj gj dks cos2x, ls Hkkx nsus ij] gesa izkIr gksrk gS

I = 
2

2

sec

2tan 5

x dx

x   

  tanx = t jf[k,] ftlls  sec2x dx = dt gksxkA rc]

I = 2 2

2

1

22 5 5

2

dt dt

t
t

=
+ ⎛ ⎞

+ ⎜ ⎟
⎝ ⎠

∫ ∫
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= –11 2 2
tan C

2 5 5

t⎛ ⎞
+⎜ ⎟⎜ ⎟

⎝ ⎠

= –11 2
tan tan C

10 5
x

⎛ ⎞
+⎜ ⎟⎜ ⎟

⎝ ⎠
.

mnkgj.k  9  ;ksx dh lhek osQ :i esa]   
2

–1

7 – 5x dx  dk eku fudkfy,A

gy        ;gk¡  a =  –1 , b = 2, rFkk  h = 
2 1

n

+
 gSA vFkkZr~] nh = 3 vkSj  f (x) = 7x – 5 gSA

vc] gesa izkIr gS %

( ) ( ) ( ) ( )( )
2

0
–1

7 – 5 lim –1 (–1 ) –1 2 ... –1 –1
h

x dx h f f h f h f n h
→

⎡ ⎤= + + + + + + +⎣ ⎦∫

è;ku nhft, fd

f (–1) = –7 – 5 = –12

f (–1 + h) = –7 + 7h – 5 = –12 + 7h

f (–1 + (n –1) h) = 7 (n – 1) h – 12
vr%

( ) ( ) ( )
2

0
–1

7 – 5 lim –12 (7 – 12) (14 –12) ... (7 –1 –12)
h

x dx h h h n h
→

= ⎡ + + + + ⎤⎣ ⎦∫

= ( )
0

lim 7 1 2 ... –1 –12
h

h h n n
→

⎡ ⎤⎡ + + + ⎤⎣ ⎦⎣ ⎦

= 
( )

0

–1
lim 7 –12

2h

n n
h h n

→

⎡ ⎤
⎢ ⎥
⎣ ⎦

 = ( )( )
0

7
lim – –12

2h
nh nh h nh

→

⎡ ⎤
⎢ ⎥⎣ ⎦

=     7
3 3 – 0 –12 3

2
  = 

7 9 –9
– 36

2 2

×
=
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mnkgj.k  10   
72

7 7
0

tan

cot tan

x
dx

x x

π

+∫  dk eku fudkfy,A

gy  gesa izkIr gS %

I = 
72

7 7
0

tan

cot tan

x
dx

x x

π

+∫ ...(1)

= 

7
2

7 70

tan –
2

cot – tan –
2 2

x
dx

x x

π π⎛ ⎞
⎜ ⎟
⎝ ⎠

π π⎛ ⎞ ⎛ ⎞+⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

∫ (P
4 
}kjk)

72

7 7
0

cot

cot tan

xdx

x x

π

=
+∫ ...(2)

(1) vkSj (2), dks tksM+us ij%

 

π
7 72

7 7
0

tan cot
2I

tan cot

x x
dx

x x

⎛ ⎞+
= ⎜ ⎟+⎝ ⎠
∫   

0

π

2

dx=∫  ;k   I
4

π
=

mnkgj.k  11   

8

2

10 –

10 –

x
dx

x x+∫  Kkr dhft,A

gy eku yhft,

I = 

8

2

10 –

10 –

x
dx

x x+∫ ...(1)
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  =    
8

2

10 – (10 – )

10 – 10 – 10 –

x
dx

x x  (P
3
}kjk)

⇒
8

2

I =
10 –

x
dx

x x+∫ (2)

(1) vkSj (2), dks tksM+us ij%  
8

2

2I 1 8– 2 6dx    

vr%] I = 3  gqvkA

mnkgj.k 12  
4

0

1 sin 2x dx

π

+∫ Kkr dhft,A

gy   eku yhft,

I = ( )
4 4

2

0 0

1 sin 2 sin cosx dx x x dx

π π

+ = +∫ ∫  =  ( )
4

0

sin cosx x dx

π

+∫

=  ( )4
0

cos sinx x
π

− +

I = 1

mnkgj.k  13  2 –1tanx x dx  Kkr dhft,A

gy 2 –1I = tanx x dx 

  = 
3

–1 2
2

1
tan  – .

1 3

x
x x dx dx

x+∫ ∫
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  = 

3
–1

2

1
tan –

3 3 1

x x
x x dx

x

⎛ ⎞
−⎜ ⎟+⎝ ⎠

∫

  = 
3 2

–1 21
tan – log 1 C

3 6 6

x x
x x+ + +

mnkgj.k  14 210 – 4 4x x dx+∫  Kkr dhft,A

gy eku yhft,  2I = 10 – 4 4x x dx         2 2
= 2 –1 3x dx  

 t = 2x – 1  jf[k,] ftlls dt = 2dx

vr%]     ( )221
I = 3

2
t dt+∫

      
2

21 9 9
= log 9 C

2 2 4

t
t t t

     

     ( ) ( ) ( ) ( )2 21 9
= 2 –1 2 –1 9 log 2 –1 2 –1 9 C

4 4
x x x x+ + + + +

nh?kZ mÙkjh; (L.A.)

mnkgj.k  15  
2

4 2 2

x dx

x x+ −∫  dk eku fudkfy,A

gy eku yhft, fd x2 = t  rc]

2

4 2 2

A B

( 2) ( 1) 2 12 2

x t t

t t t tx x t t
= = = +

+ − + −+ − + −

vr%]t = A (t – 1) + B (t + 2)
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xq.kkadksa dh rqyuk djus ij] gesa 
2 1

A , B
3 3

= =  izkIr gksrk gSA

2

4 2 2 2

2 1 1 1
. .

3 32 2 1

x

x x x x
= +

+ − + −

bl izdkj    
2

4 2 2 2

2 1 1

3 32 2 1

x dx dx
dx

x x x x
= +

+ − + −∫ ∫ ∫

= 
–12 1 1 1

. tan log C
3 6 12 2

x x

x

−
+ +

+

mnkgj.k 16   
3

4 – 9

x x
dx

x

 
  dk eku fudkfy,A

gy   gesa izkIr gS %  
3

4
I = 

– 9

x x
dx

x

 
   

3

4 4
= 

– 9 – 9

x x dx
dx

x x
    = I

1
+ I

2
 .

vc     
3

1 4
I  = 

– 9

x dx

x∫

t = x4 – 9 jf[k,] ftlls  4x3 dx = dt

bl izdkj  1

1
I  = 

4

dt

t 1

1
= log C

4
t   = 

4
1

1
log – 9 C

4
x +

iqu% 2 4
I  = 

– 9

x
dx

x∫

 x2 = u jf[k,] ftlls  2x dx = du rc]

  I
2   22

1
= 

2 – 3

du

u
  2

1 – 3
= log C

2 6 3

u

u
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2

22

1 – 3
= log C

12 3

x

x
+

+

bl izdkj  I = I
1
 + I

2

     

2
4

2

1 1 – 3
= log – 9 log + C

4 12 3

x
x

x
+

+

mnkgj.k 17 n'kkZb, fd 
22

0

sin 1
log ( 2 1)

sin cos 2

x
dx

x x
= +

+∫
π

gy eku yhft,  I = 
22

0

sin

sin cos

x
dx

x x

π

+∫

    = 

2
2

0

π
sin –

2
π π

sin cos– –
2 2

x
dx

x x

π ⎛ ⎞
⎜ ⎟
⎝ ⎠

⎛ ⎞ ⎛ ⎞+⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

∫ (P4 }kjk)

⇒  I = 

π
22

0

cos

sin cos

x
dx

x x+∫

vr%] gesa izkIr gksrk gS % 2I = 

π

2

0

1
π2 cos –
4

dx

x⎛ ⎞
⎜ ⎟
⎝ ⎠

∫

      = 

π

2

0

1 π
sec –

42
dxx

⎛ ⎞
⎜ ⎟
⎝ ⎠∫ =

2

0

1 π π
log sec tan– –

4 42
x x

⎡ ⎤⎛ ⎞⎛ ⎞ ⎛ ⎞+⎜ ⎟ ⎜ ⎟⎢ ⎥⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠⎣ ⎦

π
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     = 
1 π π π π

log – logsec tansec tan –
4 4 4 42

⎡ ⎤⎧ ⎫⎛ ⎞ ⎛ ⎞ ⎛ ⎞++ −⎨ ⎬⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎩ ⎭⎣ ⎦

= ( ) ( )1
log – log 2 12 1

2
⎡ ⎤−+⎣ ⎦      = 

1 2 1log
2 2 –1

+

  = 
( )21 2 1log

2 1

⎛ ⎞+⎜ ⎟
⎝ ⎠

   = ( )2
log 2 1

2
+

vr%]  I = ( )1
log 2 1

2
+

mnkgj.k 18  ( )
1

2–1

0

tanx dxx∫  dk eku Kkr dhft,A

gy I = ( )
1

2–1

0

tanx dxx∫

lekdyu }kjk] gesa izkIr gksrk gS%

I = ( )
2 12–1

0
tan

2

x
x⎡ ⎤

⎣ ⎦ – 
1 –1

2
2

0

1 tan
.2

2 1

x
x dx

x+∫

 = 
12 2

–1
2

0

π
– .tan

32 1

x
x dx

x+∫

 = 
2π

32
– I

1
 , tgk¡  I

1
 = 

1 2
–1

2
0

tan
1

x
x dx

x+∫  gSA

vc          I
1
 = 

1 2

2
0

1 –1

1

x

x

+
+∫  tan–1x dx
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       = 
1 1

–1 –1
2

0 0

1
tan – tan

1
x dx x dx

x+∫ ∫

       = I
2 
– ( )( )12–1

0

1
tan2 x = I

2
 – 

2π

32

;gk¡     I
2
 = 

1
–1

0

tan x dx∫    = ( )
1

1–1
0 2

0

–tan
1

x
dxx x

x+∫

       =  ( )12

0

π 1
– log 1

4 2
x+    = 

π 1
– log 2

4 2

bl izdkj]  I
1
 =    

2π 1 π
– log 2

4 2 32
−

vr%]       I  = 
2 2π π 1 π

– log 2
32 4 2 32

    = 
2π π 1

– log 2
16 4 2

+

= 
2π – 4π

log 2
16

+

mnkgj.k 19 
2

–1

( )f x dx∫ , dk eku fudkfy,] tgk¡  f (x) = |x + 1| + |x| + |x – 1|

gy   ge  f  dks ( )
2 – , –1 0

2, 0 1

3 , 1 2

x x

f x xx

x x

< ≤⎧
⎪= + < ≤⎨
⎪ < ≤⎩

;fn
;fn
;fn

 osQ :i esa iqu% ifjHkkf"kr dj ldrs gSaA

vr%] ( ) ( ) ( )
2 0 1 2

–1 –1 0 1

32 – 2f dx dx dx x dxx x x= + ++∫ ∫ ∫ ∫ (P
2 
ls)

   = 

0 1 22 2 2

–1 0 1

3
2 – 2

2 2 2

x x x
x x

⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ ++⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠
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      = 
1 1 4 1

0 – 3–2 – 2 –
2 2 2 2

⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ ++⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠    = 

5 5 9 19

2 2 2 2
+ + =

oLrqfu"B iz'u

mnkgj.k 20 ls 28 rd izR;sd esa fn, pkjksa fodYiksa esa ls lgh mÙkj pqfu,&

mnkgj.k  20 ( )cos –sinxe dxx x∫ cjkcj gS

(A) cos Cxe x + (B) sin Cxe x +

(C) – cos Cxe x + (D) – sin Cxe x +

gy  (A) lgh mÙkj gS] D;ksafd ( ) ( ) ( )' Cx xe dx e ff f xx x = +⎡ ⎤+⎣ ⎦∫ ;gk¡  f (x) = cos x

vkSj  f′ (x) = – sin x

mnkgj.k 21  2 2sin cos

dx

x x∫ cjkcj gS

(A) tanx + cotx + C (B) (tanx + cotx)2 + C

(C)  tanx – cotx + C (D) (tanx – cotx)2 + C

gy (C) lgh mÙkj gS] D;ksafd

I = 2 2sin cos

dx

x x∫  = 
( )2 2

2 2

sin cos

sin cos

dxx x

x x

+
∫

  = 2 2sec cosecx dx x dx+∫ ∫ = tanx – cotx + C

mnkgj.k 22 ;fn 
–

–

3 – 5

4 5

x x

x x

e e
dx

e e+∫ = ax + b log |4ex + 5e–x| + C gS] rks

(A) 
1 7

,
– 8 8

a b= = (B) 
1 7

,
8 8

a b= =

(C) 
1 –7

,
– 8 8

a b= = (D) 
1 –7

,
8 8

a b= =
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gy (C) lgh mÙkj gS] D;ksafd nksuksa i{kksa dk vodyu djus ij] gesa izkIr gksrk gS%

–

–

3 – 5

4 5

x x

x x

e e

e e+
= a + b 

( )–

–

4 –5

4 5

x x

x x

e e

e e+
 ] ftlls

3ex – 5e–x = a (4ex + 5e–x) + b (4ex – 5e–x) izkIr gksrk gSA nksuksa i{kksa esa] xq.kkadksa dh rqyuk djus

ij] gesa 3 = 4a + 4b vkSj  –5 = 5a – 5b izkIr gksrk gSA blls 
–1 7

8 8
a b= =vkSj  izkIr gksrk gSA

mnkgj.k 23  ( )
b c

a c

f dxx
+

+
∫ cjkcj gS

(A) ( )–
b

a

f dxx c∫ (B) ( )
b

a

f dxx c+∫ (C) ( )
b

a

f dxx∫    (D) ( )
–

–

b c

a c

f dxx∫

gy  (B) lgh mÙkj gS] D;ksafd x = t + c j[kus ij gesa izkIr gksrk gS

I = ( )
b

a

f dtc t+∫ = ( )
b

a

f dxx c+∫

mnkgj.k 24 ;fn [0, 1] esa  f  vkSj g  ,sls lrr iQyu gSa] tks  f (x) = f (a – x) vkSj

g (x) + g (a – x) = a, dks larq"V djrs gSa] rks ( ) ( )
0

.
a

f g dxx x∫ cjkcj gS

(A) 
2

a
(B) 

2

a ( )
0

a

f dxx∫            (C) ( )
0

a

f dxx∫    (D) a ( )
0

a

f dxx∫

gy  (B) lgh mÙkj gS] D;ksafd  I = ( ) ( )
0

.
a

f g dxx x∫

= ( ) ( )
0

– –
a

f g dxa x a x∫  = ( ) ( )( )
0

–
a

f dxa gx x∫
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= ( )
0

a

a f dxx∫  – ( ) ( )
0

.
a

f g dxx x∫  = ( )
0

a

a f dxx∫  – I

;k     I  = ( )
02

aa
f dxx∫

mnkgj.k 25   ;fn x = 2
0 1 9

y
dt

t+
∫ vkSj 

2

2

d y

dx
 = ay, gS] rks a cjkcj gS

(A) 3 (B) 6 (C) 9 (D) 1

gy  (C) lgh mÙkj gS] D;ksafd x = 2
0 1 9

y
dt

t+
∫ ⇒ 2

1

1 9

dx

dy y
=

+

ftlls   
2

2

d y

dx
= 2

18

2 1 9

y

y+ . 
dy

dx
= 9y

mnkgj.k 26 
1 3

2

1

2 1

x x dx
x x

+ +
+ +∫ cjkcj gS

(A) log 2 (B) 2 log 2 (C) 
1

log 2
2

(D) 4 log 2

gy (B) lgh mÙkj gS] D;ksafd I = 
1 3

2
–1

1

2 1

x x dx
x x

+ +
+ +∫

= 
1 13

2 2
–1 –1

1

2 1 2 1

x x dx
x xx x

+
+

+ + + +∫ ∫   =   0 + 2 
1

2
0

1

2 1
x dx

x x

+
+ +∫

[fo"ke iQyu + le iQyu]

= 2 ( )

1 1

2
0 0

1 1
2

11

x
dx dx

xx

+
=

++∫ ∫         = 
1

0
2 log 1x +  = 2 log 2
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mnkgj.k 27   ;fn  
1

0 1

te
dt

t+∫  = a, gS] rc   
( )

1

2
0 1

te
dt

t+∫ cjkcj gS

(A) a – 1 + 
2

e
      (B) a + 1 – 

2

e
 (C) a – 1 – 

2

e
       (D) a + 1 + 

2

e

gy  (B) lgh mÙkj gS] D;ksafd I = 
1

0 1

te
dt

t+∫   = ( )

1 1

2
0 0

1

1 1

t
t e

dte
t t

+
+ +∫ = a (fn;k gS)

vr%]    ( )

1

2
0 1

te

t+∫ = a –
2

e
+ 1

mnkgj.k 28  
2

–2

cos dxx xπ∫ cjkcj gS

(A) 
8

π
(B) 

4

π
(C) 

2

π
(D) 

1

π

gy  (A) lgh mÙkj gS] D;ksafd I = 
2

–2

cos dxx xπ∫   = 
2

0

2 cos dxx xπ∫

= 2 

1 3
22 2

1 30
2 2

cos cos cosdx dx dxx x x x x x

⎧ ⎫
⎪ ⎪+ +π π π⎨ ⎬
⎪ ⎪
⎩ ⎭
∫ ∫ ∫   =   

8

π

mnkgj.kksa 29 ls 32 rd izR;sd esa fjDr LFkkuksa dks Hkfj,&

mnkgj.k 29  
6

8

sin

cos

x
dx

x∫ = _______

gy
7tan

C
7

x
+
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mnkgj.k 30 ( )
–

a

a

f dxx∫  = 0 gS] ;fn  f ,d  _______ iQyu gSA

gy  fo"ke

mnkgj.k 31 ( )
2

0

a

f dxx∫  = ( )
0

2
a

f dxx∫ , ;fn  f (2a – x) = _______

gy   f (x)

mnkgj.k 32 
2

0

sin

sin cos

n

n n

x dx

x x

π

+∫ = _______

gy  
4

π

7.3  iz'ukoyh

laf{kr mÙkj (S.A.)

fuEufyf[kr dk lR;kiu dhft,&

1.
2 –1

2 3

x
dx

x +∫  = x – log |(2x + 3)2| + C

2. 2

2 3

3

x
dx

x x

+
+∫  = log |x2 + 3x| + C

fuEufyf[kr osQ eku fudkfy,&

3.
( )2 2

1

dxx

x

+
+∫ 4.

6log 5log

4log 3log

–

–

x x

x x

e e
dx

e e∫

5.
( )1 cos

sin
x dx

x x
+
+∫ 6.

1 cos

dx

x+∫
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7. 2 4tan secx x dx∫ 8.
sin cos

1 sin 2

x x
dx

x

+
+∫

9. 1 sin xdx+∫

10. 1

x
dx

x +∫ (laosQr : x  = z jf[k,) 11.
–

a x
dx

a x

+
∫

12.

1

2

3

41

x
dx

x+
∫ (laosQr : x = z4 jf[k,) 13.

2

4

1 x
dx

x

+
∫

14. 216 – 9

dx

x
∫ 15. 23 – 2

dt

t t
∫

16. 2

3 –1

9

x
dx

x +
∫ 17. 25 – 2x x dx+∫

18. 4 –1

x
dx

x∫ 19.
2

41 –

x
dx

x∫   [x2 = t jf[k,]

20. 22 –ax x dx∫ 21. ( )

–1

3
2 2

sin

1 –

x
dx

x
∫

22.
( )cos5 cos 4

1 – 2cos3

x x
dx

x

+
∫ 23.

6 6

2 2

sin cos

sin cos

x x
dx

x x

+
∫

24. 3 3–

x
dx

a x
∫ 25.

cos – cos2

1– cos

x x
dx

x∫

26. 4 –1

dx

x x
∫ (laosQr : x2 = sec θ jf[k,)
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fuEufyf[kr dk ;ksx dh lhek osQ :i esa eku fudkfy,&

27. ( )
2

2

0

3 dxx +∫ 28.
2

0

xe dx∫

fuEufyf[kr dk eku fudkfy,&

29.
1

–
0

x x

dx

e e+∫ 30.

π

2

2 2
0

tan

1 tan

x dx

m x+∫

31. ( )

2

1 –1 (2 )

dx

x x−∫ 32.

1

2
0 1

xdx

x+
∫

33.
2

0

sin cosx x x dx∫
π

34.

1

2

2 2
0 (1 ) 1

dx

x x+ −
∫

(laosQr: x = sinθ jf[k,)

nh?kZ mÙkjh; (L.A.)

35.
2

4 2– –12

x dx

x x∫ 36.
2

2 2 2 2( )( )

x dx

x a x b   

37.
π

0 1 sin

x dx

x+∫ 38. ( )( )( )
2 –1

–1 2 – 3

x
dx

x x x+∫

39.
–1

2
tan

2

1

1
x x x

e dx
x

⎛ ⎞+ +
⎜ ⎟+⎝ ⎠

∫ 40. –1sin
x

dx
a x+∫

(laosQr: x = a tan2θ jf[k,)
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41.

2

5

2
3

1 cos

(1 cos )

x
dx

x

π

π

+

−
∫ 42. 3 3cosxe x dx−∫

43. tan x dx∫  (laosQr: tanx = t2 jf[k,)   44.
2

2 2 2 2 2
0 ( cos sin )

dx

a x b x

π

+∫

             (laosQr: va'k vkSj gj dks cos4x ls Hkkx nhft,)

45.

1

0

log (1 2 )x x dx+∫      46.
0

logsinx x dx
π

∫       47.

4

4

log (sin cos )x x dx

π

π
−

+∫

mís';kRed iz'u

iz'u 48 ls 58 rd izR;sd esa fn, gq, pkjksa fodYiksa esa ls lgh mÙkj pqfu,&

48. cos2 – cos2θ

cos – cosθ

x
dx

x∫ cjkcj gS

(A) 2(sinx + xcosθ) + C (B) 2(sinx – xcosθ) + C

(C) 2(sinx + 2xcosθ) + C (D) 2(sinx – 2x cosθ) + C

49.
    sin sin– –

dx

x a x b  cjkcj gS

(A) sin (b – a) log 
sin( – )

sin( – )

x b

x a
+ C       (B) cosec (b – a) log 

sin( – )

sin( – )

x a

x b
+ C

(C) cosec (b – a) log 
sin( – )

sin( – )

x b

x a
+ C     (D) sin (b – a) log 

sin( – )

sin( – )

x a

x b
+ C
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50. –1tan x dx∫ cjkcj gS

(A) (x + 1) –1tan – Cx x + (B) –1tan – Cx x x +

(C) –1– tan Cx x x + (D) ( ) –1– tan C1x xx ++

51.
2

2

1 –

1
x x

e dx
x

⎛ ⎞
⎜ ⎟+⎝ ⎠∫ cjkcj gS

(A) 2
C

1

xe

x
+

+
(B) 2

–
C

1

xe

x
+

+

(C) ( )22
C

1

xe

x
+

+
(D) ( )22

–
C

1

xe

x
+

+

52.
( )

9

624 1

x dx

x +
∫  cjkcj gS

(A) 
–5

2

1 1
C4

5x x
⎛ ⎞ ++⎜ ⎟
⎝ ⎠

(B) 
–5

2

1 1
C4

5 x
⎛ ⎞ ++⎜ ⎟
⎝ ⎠

(C) 
–5

2

1 1
C4

10x x
⎛ ⎞ ++⎜ ⎟
⎝ ⎠

(D) 
–5

2

1 1
C4

10 x
⎛ ⎞ ++⎜ ⎟
⎝ ⎠

53. ;fn ( )( )22 1

dx

x x+ +∫ = a log |1 + x2| + b tan–1x + 
1

5
log |x + 2| + C gS] rks

(A) a = 
1

–10 , b = 
2

–5 (B) a = 
1

10
, b = – 

2

5

(C) a = 
1

–10 , b = 
2

5
(D) a = 

1

10
, b = 

2

5
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54.
3

1

x
dx

x +∫ cjkcj gS

(A) 
2 3

– log C1–
2 3

x x
x x+ + + (B) 

2 3

– – log C1 –
2 3

x x
x x+ +

(C) 
2 3

– – – log C1
2 3

x x
x x ++ (D) 

2 3

– – log C1
2 3

x x
x x+ ++

55. sin

1 cos

x x
dx

x

+
+∫

 cjkcj gS

(A) log C1 cos x ++ (B) log Csinx x ++

(C) – tan C
2

x
x + (D) .tan C

2

x
x +

56. ;fn 
33

2 22

2
(1 ) 1 C

1

x dx
a x b x

x
= + + + +

+
∫ gS] rks

(A) a = 
1

3
, b = 1 (B) a = 

–1

3
,  b = 1

(C) a = 
1

– 3 ,  b = –1 (D) a = 
1

3
, b = –1

57.

π

4

–π

4

d

1 + cos2

x

x∫  cjkcj gS

(A) 1 (B) 2 (C) 3 (D) 4

58.

π

2

0

1 – sin 2xdx∫  cjkcj gS

(A) 2 2 (B) 2  ( )2 1+ (C) 2        (D) ( )2 2 –1
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iz'uksa 59 ls 63 rd izR;sd esa fjDr LFkkuksa dks Hkfj, &

59.

π

2
sin

0

cos xxe dx∫ osQ =  _______.

60. ( )2

3

4
xx

e dx
x

+

+∫  = ________ -

61. ;fn 2
0

1

1 4

a

dx
x+∫  = 

π

8
 gS] rks  a = ________ -

62. 2

sin

3 4cos

x
dx

x+∫  = ________  -

63.

π

−π
∫ sin3x cos2x dx  dk eku  _______ .



iz'u iznf'kZdk & xf.kr

8.1 lexz voyksdu (Overview)

bl vè;k; esa] ljy oØksa osQ varxZr {ks=kiQy Kkr djus] js[kkvksa rFkk o`Ùkksa] ijoy;ksa vkSj nh?kZo`Ùkksa
osQ pkiksa osQ eè; {ks=kiQy Kkr djus rFkk mijksDr oØksa }kjk ifjc¼ {ks=kiQy Kkr djus osQ fy,
lekdyksa osQ oqQN fof'k"V vuqiz;ksxksa dh ppkZ dh x;h gS%
8.1.1 oØ y = f (x), x-v{k rFkk x = a vkSj x = b (b > a) js[kkvksa  ls ifjc¼ {ks=k dk {ks=kiQy lw=k gS%

{ks=kiQy = 

b

a

ydx = ( )
b

a

f x dx 
8.1.2 oØ x = φ (y), y-v{k rFkk y = c vkSj y = d js[kkvksa ls ifjc¼ {ks=k dk {ks=kiQy lw=k gS%

{ks=kiQy   = ( )
d d

c c

xdy y dy    
8.1.3 nks  y = f (x), y = g (x) oØksa rFkk x = a, x = b js[kkvksa ls ifjc¼ {ks=k dk {ks=kiQy lw=k gS%

{ks=kiQy =   ( ) – ( )
b

a

f x g x dx , tgk¡  f (x)   g (x)  [a, b] esa gSA

8.1.4 ;fn [a, c] esa]  f (x)   g (x) gS rFkk [c, b]

 esa]  f (x)   g (x)] a < c < b, gS rks

{ks=kiQy=     ( ) – ( ) ( ) – ( )
c b

a c

f x g x dx g x f x dx    gSA

8.2  gy fd, gq, mnkgj.k
y?kq mÙkjh; iz'u (S.A.)

mnkgj.k 1 0 vkSj π osQ chp] oØ y = sin x dk
{ks=kiQy Kkr dhft,A
gy  gesa izkIr gS%

vè;k; 8

lekdyksa osQ vuqiz;ksx

vko`Qfr 8-1
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{ks=kiQy OAB = 
π

o o

sin
π

=∫ ∫ydx x dx  = 
0

– cos x
π

       = cos0 – cosπ = 2 oxZ bdkbZ
mnkgj.k 2 oØ ay2 = x3,  y-v{k rFkk  y = a vkSj y = 2a js[kkvksa  }kjk ifjc¼ {ks=k dk {ks=kiQy
Kkr dhft,A

gy  gesa izkIr gS %  {ks=kiQy BMNC = 

2 2 1 2

3 3

a a

a a

xdy a y dy   

     = 

1
253

3
3

5

a

a

a
y

    =   
1

553
33

3
2 –

5

a
a a

    = ( )
1 5 5
3 3 3

3
2 – 1

5
a a

= 

2
2 3

3
2.2 – 1

5
a  oxZ bdkbZ

mnkgj.k  3 ijoy; y2 = 2x vkSj ljy js[kk x – y = 4 }kjk ifjc¼  {ks=k dk {ks=kiQy Kkr dhft,A
gy  fn;s gq, oØksa osQ izfrPNsn fcanq lehdj.k x – y = 4 vkSj y2 = 2x dks x vkSj  y osQ fy, gy

djus ij izkIr fd, tkrs gSaA
gesa y2 = 8 + 2y vFkkZr~ (y – 4) (y + 2) = 0 izkIr
gSA blls y = 4, –2 rFkk x = 8, 2 izkIr gksrk gSA
bl izdkj] ok¡fNr izfrPNsn fcanq
(8, 4) vkSj (2, –2) gSA

vr%] {ks=kiQy  = 
4

2

–2

1
4 –

2
⎛ ⎞+⎜ ⎟
⎝ ⎠∫ y y dy

=

42
3

–2

1
4 –

2 6

y
y y+ =  18 oxZ bdkbZ

vko`Qfr 8-2

vko`Qfr 8-3
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mnkgj.k  4 ijoy;ksa y2 = 6x vkSj x2 = 6y ls ifjc¼ {ks=k dk {ks=kiQy Kkr dhft,A
gy   fn, gq, ijoy;ksa osQ izfrPNsn fcanq bu osQ lehdj.kksa dks x vkSj y osQ fy, gy djds Kkr fd,

tk ldrs gSaA ;s fcanq 0(0, 0) vkSj (6, 6)

gSaA vr%]

OABC dk {ks=kiQy  = 

6 2

0

6 –
6

x
x dx

  
     

    = 

63
32

0

2 6 –
3 18

x x

      = 

3
32(6) (6)

2 6 –
3 18

 = 12 oxZ bdkbZ

mnkgj.k  5 oØ x = 3 cost, y = 2 sint ls ifjc¼ {ks=k dk {ks=kiQy Kkr dhft,A
gy   t dks fuEufyf[kr izdkj ls yqIr dhft,%

x = 3 cost,  y = 2 sint ⇒ cos
3
=

x
t , rFkk sin

2

y
t , buls gesa] izkIr gksrk gS%

2 2

9 4

x y = 1 tks ,d nh?kZòÙk dk lehdj.k gSA

vko`Qfr 8.5 ls] ge izkIr djrs gSa fd

ok¡fNr {ks=kiQy = 4 

3
2

0

2
9 –

3
x dx

= 

3
2 –1

0

8 9
9 – sin

3 2 2 3

x x
x

       

= 6 π oxZ bdkbZ

nh?kZ mÙkjh;  (L.A.)

mnkgj.k 6 ml {ks=k dk {ks=kiQy Kkr dhft,] tks ijoy;  y = 
23

4

x
vkSj js[kk 3x – 2y + 12 = 0

osQ chp esa ifjc¼ gSA

vko`Qfr 8-5

vko`Qfr 8-4
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gy  fn;s gq, oØ y = 
23

4

x
 vkSj js[kk 3x – 2y + 12 = 0 osQ lehdj.kksa dks gy djus ij] gesa

izkIr gksrk gS%
3x2 – 6x – 24 = 0

⇒ (x – 4) (x + 2) = 0
⇒ x = 4, x = –2
ftuls y = 12, y = 3 izkIr gksrk gSA
vko`Qfr 8.6 ls ok¡fNr {ks=kiQy =  ABC

dk {ks=kiQy

 = 

4

–2

12 3

2

x
dx

   
     – 

4 2

–2

3

4

x
dx 

= 

42

–2

3
6

4

⎛ ⎞
+⎜ ⎟

⎝ ⎠

x
x – 

43

2

3

12
−

x

= 27 oxZ bdkbZ
mnkgj.k 7 oØ x = at2  vkSj  y = 2at }kjk t = 1 vkSj t = 2 osQ laxr dksfV;ksa osQ chp ifjc¼ {ks=k
dk {ks=kiQy Kkr dhft,A
gy  fn;k gS %  x = at2 ...(i),

y = 2at ...(ii) ftlls t = 
2

y

a
gqvkA

t dk ;g eku (i) esa j[kus ij] gesa izkIr
gksrk gS % y2 = 4ax A
(i) esa  t = 1 vkSj t = 2 j[kus ij] gesa
x = a, vkSj x = 4a izkIr gksrs gSaA
vko`Qfr 8-7 ls] ok¡fNr {ks=kiQy
= 2 × ABCD dk {ks=kiQy

= 2
4a

a

ydx∫ = 2 × 2
4a

a

ax dx∫

 = 
( )

43

2

8
3

a

a

x
a  = 

256

3
a oxZ bdkbZ

vko`Qfr 8-6

vko`Qfr 8-7
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mnkgj.k 8 x&v{k osQ mQij ijoy;  y2 = ax vkSj o`Ùk  x2 + y2 = 2ax osQ chp osQ {ks=k dk {ks=kiQy
Kkr dhft,A
gy   oØksa dh fn;s gq, lehdj.kksa dks
gy djus ij] gesa izkIr gksrk gS% x2 + ax
= 2ax
ftlls x = 0 ;k  x = a izkIr gksrs gSaA
blls Øe'k% y = 0  vkSj  y = ± a izkIr
gksrk gSA
vko`Qfr 8.8 ls] ODAB {ks=k dk  {ks=kiQy

= ( )2

0

2 – –∫
a

ax x ax dx

eku yhft, fd x = 2a sin2θ gSA rc]
dx = 4a sinθ cosθ dθ  rFkk

x = 0, ⇒ θ = 0,  x = a ⇒ θ = 
4

 

iqu%,
2

0

2 –
a

ax x dx∫

= ( ) ( )
4

0

2 sin cos sin cosa a d

π

θ θ 4 θ θ θ∫

=  a2 ( )
4 4

00

sin 4
1– cos4 –

4
d a2 θ⎛ ⎞θ θ = θ⎜ ⎟

⎝ ⎠∫
π π

 =  
4

 
a2  blosQ lkFk gh]

0

a

ax dx∫  = 
3

2

0

2

3

a

a x
⎛ ⎞
⎜ ⎟
⎝ ⎠

= 
22

3
a

bl izdkj] ok¡fNr {ks=kiQy = 
2 2π 2

–
4 3

a a    = a2 
2

–
4 3

   
    oxZ bdkbZ

mnkgj.k  9 js[kk x = 
2

a
 }kjk o`Ùk x2 + y2 = a2 osQ dkVs x, ,d y?kq o`Ùk[kaM dk {ks=kiQy Kkr

dhft,A

vko`Qfr 8-8
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gy   lehdj.k  x2 + y2 = a2 vkSj  x = 
2

a
 dks gy djus ij] gesa buds izfrPNsn fcanq izkIr gksrs

gSa] tks , 3
2 2

a a  
    vkSj 

3
, –

2 2

a a  
     gSaA

vr% vko`Qfr 8.9 ls] gesa izkIr gksrk gS%
ok¡fNr {ks=kiQy  = OAB osQ {ks=kiQy dk

nksxquk = 2 
2 2

2

–
a

a

a x dx 

= 2

2
2 2 –1

2

– sin
2 2

⎡ ⎤
+⎢ ⎥

⎣ ⎦

a

a

x a x
a x

a

= 2 
2 2π 3 π

. – . – .
2 2 4 2 2 6

⎡ ⎤
⎢ ⎥
⎣ ⎦

a a a
a

=   ( )
2

6π – 3 3 – 2π
12

a
  = ( )

2

4π – 3 3
12

a oxZ bdkbZ

oLrqfu"B iz'u

mnkgj.k 10 ls 12 rd izR;sd esa] fn, gq, pkj fodYiksa esa ls lgh mÙkj pqfu,&

mnkgj.k 10 o`Ùk  x2 + y2 = 2 }kjk ifjc¼ {ks=k dk {ks=kiQy cjkcj gS

(A) 4π oxZ bdkbZ (B) 2 2π oxZ bdkbZ

(C) 4π2 oxZ bdkbZ (D) 2π oxZ bdkbZ

gy  lgh mÙkj (D) gS] D;ksafd {ks=kiQy  = 
2

2

0

4 2 – x 

 = 4 

2

2 –1

0

2 – sin
2 2

x x
x

        = 2π oxZ bdkbZ

mnkgj.k 11 nh?kZo`Ùk 
2 2

2 2

x y

a b
+  = 1 }kjk ifjc¼ {ks=k dk {ks=kiQy cjkcj gS

(A) π2ab (B) πab (C) πa2b (D) πab2

vko`Qfr 8-9
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gy  lgh mÙkj  (B) gSA D;ksafd {ks=kiQy = 4
2 2

0

–
a b

a x dx
a∫

    =  
2

2 2 –1

0

4
– sin

2 2

a
b x a x

a x
a a

⎡ ⎤
+⎢ ⎥

⎣ ⎦
= πab

mnkgj.k 12 oØ y = x2 vkSj js[kk y = 16 }kjk ifjc¼ {ks=k dk {ks=kiQy gS

(A) 
32

3
(B) 

256

3
(C) 

64

3
(D) 

128

3

gy  lgh mÙkj  (B) gSA D;ksafd {ks=kiQy  = 2

16

0

ydy∫  gSA

mnkgj.k 13 vkSj 14 esa ls izR;sd esa fjDr LFkku Hkfj,μ

mnkgj.k 13 oØ x = y2, y-v{k rFkk js[kk  y = 3 vkSj y = 4 ls ifjc¼ {ks=k dk {ks=kiQy _______ gSA

gy   
37

3
 oxZ bdkbZ

mnkgj.k 14 oØ  y = x2 + x, x-v{k rFkk x = 2 vkSj x = 5 js[kkvksa ls ifjc¼ {ks=k dk
{ks=kiQy  ________ osQ cjkcj gSA

gy  
297

6
oxZ bdkbZ 

99

2
= oxZ bdkbZ

8.3  iz'ukoyh
laf{kIr mÙkjh; iz'u (S.A.)

  1. oØ y2 = 9x, vkSj y = 3x ls ifjc¼ {ks=kiQy dk {ks=kiQy Kkr dhft,A

  2. ijoy; y2 = 2px, vkSj x2 = 2py ls ifjc¼ {ks=k dk {ks=kiQy Kkr dhft,A

  3. oØ y = x3,  y = x + 6 vkSj x = 0 ls ifjc¼ {ks=k dk {ks=kiQy Kkr dhft,A

  4. oØ  y2 = 4x vkSj x2 = 4y ls ifjc¼ {ks=k dk {ks=kiQy Kkr dhft,A

  5. y2 = 9x vkSj y = x osQ chp  esa iM+us okys {ks=k dk {ks=kiQy Kkr dhft,A

  6. ijoy; x2 = y  vkSj js[kk  y = x + 2 ls ifjc¼ {ks=k dk {ks=kiQy Kkr dhft,A

  7. js[kk x = 2 vkSj ijoy; y2 = 8x ls ifjc¼ {ks=k dk {ks=kiQy Kkr dhft,A

  8. {ks=k {(x, 0) : y = 24 – x } vkSj x-v{k dk fp=k.k dhft,A lekdyu dk mi;ksx djrs

gq,] bl {ks=k dk {ks=kiQy Kkr dhft,A
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  9. oØ y = 2 x  osQ varxZr x = 0 vkSj x = 1 js[kkvksa  osQ chp osQ {ks=k dk {ks=kiQy Kkr

dhft,A
10. lekdyu dk bLrseky djrs gq,] js[kk 2y = 5x + 7, x-v{k rFkk x = 2 vkSj x = 8

js[kkvksa ls ifjc¼ {ks=k dk {ks=kiQy Kkr dhft,A

11. oØ y = –1x  dk varjky [1, 5] esa ,d laHkkfor vko`Qfr [khafp,A bl oØ osQ

varxZr rFkk x = 1 vkSj x = 5 js[kkvksa osQ chp osQ {ks=k dk {ks=kiQy Kkr dhft,A

12. oØ y = 2 2–a x  osQ varxZr rFkk x = 0 vkSj x = a js[kkvksa osQ chp osQ {ks=k dk {ks=kiQy

Kkr dhft,A

13.  y = x vkSj y = x ls ifjc¼ {ks=k dk {ks=kiQy Kkr dhft,A

14. oØ y = –x2 vkSj ljy js[kk x + y + 2 = 0 ls ifjc¼ {ks=k dk {ks=kiQy Kkr dhft,A

15. izFke prqFkk±'k esa oØ y = x , x = 2y + 3 vkSj x-v{k ls ifjc¼ {ks=kiQy Kkr dhft,A

nh?kZ mÙkjh; iz'u (L.A.)

16. oØ  y2 = 2x vkSj x2 + y2 = 4x ls ifjc¼ {ks=k dk {ks=kiQy Kkr dhft,A
17. x = 0 vkSj x = 2π osQ chp oØ y = sinx }kjk ifjc¼ {ks=k dk {ks=kiQy Kkr dhft,A
18. lekdyu dk iz;ksx djrs gq,] ml f=kHkqt }kjk ifjc¼ {ks=k dk {ks=kiQy Kkr dhft,]

ftlds 'kh"kZ (–1, 1), (0, 5) vkSj (3, 2) gaSA
19. {ks=k {(x, y) : y2 ≤ 6ax vkSj x2 + y2 ≤ 16a2} dk ,d laHkkfor vko`Qfr [khafp,A lkFk gh]

lekdyu dh fof/ }kjk bl {ks=k dk {ks=kiQy Kkr dhft,A
20. js[kk x + 2y = 2, y – x = 1 vkSj 2x + y = 7 }kjk ifjc¼ {ks=k dk {ks=kiQy Kkr

dhft,A
21. js[kkvksa y = 4x + 5, y = 5 – x vkSj 4y = x + 5 ls ifjc¼ {ks=k dk {ks=kiQy Kkr dhft,A
22. oØ y = 2cosx rFkk x-v{k }kjk x = 0 ls x = 2π rd ifjc¼ {ks=k dk {ks=kiQy Kkr

dhft,A
23. oØ y = 1 + |x +1|, x = –3, x = 3 rFkk y = 0 dk ,d laHkkfor vko`Qfr [khafp,A

lekdyu dk iz;ksx djrs gq,] bu ls ifjc¼ {ks=k dk {ks=kiQy Kkr dhft,A

mís';kRed iz'u

iz'u 24 ls 34 rd izR;sd esa] fn, gq, pkjksa fodYiksa esa ls lgh mÙkj pqfu,&

24. y-v{k, y = cosx,  y = sinx, 0 ≤ x ≤ 
π

2
ls ifjc¼ {ks=k dk {ks=kiQy gS
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(A) 2 oxZ bdkbZ (B) ( 2 1+ ) oxZ bdkbZ

(C) ( 2 –1) oxZ bdkbZ (D) ( 2 2 –1) oxZ bdkbZ

25. oØ  x2 = 4y vkSj ljy js[kk x = 4y – 2 }kjk ifjc¼ {ks=k dk {ks=kiQy gS

(A) 
3

8
oxZ bdkbZ (B) 

5

8
oxZ bdkbZ (C) 

7

8
oxZ bdkbZ (D) 

9

8
 oxZ bdkbZ

26. oØ 216y x= −  vkSj x-v{k ls ifjc¼ {ks=k dk {ks=kiQy gS

(A) 8π oxZ bdkbZ (B) 20πoxZ bdkbZ  (C) 16π oxZ bdkbZ    (D) 256π oxZ bdkbZ
27. izFke prqFkk±'k esa] x-v{k] js[kk y = x vkSj òÙk x2 + y2 = 32 }kjk f?kjs {ks=k dk {ks=kiQy gS&

(A) 16π oxZ bdkbZ (B) 4π oxZ bdkbZ  (C) 32π oxZ bdkbZ    (D) 24 oxZ bdkbZ
28. oØ y = cosx }kjk x = 0 vkSj x = π osQ chp esa ifjc¼ {ks=k dk {ks=kiQy gS

(A) 2 oxZ bdkbZ   (B) 4 oxZ bdkbZ   (C) 3 oxZ bdkbZ        (D) 1 oxZ bdkbZ
29. ijoy; y2 = x vkSj ljy js[kk 2y = x ls ifjc¼ {ks=k dk {ks=kiQy gS

(A) 
4

3
oxZ bdkbZ   (B) 1 oxZ bdkbZ   (C) 

2

3
oxZ bdkbZ        (D) 

1

3
oxZ bdkbZ

30. oØ y = sinx }kjk dksfV x = 0,  vkSj x = 
π

2
rFkk x-v{k osQ chp ifjc¼ {ks=k dk {ks=kiQy gS

(A) 2 oxZ bdkbZ   (B) 4 oxZ bdkbZ   (C) 3 oxZ bdkbZ        (D) 1 oxZ bdkbZ

31. nh?kZo`Ùk 
2 2

25 16

x y
+ = 1 }kjk ifjc¼ {ks=k dk {ks=kiQy gS

(A) 20π oxZ bdkbZ (B) 20π2 oxZ bdkbZ  (C) 16π2 oxZ bdkbZ (D) 25 π oxZ bdkbZ

32. o`Ùk x2 + y2 = 1 }kjk ifjc¼ {ks=k dk {ks=kiQy gS

(A) 2π oxZ bdkbZ   (B) π oxZ bdkbZ   (C) 3π oxZ bdkbZ      (D) 4π oxZ bdkbZ

33. oØ y = x + 1 rFkk x = 2 vkSj x = 3 js[kkvksa  }kjk ifjc¼ {ks=k dk {ks=kiQy gS

(A) 
7

2
oxZ bdkbZ   (B) 

9

2
oxZ bdkbZ   (C) 

11

2
oxZ bdkbZ      (D) 

13

2
oxZ bdkbZ

34. oØ x = 2y + 3 rFkk y = 1 vkSj y = –1 js[kkvksa }kjk ifjc¼ {ks=k dk {ks=kiQy gS

(A) 4 oxZ bdkbZ   (B) 
3

2
oxZ bdkbZ  (C) 6 oxZ bdkbZ        (D) 8 oxZ bdkbZ



9.1  lexz voyksdu (Overview)

    (i) ,d ,slk lehdj.k ftlesa Lora=k pj (pjksa) osQ lkis{k vkfJr pj osQ vodyt lfEefyr
gksa] vody lehdj.k dgykrk gSA

   (ii) ,d vody lehdj.k ftleas Lora=k pj osQ osQoy ,d pj osQ vkfJr vodyt lfEefyr
gksa ,d lk/kj.k vody lehdj.k (ordinary differential equation) dgykrk gSA ,d
vody lehdj.k ftlesa Lora=k pj osQ ,d ls vf/d pjksa osQ vodyt lfEefyr gksa ,d
vkaf'kd vody lehdj.k (Partial differential equation) dgykrk gSA

  (iii) fdlh vody lehdj.k esa lfEefyr mPpre vodyt dh dksfV ml vody lehdj.k
dh dksfV (order) dgykrh gSA

  (iv) ;fn dksbZ vody lehdj.k vodytksa esa cgqin lehdj.k gS rks ml vody lehdj.k
dh ?kkr ifjHkkf"kr gksrh gSA

   (v) fdlh vody lehdj.k dh ?kkr (;fn ifjHkkf"kr gks) ml vody lehdj.k esa
lfEefyr  mPpre dksfV vodyt dh mPpre ?kkr (osQoy /ukRed iw.kk±d) gksrh gSA

  (vi) ,d fn, gq, vody lehdj.k dks larq"V djus okyk iQyu  ml vody lehdj.k dk
gy dgykrk gSA ,d ,slk gy ftlesa mrus gh LosPN vpj gksa ftruh ml vody
lehdj.k dh dksfV gS] O;kid gy dgykrk gSA LosPN vpjksa ls eqDr gy fof'k"V gy
dgykrk gSA

 (vii) fdlh fn, gq, iQyu ls vody lehdj.k cukus osQ fy, ge ml iQyu dk mÙkjksÙkj
mruh gh ckj vodyu djrs gSa ftrus ml iQyu esa LosPN vpj gksrs gSa vkSj rc LosPN
vpjksa dks foyqIr djrs gSaA

(viii) fdlh oØ oqQy dks fu:fir djus okys vody lehdj.k dh dksfV mruh gh gksrh gS
ftrus ml oØ oqQy osQ laxr lehdj.k esa LosPN vpj gksrs gSaA

  (ix) pj i`FkDdj.kh; fof/ ,sls lehdj.k dks gy djus osQ fy, mi;ksx dh tkrh gS ftlesa
pjksa dks iwjh rjg ls i`Fkd fd;k tk ldrk gS vFkkZr~ x okys in dx  osQ lkFk jgus pkfg,
vkSj  y okys in  dy osQ lkFk jgus pkfg,A

vè;k; 9

vody lehdj.k
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    (x) iQyu F (x, y), n ?kkr okyk le?kkrh; iQyu dgykrk gS ;fn fdlh 'kwU;srj vpj λ  osQ
fy,  F (λx, λy )= λn  F (x, y) gksA

   (xi) ,d vody lehdj.k ftls 
dy

dx
= F (x, y) ;k 

dx

dy  = G (x, y), tgk¡ F (x, y) vkSj

G (x, y) 'kwU; ?kkr okys le?kkrh; iQyu gS osQ :i esa vfHkO;Dr fd;k tk ldrk gS]
le?kkrh; vody lehdj.k dgykrk gSA

  (xii)
dy

dx
 = F (x, y) izdkj osQ le?kkrh; vody lehdj.k dks gy djus osQ fy, ge y = vx

izfrLFkkfir djrs gSa vkSj 
dx

dy  = G (x, y) izdkj osQ le?kkrh; vody lehdj.k dks gy

djus osQ fy, x = vy izfrLFkkfir djrs gSaA

 (xiii) 
dy

dx
 + Py = Q osQ :i okyk vody lehdj.k ftlesa P rFkk Q vpj vFkok osQoy x osQ

iQyu gS] izFke dksfV jSf[kd vody lehdj.k dgykrk gSA bl izdkj osQ vody

lehdj.k dk gy  y lekdyu xq.kkad (I.F.) = ( )Q I.F. dx×∫ + C, tgk¡ I.F. (Integrating

Factor) = Pdx
e∫  gS lekdyu xq.kkad fn;k tkrk gSA

 (xiv)  izFke dksfV jSf[kd vody lehdj.k dk nwljk :i 
dx

dy  + P
1
x = Q

1
 gS tgk¡ P

1
 vkSj Q

1

vpj vFkok osQoy y osQ iQyu gSaA bl izdkj osQ vody lehdj.k dk gy

x (I.F.) = ( )1Q × I.F. dy∫ + C, tgk¡ I.F. = 1P dy
e∫  gS] }kjk fn;k tkrk gSA

9.2 gy fd, gq, mnkgj.k

y?kq mÙkjh; iz'u (S.A.)

mnkgj.k 1 oØksa osQ oqQy y = Ae2x + B.e–2x osQ fy, vody lehdj.k Kkr dhft,A

gy  y = Ae2x + B.e–2x

dy

dx
 = 2Ae2x – 2 B.e–2x  rFkk

2

2

d y

dx
 = 4Ae2x + 4Be–2x



vody lehdj.k  177

 bl izdkj
2

2

d y

dx
 = 4y  vFkkZr~,  

2

2

d y

dx
– 4y = 0.

mnkgj.k 2 vody lehdj.k 
dy

dx
= 

y

x
 dk O;kid gy Kkr dhft,A

gy
dy

dx
= 

y

x
⇒  

dy

y  = 
dx

x
⇒ 

dy

y = 
dx

x 
⇒ log y = log x + log c  ⇒ y = cx

mnkgj.k 3  vody lehdj.k 
dy

dx
= yex, x = 0, y = e esa  y dk eku crk,a tc x = 1

gy  
dy

dx
= yex  ⇒ 

dy

y    =   xe dx      ⇒ logy = ex + c

x = 0 vkSj y = e, j[kus ij gesa loge = e0 + c vFkkZr~ c = 0 (Q loge = 1)

izkIr gksrk gSA blfy,  log y = ex

vc blesa x = 1 j[kus ij gesa log y = e vFkkZr~  y = ee izkIr gksrk gSA

mnkgj.k 4 vody lehdj.k 
dy

dx
 + 

y

x
= x2. dks gy dhft,A

gy + P = Q
dy

y
dx

 jSf[kd vody lehdj.k gSA

;gk¡ I.F. = 
1

dx
x∫ = elogx = x   blfy,] fn, x, vody lehdj.k dk gy gS

y.x = 2x x dx , vFkkZr~ yx = 
4

4

x
c 

vr% y = 
3

4

x c

x
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mnkgj.k 5 ewy fcanq ls xqtjus okyh ljy js[kkvksa osQ oqQy dk vody lehdj.k Kkr dhft,A

gy  eku yhft, ewy fcanq ls xqtjus okyh ljy js[kkvksa osQ oqQy dk lehdj.k y = mx gSA

blfy, 
dy

dx
= m

m dks foyqIr djus ij gesa  y = 
dy

dx
. x ;k x

dy

dx
 – y = 0 izkIr gksrk gSA

mnkgj.k 6 ,d ry esa lHkh v{kSfrt js[kkvksa dk vody lehdj.k Kkr dhft,A
gy ry esa lHkh v{kSfrt js[kkvksa dk O;kid lehdj.k ax + by = c, gS tgk¡ a ≠ 0 gSA

blfy,]  
dx

a b
dy

 = 0

iqu% nksuksa i{kksa dk y osQ lkis{k vodyu djus ij gesa

2

2

d x
a

dy
 = 0 ⇒ 

2

2

d x

dy
= 0 izkIr gksrk gS

mnkgj.k 7 ml oØ dk lehdj.k Kkr dhft, ftlosQ ewy fcanq osQ vfrfjDr fdlh vU; fcanq

ij Li'kZ js[kk dh izo.krk 
y

y
x

  gSA

gy  fn;k gS  
dy y

y
dx x

   = 
1

1y
x

       

⇒ 
1

1
dy

dx
y x

        

nksuksa i{kksa dk lekdyu djus ij gesa izkIr gksrk gS

logy = x + logx + c  ⇒ log
y

x
  
    = x + c

⇒ 
y

x
= ex + c = ex.ec   ⇒

y

x
= k  ex

⇒ y = kx . ex
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nh?kZ mÙkjh; iz'u (L.A.)

mnkgj.k 8  fcanq (1] 1) ls xqtjus okys ,d ,sls oØ dk lehdj.k Kkr dhft, ftldk fdlh
fcanq P(x, y) ls oØ osQ vfHkyac dh ewy fcanq ls yacor nwjh P ls x –v{k dh nwjh osQ cjkcj gSA

gy  ekuk P(x, y) ls vfHkyac dk lehdj.k Y – y = ( )–
X –

dx
x

dy  vFkkZr~

Y + X
dx

dy
 – 

dx
y x

dy

  
     

 = 0 ...(1)

blfy, ewy fcanq ls (1) dh yacor~ nwjh

2

1

dx
y x

dy

dx

dy

 

  
     

...(2)

lkFk gh P dh x-v{k ls nwjh |y| gSA vr%
2

1

dx
y x

dy

dx

dy

 

  
     

= |y|

⇒ 
2

dx
y x

dy

⎛ ⎞
+⎜ ⎟

⎝ ⎠
 = 

2
2 1

dx
y

dy

    
           

 ⇒   2 2– 2 0
dx dx

x y xy
dy dy

  
    

  
 ⇒ 0

dx

dy
 

;k
dx

dy
= 2 2

2

–

xy

y x

fLFkfr I:  
dx

dy
 = 0  ⇒   dx = 0

nksuksa i{kksa dk lekdyu djus ij gesa x = k izkIr gksrk gSA x = 1 j[kus ij k = 1 izkIr gksrk gSA

blfy, oØ dk lehdj.k  x = 1 gSA (;g laHko ugha gS blfy, bldks vLohdkj djrs gSa)
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fLFkfr II:
dx

dy
= 

2 2

2 2

2

2

x y dy y x

dx xyy x

   
 . vc  y = vx, j[kus ij ge izkIr djrs gSa

2 2 2

22

dv v x x
v x

dx vx

      ⇒  
2 1

2

dv v
x v

dx v

−
= −  = 

2(1 )

2

v

v

− +

       ⇒  2

2

1

v dx
dv

xv

  
 

nksuksa i{kksa dk lekdyu djus ij ge izkIr djrs gSa fd

log (1 + v2) = – logx + logc      ⇒ log (1 + v2) (x) = log c ⇒ (1 + v2) x = c

⇒ x2 + y2 = cx.  vc x = 1 rFkk y = 1 j[kus ij c = 2 izkIr gksrk gSA

blfy, x2 + y2 – 2x = 0 ok¡fNr lehdj.k gSA

mnkgj.k 9 fcanq 1,
4

   
     ls tkus okys oØ dk lehdj.k Kkr dhft, ;fn fdlh fcanq P (x, y)

ij oØ dh Li'kZ js[kk dh izo.krk 2cos
y y

x x
−  gSA

gy  fn, x, izfrca/ osQ vk/kj ij 2cos
dy y y

dx x x
= − ... (i)

;g ,d le?kkrh; vody lehdj.k gSA blesa y = vx, j[kus ij ge izkIr djrs gSa

v + x 
dv

dx
 = v  – cos2v ⇒

dv
x

dx
 = – cos2v

⇒ sec2v dv = 
dx

x
− ⇒ tan v = – logx + c

⇒ tan  log
y

x c
x
+ = ...(ii)
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x = 1 rFkk y = 
4

 
j[kus ij geas  c = 1 izkIr gksrk gSA bl izdkj

tan 
y

x
  
     + log x = 1 ok¡fNr lehdj.k gSA

mnkgj.k 10 
2 dy

x xy
dx

  =  1 + cos 
y

x
⎛ ⎞
⎜ ⎟
⎝ ⎠

, x ≠ 0 rFkk tc x = 1 rc y = 
2

π
 gS dks gy dhft,A

gy  fn, x, lehdj.k dks fuEu izdkj ls fy[kk tk ldrk gSA

2 dy
x xy

dx
  =  2cos2 

2

y

x
⎛ ⎞
⎜ ⎟
⎝ ⎠

, x ≠ 0

⇒  

2

2

1
2cos

2

dy
x xy

dx
y

x

 
 

  
    

  ⇒  
2

2
sec

2
1

2

y
dyx

x xy
dx

  
            

nksuksa i{kksa dks x3  ls foHkkftr djus ij gesa izkIr gksrk gS

2

2 3

sec
12

2

y dy
x y

x dx
x x

⎛ ⎞ ⎡ ⎤−⎜ ⎟ ⎢ ⎥⎝ ⎠ =⎢ ⎥
⎢ ⎥
⎣ ⎦

⇒ 3

1
tan

2

d y

dx x x

             

nksuksa i{kksa dk lekdyu djus ij

2

1
tan

2 2

y
k

x x

         

vc x = 1 rFkk  y =  
2

 
 j[kus ij

k = 
3

2
  blfy,] 2

1 3
tan

2 22

y

x x

          ok¡fNr gy gSA
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mnkgj.k 11 crkb, fd lehdj.k xdy – ydx = 2 2x y dx fdl izdkj dk vody lehdj.k

gS rFkk bls gy dhft,A

gy  fn, x, lehdj.k x dy =   2 2x y y dx  ,

vFkkZr~]
2 2x y ydy

dx x

  
 ... (1)

;g lehdj.k ,d le?kkrh; vody lehdj.k gSA lehdj.k (1) esa  y = vx, j[kus ij

2 2 2x v x vxdv
v x

dx x

  
  vFkkZr~ 21

dv
v x v v

dx
    

21
dv

x v
dx

  ⇒ 21

dv dx

xv
 

 ... (2)

(2) osQ nksuksa i{kksa dk lekdyu djus ij%

log (v + 21 v ) = logx + logc ⇒  v + 21 v  = cx

⇒    
y

x
 + 

2

2
1

y

x
  = cx ⇒   y + 2 2x y  = cx2

oLrqfu"B iz'u  (Objective Type Questions)

mnkgj.k 12 ls 21 rd izR;sd osQ fy, fn, x, pkj fodYiksa esa ls lgh fodYi pqfu,&

mnkgj.k 12 vody lehdj.k
23 2

2
1

dy d y

dx dx

⎛ ⎞⎛ ⎞+ = ⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠

 dh ?kkr gS

(A) 1 (B) 2 (C) 3 (D) 4

gy  lgh mÙkj (B) gSA
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mnkgj.k 13 vody lehdj.k 
22 2

2
2 2

3 log
d y dy d y

x
dxdx dx

⎛ ⎞⎛ ⎞+ = ⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠

 dh ?kkr gS

(A) 1 (B) 2 (C) 3 (D) ifjHkkf"kr ugha gS

gy  lgh mÙkj (D) gSA fn;k x;k vody lehdj.k vodytksa esa cgqin lehdj.k ugha gSA
blfy, bldh ?kkr ifjHkkf"kr ugha gSA

mnkgj.k 14 vody lehdj.k 

22 2

2
1

dy d y

dx dx

⎡ ⎤⎛ ⎞+ =⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

  osQ Øe'k% dksfV vkSj ?kkr gSa

(A) 1, 2 (B) 2, 2 (C) 2, 1  (D) 4, 2

gy  lgh mÙkj (C) gSA

mnkgj.k 15 nh xbZ f=kT;k a osQ lHkh o`Ùkksa osQ vody lehdj.k dh dksfV gS

(A) 1 (B) 2 (C) 3 (D) 4

gy  lgh mÙkj (B) gSA ekuk fn, x, o`Ùk oqQy dk lehdj.k  (x – h)2 + (y – k)2 = a2  gSA blesa
nks LosPN vpj h vkSj k gSaA blfy, fn, x, vody lehdj.k dh dksfV 2 gksxhA

mnkgj.k 16 vody lehdj.k 2 . –
dy

x y
dx

= 3 dk gy fdl oqQy dks fu:fir djrk gS\

(A) ljy js[kkvksa (B) o`Ùkksa (C) ijoy;ksa  (D) nh?kZ o`Ùkksa

gy  lgh mÙkj (C) gSA fn, x, lehdj.k dks bl izdkj fy[kk tk ldrk gS

2

3

dy dx

y x
 

   ⇒  2log (y + 3) = logx + logc

⇒ (y + 3)2 = cx lgh gS tks ijoy;ksa osQ ,d oqQy dks fu:fir djrk gSA

mnkgj.k 17 vody lehdj.k 
dy

dx
 (x log x) + y = 2logx dk lekdyu xq.kd gS

(A) ex (B) log x (C) log (log x) (D) x
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gy  lgh mÙkj (B) gSA fn, x, lehdj.k dks 
2

log

dy y

dx x x x
   osQ :i esa fy[k ldrs gSaA

blfy, I.F. = 
1

log
dx

x x
e
∫   =  elog (logx)    =  log x.

mnkgj.k 18 vody lehdj.k 
2

0
dy dy

x y
dx dx

         
dk ,d gy gS

(A) y = 2 (B) y = 2x   (C) y = 2x – 4 (D) y = 2x2 – 4

gy  lgh mÙkj (C) gSA

mnkgj.k 19 fuEu esa ls dkSu lk x vkSj  y esa le?kkrh; iQyu ugha gSA

(A) x2 + 2xy (B) 2x  – y   (C)  
2cos

y y

x x
       (D) sinx – cosy

gy  lgh mÙkj (D) gSA

mnkgj.k 20 vody lehdj.k 0
dx dy

x y
+ =  dk gy gS

(A) 
1 1

c
x y
+ = (B) logx . logy = c  (C)  xy = c (D) x + y = c

gy  lgh mÙkj (C) gSA fn, x, lehdj.k ls gesa logx + logy = logc izkIr gksrk gS ftlls
xy = c feyrk gSA

mnkgj.k 21 vody lehdj.k 22
dy

x y x
dx

   dk gy gS

(A) 
2

24

x c
y

x

+
= (B) 

2

4

x
y c= +  (C)  

4

2

x c
y

x

+
= (D) 

4

24

x c
y

x

+
=

gy lgh mÙkj (D) gSA  I.F. = 2
2

2log log 2dx x xxe e e x
    . blfy, bldk gy gS

y . x2 = 
4

2 .
4

x
x xdx k= +∫ , vFkkZr~  y = 

4

24

x c

x
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mnkgj.k 22 fuEufyf[kr esa fjDr LFkkuksa dks Hkfj,&

    (i) ijoy;ksa  y2 = 4ax osQ oqQy dks fu:fir djus okys vody lehdj.k dh dksfV
.................. gSA

   (ii) vody lehdj.k 

23 2

2
0

dy d y

dx dx

⎛ ⎞⎛ ⎞ + =⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠

 dh ?kkr  .................. gSA

  (iii) vody lehdj.k tan x dx + tan y dy = 0 osQ fof'k"V gy esa LosPN vpjksa dh la[;k
.................. gSA

  (iv) F (x, y) = 
2 2x y y

x

+ +
  dk ?kkr ..................gSA

   (v)  vody lehdj.k 
dx

dy
=

2 2log

log

x
x x

y

x
xy

y

  
     

  
    

 dks gy djus osQ fy, mi;qDr izfrLFkkiu

................. gSA

  (vi) vody lehdj.k dy
x y

dx
−  = sinx dk lekdyu x.kd (I.F.)  ............... gSA

 (vii) vody lehdj.k x ydy
e

dx
−=  dk O;kid gy ................... gSA

(viii) vody lehdj.k 1
dy y

dx x
+ =   dk O;kid gy ................... gSA

  (ix) oØksa osQ oqQy y = A sinx + B cosx is dks fu:fir djus okyk vody lehdj.k
.......................gSA

   (x) tc 
2

1 ( 0)
xe y dx

x
dyx x

−⎛ ⎞
− = ≠⎜ ⎟⎜ ⎟

⎝ ⎠
dks P Q

dy
y

dx
+ = , osQ :i esa fy[krs gSa rc

P =  ................ gSA

gy

    (i) ,d_ LosPN vpj osQoy a gSA
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   (ii) nks_ D;ksafd lcls vf/d dksfV osQ vodyt dh ?kkr nks gSA
  (iii) 'kwU;_ fdlh vody lehdj.k osQ fof'k"V gy esa dksbZ Hkh LosPN vpj ugha gksrk gSA
  (iv) 'kwU;
   (v) x = vy

  (vi)
1

x
; fn, x, vody lehdj.k dks  

sindy y x

dx x x
− =  :i esa fy[k ldrs gSa vkSj blfy,

I.F. = 
1

dx
xe

   = e–logx =
1

x
.

 (vii) ey = ex + c fn, x, lehdj.k ls eydy = exdx izkIr gksrk gSA

(viii) xy = 
2

2

x
c ; I.F. = 

1
dx

xe
  = elogx = x rFkk gy y . x = .1x dx = 

2

C
2

x
+  gSA

  (ix)
2

2
0;

d y
y

dx
+ = fn, x, iQyu dks x osQ lkis{k mÙkjksÙkj vodyu djus ij gesa izkIr gksrk gS

dy

dx
 = Acosx – Bsinx vkSj  

2

2

d y

dx
 = –Asinx – Bcosx

⇒
2

2

d y

dx
 + y = 0 vody lehdj.k gSA

   (x)
1

x
; fn, x, lehdj.k dks

dy

dx
 = 

–2 xe y

x x
 vFkkZr~

dy

dx
 + 

y

x
 = 

–2 xe

x
 izdkj ls fy[k ldrs gSaA

;g 
dy

dx
 + Py = Q izdkj dk vody lehdj.k gSA

mnkgj.k 23 crkb, fd fuEufyf[kr dFku lR; gSa ;k vlR; gSa&
    (i) nh?kZ o`Ùkksa ftudk osaQnz ewy fcanq ij rFkk ukfHk;k¡ x-v{k ij gSa dks fu:fir djus okys

vody lehdj.k dh dksfV 2 gSA

   (ii) vody lehdj.k 
2

2
1

d y

dx
+ = x + 

dy

dx
 dh ?kkr ifjHkkf"kr ugha gSA
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  (iii) 5
dy

y
dx

   ,d P Q
dy

y
dx

+ =  izdkj dk vody lehdj.k gS ijarq bls pj ìFkDdj.kh;

fof/ ls Hkh gy dj ldrs gSaA

  (iv) F(x, y) = 

cos

cos

y
y x

x
y

x
x

⎛ ⎞+⎜ ⎟
⎝ ⎠
⎛ ⎞
⎜ ⎟
⎝ ⎠

le?kkrh; iQyu ugha gSA

   (v) F(x, y) = 
2 2x y

x y

 
  dksfV 1 dk le?kkrh; iQyu gSA

  (vi) vody lehdj.k cos
dy

y x
dx

   dk lekdyu xq.kd ex gSA

 (vii) vody lehdj.k x(1 + y2)dx + y (1 + x2)dy = 0 dk O;kid gy (1 + x2) (1 + y2) = k gSA

(viii) vody lehdj.k sec
dy

y x
dx

+ = tanx dk O;kid gy y (secx – tanx) = secx – tanx + x + k gSA

  (ix) vody lehdj.k y2 2 1 0
dy

y
dx

    dk ,d gy x + y = tan–1y gSA

   (x) vody lehdj.k 
2

2
2

d y dy
x xy x

dxdx
    dk ,d fof'k"V gy y = x gSA

gy

    (i) lR;_ D;ksafd fn, x, oqQy dks fu:fir djus okyk lehdj.k 
2 2

2 2
1

x y

a b
   gS ftlesa nks

LosPN vpj gSaA

   (ii) lR;_ D;ksafd ;g vius vodytksa esa cgqin lehdj.k ugha gSA

  (iii) lR;_

  (iv) lR;_ D;ksafd  f ( λx, λy) = λ° f (x, y)
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   (v) lR;_ D;ksafd  f ( λx, λy) = λ1 f (x, y)

  (vi) vlR;_ D;ksafd I.F = 1 –dx xe e
   

 (vii) lR;_ D;ksafd fn, x, lehdj.k dks fuEu izdkj fy[k ldrs gSa

2 2

2 2

1 1

x y
dx dy

x y

  
  

⇒ log (1 + x2) = – log (1 + y2) + log k

⇒ (1 + x2) (1 + y2) = k

(viii) vlR;_ D;ksafd I.F. =  sec log(sec tan )xdx x xe e    =  secx + tanx, blfy, gy gS

y (secx + tanx) = (sec tan ) tanx x xdx  = ( )2sec  tan  + sec 1x x x dx−∫
=  secx + tanx – x +k

  (ix) lR;_  x + y = tan–1y   ⇒ 2

1
1

1

dy dy

dx dxy
  

 

⇒ 
2

1
–1 1

1

dy

dx y

⎛ ⎞
=⎜ ⎟

+⎝ ⎠
, vFkkZr~, 

2

2

(1 )dy y

dx y

    tks fn, x, lehdj.k

   (x) vlR;] D;ksafd y = x, fn, x, lehdj.k dks larq"V ugha djrk gSA

9.3  iz'ukoyh

y?kq mÙkjh; iz'u Short Answer (SA)

1. 2y xdy

dx
  dk gy Kkr dhft,

2. ,d ry esa lHkh js[kk,¡ tks mQèokZ/j ugha gSa osQ fy, vody lehdj.k Kkr dhft,A

3. fn;k gS fd  
2 ydy

e
dx

   vkSj tc x = 5  rc  y = 0 gSA tc y = 3 gS rc x dk eku

Kkr dhft,A
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  4. vody lehdj.k  (x2 – 1) 
dy

dx
 + 2xy = 2

1

1x   dks gy dhft,A

  5. vody lehdj.k 2
dy

xy y
dx

  dks gy dhft,A

  6.
mxdy

ay e
dx

  dk O;kid gy Kkr dhft,A

  7. vody lehdj.k 1 x ydy
e

dx
   dks gy dhft,A

  8. ydx – xdy = x2ydx dks gy dhft,A

  9. vody lehdj.k 
dy

dx
= 1 + x + y2 + xy2, dks gy dhft, tc y = 0, x = 0

10. (x + 2y3) 
dy

dx
= y dk O;kid gy Kkr dhft,A

11. ;fn  y (x) lehdj.k 
2 sin

1

x dy

y dx

   
     = – cosx dk gy gS vkSj  y (0) = 1, gS rc 

2
y

   
    

dk eku Kkr dhft,A

12. ;fn (1 + t) 
dy

dt
– ty = 1 dk  y(t) ,d gy gS vkSj  y (0) = – 1 gS rks fn[kkb, fd

y (1) = –
1

2

13. og vody lehdj.k Kkr dhft, ftldk O;kid gy y = (sin–1x)2 + Acos–1x + B gS
tgk¡ A vkSj B LosPN vpj gaSA

14. mu lHkh o`Ùkksa osQ lehdj.k dk vody lehdj.k Kkr dhft, tks ewy fcanq ls gksdj tkrs
gSa rFkk osaQnz y-v{k ij fLFkr gSA

15. ml oØ dk lehdj.k Kkr dhft, tks ewy fcanq ls gksdj tkrk gS vkSj vody lehdj.k

2 2(1 ) 2 4
dy

x xy x
dx

   dks larq"V djrk gSA

16. x2
dy

dx
 = x2 + xy + y2 dks gy dhft,A
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17. vody lehdj.k (1 + y2) + (x – etan–1y)
dy

dx
 = 0 dk O;kid gy Kkr dhft,A

18. y2dx + (x2 – xy + y2) dy = 0 dk O;kid gy Kkr dhft,A
19. (x + y) (dx – dy) = dx + dy dks gy dhft,A  [laosQr % dx  vkSj  dy dks i`Fkd djus osQ

i'pkr  x + y = z jf[k, ]

20. 2 (y + 3) – xy 
dy

dx
= 0 dks gy dhft, tcfd y (1) = – 2 fn;k gSA

21. vody lehdj.k  dy = cosx (2 – y cosecx) dx  dks gy dhft,] fn;k gS fd 
2

x
π

=  rc

y = 2 gSA
22. Ax2 + By2 = 1 ls A  vkSj B dks foyqIr djosQ vody lehdj.k cukb,A
23. vody lehdj.k (1 + y2) tan–1x dx + 2y (1 + x2) dy = 0 dks gy dhft,A
24. osQanz (1, 2) okys lHkh ldsanzh o`Ùkksa osQ oqQy dk vody lehdj.k Kkr dhft,A

nh?kZ mÙkjh; iz'u Long  Answer (L.A.)

25. ( )
d

y xy
dx

+  = x (sinx + logx) dks gy dhft,A

26. (1 + tany) (dx – dy) + 2xdy = 0 dk O;kid gy Kkr dhft,A

27.
dy

dx
 = cos(x + y) + sin (x + y) dks gy dhft, [laosQr : x + y = z jf[k,]

28. 3 sin 2
dy

y x
dx

   dk O;kid gy Kkr dhft,A

29. fcanq (2] 1) ls tkus okys ml oØ dk lehdj.k Kkr dhft, ftldk fdlh Hkh fcanq   (x,

y)  ij Li'kZ js[kk dh izo.krk 
2 2

2

x y

xy

 
gSA

30. fcanq (1, 0) ls tkus okys ml oØ dk lehdj.k Kkr dhft, ftlosQ fdlh Hkh fcanq

(x, y) ij Li'kZ js[kk dh izo.krk 2

1y

x x

 
  gSA

31. ewy fcanq ls xqtjus okys oØ dk lehdj.k Kkr dhft, ;fn bl oØ osQ fdlh fcanq
(x, y) ij Li'kZ js[kk dh izo.krk bl fcanq osQ x funsZ'kkad (Hkqt) rFkk y  funsZ'kkad (dksfV)
osQ varj osQ oxZ osQ cjkcj gSA
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32. fcanq (1, 1) ls xqtjus okys ml oØ dk lehdj.k Kkr dhft, ftlosQ fdlh fcanq
P (x, y) ls [khaph xbZ Li'kZ js[kk] funsZ'kkad v{kksa ls A vkSj B  ij bl izdkj feyrh gS fd
AB dk eè; fcanq P gSA

33.
dy

x y
dx

  (log y – log x + 1) dks gy dhft,A

oLrqfu"B iz'u  (Objective type)

iz'u 34 ls 75 rd (M.C.Q) izR;sd osQ fy, fn, x, pkj fodYiksa esa ls lgh mÙkj pqfu,&

34. vody lehdj.k 

2 22

2
sin

d y dy dy
x

dx dxdx

⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ =⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎝ ⎠

dh ?kkr gS

(A) 1 (B) 2 (C) 3 (D) ifjHkkf"kr ugha gS

35. vody lehdj.k  

3
2 22

2
1

dy d y

dx dx

⎡ ⎤⎛ ⎞+ =⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

dh ?kkr gS

(A) 4 (B) 
3

2
(C) ifjHkkf"kr ugha (D) 2

36. vody lehdj.k 

1
12

4
5

2
+ 0

d y dy
x

dxdx

        
, osQ dksfV vkSj ?kkr Øe'k% gSa

(A) 2 vkSj ifjHkkf"kr ugha  (B) 2 vkSj 2 (C) 2 vkSj 3  (D) 3 vkSj 3

37. ;fn y = e–x (Acosx + Bsinx), rc y ,d gy gS

(A) 
2

2
2 0

d y dy

dxdx
  (B) 

2

2
2 2 0

d y dy
y

dxdx
− + =

(C) 
2

2
2 2 0

d y dy
y

dxdx
   (D) 

2

2
2 0

d y
y

dx
+ =

38.  y = A cos αx + Bsin αx, tgk¡  A vkSj B LosN vpj gaS osQ fy, vody lehdj.k gS

(A) 
2

2
2

0
d y

y
dx

   (B) 
2

2
2

0
d y

y
dx

   

(C) 
2

2
0

d y
y

dx
   (D) 

2

2
0

d y
y

dx
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39. vody lehdj.k xdy – ydx = 0 dk gy fu:fir djrk gS ,d
(A) ledks.kh; vfrijoy; (rectangular hyperbola)
(B) ijoy; ftldk 'kh"kZ ewy facanq ij gS
(C) ewy fcanq ls gksdj tkus okyh ljy js[kk
(D) o`Ùk ftldk osQanz ewy fcanq ij gS

40. vody lehdj.k cosx 
dy

dx
+ ysinx = 1 dk lekdyu xq.kd gSA

(A) cosx (B) tanx (C) secx  (D) sinx

41. vody lehdj.k tany sec2x dx + tanx sec2ydy = 0 dk gy gSA

(A) tanx + tany = k (B) tanx – tany = k

(C) 
tan

tan

x
k

y
 (D)  tanx . tany = k

42. y = Ax + A3 }kjk fu:fir oØksa osQ oqQy osQ vody lehdj.k dh ?kkr gS

(A) 1 (B) 2 (C) 3  (D) 4

43.
xdy

dx
– y = x4 – 3x dk lekdyu xq.kd gS :

(A) x (B) logx (C) 
1

x
(D) – x

44. 1
dy

y
dx

   dk gy tc]  y (0) = 1 gS

(A) xy  = – ex (B) xy  = – e–x (C) xy  = – 1 (D) y  = 2 ex – 1

45.
1

1

dy y

dx x

+
=

−  ] tc  y (1) = 2 gS osQ gyksa dh la[;k gSA

(A) dksbZ ugha (B) ,d (C) nks (D) vuar
46. fuEu ls dkSu lk vody lehdj.k dksfV 2 dk gS\

(A) (y′)2 + x = y2 (B) y′y′′ + y = sinx

(C) y′′′ + (y′′)2 + y = 0 (D) y′ =  y2
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47. vody lehdj.k (1 – x2) 1
dy

xy
dx

− =  dk lekdyu xq.kd gS

(A) – x (B) 21

x

x (C) 21 x     (D) 
1

2
log (1 – x2)

48. tan–1 x + tan–1 y = c fdl vody lehdj.k dk O;kid gy gS\

(A) 
2

2

1

1

dy y

dx x

+
=

+ (B) 
2

2

1

1

dy x

dx y

+
=

+

(C) (1 + x2) dy + (1 + y2) dx = 0 (D) (1 + x2) dx + (1 + y2) dy = 0

49. vody lehdj.k  y 
dy

dx
+ x = c fu:fir djrk gS

(A) vfrijoy; osQ oqQy dks (B) ijoy; osQ oqQy dks
(C) nh?kZ o`Ùkksa osQ oqQy dks (D) o`Ùkksa osQ oqQy dks

50. ex cosy dx – ex siny dy = 0 dk O;kid gy gS
(A) ex cosy = k (B) ex siny = k

(C) ex  = k cosy (D) ex  = k siny

51. vody lehdj.k  
32

5
2

6 0
d y dy

y
dxdx

⎛ ⎞+ + =⎜ ⎟
⎝ ⎠

 dh ?kkr gS

(A) 1 (B) 2 (C) 3    (D) 5

52.
– (0) 0xdy

y e y
dx

+ = =tc  dk gy gS

(A) y = ex (x – 1) (B) y = xe–x

(C) y = xe–x + 1 (D) y = (x + 1)e–x

53. vody lehdj.k  tan –sec 0
dy

y x x
dx

   dk lekdyu xq.kd gS

(A) cosx (B) secx (C) ecosx    (D) esecx

54. vody lehdj.k 
2

2

1

1

dy y

dx x

  
 dk gy gS

(A) y = tan–1x (B) y – x = k (1 + xy)

(C) x = tan–1y (D) tan (xy) = k
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55. vody lehdj.k  
1dy y

y
dx x

+
+ =  dk lekdyu xq.kd gS

(A) x

x

e
(B) 

xe

x
(C) xex (D) ex

56. y = aemx + be–mx fuEu esa ls fdl vody lehdj.k dks larq"V djrk gS

(A) 0
dy

my
dx

  (B) 0
dy

my
dx

    (C) 
2

2
2

0
d y

m y
dx

    (D) 
2

2
2

0
d y

m y
dx

  

57. vody lehdj.k cosx siny dx + sinx cosy dy = 0 dk gy gS

(A) 
sin

sin

x
c

y
 (B) sinx siny = c

(C) sinx + siny = c (D) cosx cosy = c

58.
dy

x
dx

+ y = ex dk gy gS

(A) y = 
xe k

x x
 (B) y = xex + cx   (C) y = xex + k   (D) x = 

ye k

y y
 

59. oØ oqQy x2 + y2 – 2ay = 0, tgk¡ a ,d LosPN vpj gS dk vody lehdj.k gS

(A) (x2 – y2)  
dy

dx
= 2xy (B) 2 (x2 + y2)  

dy

dx
= xy

(C) 2 (x2 – y2)  
dy

dx
= xy (D) (x2 + y2) 

dy

dx
 = 2xy

60. oØ oqQy  y = Ax + A3 ml vody lehdj.k osQ rnuq:ih (laxr) gS ftldh dksfV gS
(A) 3 (B) 2 (C) 1 (D) ifjHkkf"kr ugha gS

61.
dy

dx
 = 2x 

2x ye −  dk O;kid gy gS

(A) 
2x ye − = c (B) e–y + 

2xe = c  (C) ey =  
2xe + c  (D) 

2xe + y = c

62. og oØ ftlosQ fy, fdlh fcanq ij Li'kZ js[kk dh izo.krk ml fcanq osQ x&v{k (Hkqt) rFkk
y&v{k (dksfV) osQ vuqikr osQ cjkcj gS og gS

(A) nh?kZ o`Ùk (B) ijoy; (C) o`Ùk (D) ledks.kh; vfrijoy;
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63. vody lehdj.k 
2

2

xdy
e

dx
 + xy dk O;kid gy gS

(A) 

2

2

x

y ce
 

 (B) 

2

2

x

y ce (C) 

2

2( )
x

y x c e= +        (D) 

2

2( )
x

y c x e  
64. lehdj.k  (2y – 1) dx – (2x + 3)dy = 0 dk gy gS

(A) 
2 1

2 3

x
k

y

  
 (B) 

2 1

2 3

y
k

x

+
=

−   (C) 
2 3

2 1

x
k

y

  
           (D) 

2 1

2 1

x
k

y

  
 

65. vody lehdj.k ftldk ,d gy  y = acosx + bsinx gS

(A) 
2

2

d y

dx
+ y = 0 (B) 

2

2

d y

dx
– y = 0

(C) 
2

2

d y

dx
+ (a + b) y = 0 (D) 

2

2

d y

dx
+ (a – b) y = 0

66.
dy

dx
+ y = e–x, y (0) = 0 dk gy gS

(A) y = e–x (x – 1)  (B) y =  xex (C) y = xe–x  + 1   (D) y =  xe–x

67. vody lehdj.k  

2 43 2
4

3 2
3 2

d y d y dy
y

dxdx dx

               dh dksfV rFkk ?kkr Øe'k: gS

(A) 1, 4 (B) 3, 4 (C) 2, 1 (D) 3, 2

68. vody lehdj.k 

2 2

2
1

dy d y

dx dx

⎡ ⎤⎛ ⎞+ =⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

dh dksfV rFkk ?kkr Øe'k: gS

(A) 2,
3

2
(B) 2, 3 (C) 2, 1 (D) 3, 4

69. oØ oqQy  y2 = 4a (x + a) dk vody lehdj.k gS

(A) 
2 4

dy dy
y x

dx dx
⎛ ⎞= +⎜ ⎟
⎝ ⎠

(B) 2 4
dy

y a
dx

 

(C) 
22

2
0

d y dy
y

dxdx
        (D) 

2

2 –
dy dy

x y y
dx dx

⎛ ⎞+ ⎜ ⎟
⎝ ⎠
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70.
2

2
2 0

d y dy
y

dxdx
− + =  dk fuEu esa ls dkSu lk O;kid gy gS

(A) y = (Ax + B)ex (B) y = (Ax + B)e–x

(C) y = Aex + Be–x (D) y = Acosx + Bsinx

71. tan sec
dy

y x x
dx

+ =  O;kid gy gS

(A) y secx = tanx + c (B) y tanx = secx + c

(C) tanx = y tanx + c (D) x secx = tany + c

72. vody lehdj.k sin
dy y

x
dx x

   dk gy gS

(A) x (y + cosx) = sinx + c (B) x (y – cosx) = sinx + c
(C) xy cosx  = sinx + c (D) x (y + cosx)  = cosx + c

73. vody lehdj.k (ex + 1) ydy = (y + 1) exdx dk O;kikd gy gS
(A) (y + 1) = k (ex + 1) (B) y + 1 = ex + 1 + k

(C) y = log {k (y + 1) (ex + 1)} (D) 
1

log
1

xe
y k

y

          

74. vody lehdj.k  
dy

dx
= ex–y + x2 e–y dk gy gS

(A) y = ex–y – x2 e–y + c (B) ey – ex = 
3

3

x
+ c

(C) ex + ey = 
3

3

x
+ c (D) ex – ey = 

3

3

x
+ c

75. vody lehdj.k  2 2 2

2 1

1 (1 )

dy xy

dx x x
  

  dk gy gS

(A) y (1 + x2) = c + tan–1x (B)  21

y

x = c + tan–1x

(C) y log (1 + x2) = c + tan–1x (D)  y (1 + x2) = c + sin–1x

76.   uhps fn, x, iz'uksa  (i ls xi rd) esa fjDr LFkku Hkfj,&

(i) vody lehdj.k  
2

2
0

dy

dxd y
e

dx
   dh ?kkr  ................ gSA
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   (ii) vody lehdj.k  
2

1
dy

x
dx

        dh ?kkr  ................ gSA

  (iii) dksfV rhu osQ vody lehdj.k osQ O;kid gy esa LosPN vpjksa dh la[;k
................ gSA

  (iv)
1

log

dy y

dx x x x
    bl  ................  izdkj dk lehdj.k gSA

   (v) 1 1P Q
dx

y
dy

+ = izdkj osQ vody lehdj.k dk O;kid gy ................ gSA

  (vi) vody lehdj.k  
22

xdy
y x

dx
   dk gy  ................ gSA

 (vii) (1 + x2) 
dy

dx
+2xy – 4x2 = 0 dk gy  ................ gSA

(viii) vody lehdj.k  ydx + (x + xy)dy = 0 dk gy  ................ gSA

  (ix)
dy

y
dx

 = sinx dk O;kid gy  ................ gSA

   (x) vody lehdj.k  coty dx = xdy dk gy  ................ gSA

  (xi)
1dy y

y
dx x

   dk lekdyu xq.kd  ................ gSA

77. crkb, fd fn, x, dFku lR; gSa ;k vlR; gSa\

    (i) vody lehdj.k 1 1Q
dx

p x
dy

+ =  osQ lekdyu xq.kd dks 1p dy
e∫  ls fy[kk

tkrk gSA

   (ii) 1 1Q
dx

p x
dy

+ =  izdkj osQ vody lehdj.k osQ gy dks

 x (I.F.) = 1(I.F) Q dy   }kjk fn;k tkrk gSA

  (iii) ( , )
dy

f x y
dx

 , tgk¡  f (x, y) ,d 'kwU; ?kkr okyk le?kkrh; iQyu gS] dks gy

djus osQ fy, lgh izfrLFkkiu y = vx  gSA
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  (iv) ( , )
dx

g x y
dy

  tgk¡ g (x, y) ,d 'kwU; ?kkr okyk le?kkrh; iQyu gS] izdkj osQ

vody lehdj.k dks gy djus osQ fy, lgh izfrLFkkiu x = vy gSA

   (v) f}rh; dksfV osQ vody lehdj.k osQ fof'k"V gy esa LosPN vpjksa dh la[;k
nks gksrh gSA

  (vi) o`Ùkksa osQ oqQy x2 + (y – a)2 = a2 dks fu:fir djus okys vody lehdj.k dh
dksfV nks gksxhA

 (vii)

1

3dy y

dx x
       

 dk gy  
2

3y – 
2

3x = c gSA

(viii) oØksa osQ oqQy  y = ex (Acosx + Bsinx) dks fu:fir djus okyk vody

lehdj.k 
2

2
– 2 2 0

d y dy
y

dxdx
  gSA

  (ix) vody lehdj.k  
2dy x y

dx x

+
=  dk gy  x + y = kx2 gSA

   (x) tan
xdy y

y x
dx x

  dk gy sin
y

cx
x

        gSA

  (xi) ,d ry esa lHkh v{kSfrt (js[kk,¡ tks {kSfrt ugha gSa) ljy js[kkvksa dk vody

lehdj.k 
2

2
0

d x

dy
= gSA



10.1 lexz voyksdu (Overview)

10.1.1 ,d ,slh jkf'k ftlesa ifjek.k ,oa fn'kk nksuksa gksrs gSa] lfn'k dgykrh gSA

10.1.2 lfn'k a
r

 dh fn'kk esa ek=kd lfn'k | |
a
a

r
r  gksrk gS vkSj ftls $a ls fu:fir djrs gSaA

10.1.3 fdlh fcanq P (x, y, z) dh fLFkfr lfn'k  ˆˆ ˆOP xi y j z k= + +
uuur

 gksrk gS vkSj bldk ifjek.k

2 2 2| OP | x y z= + +
uuur

 gksrk gS] tgk¡ O ewy fcanq gSA

10.1.4  ,d lfn'k osQ vfn'k ?kVd blosQ fnd~&vuqikr gksrs gSa vkSj Øekxr v{kksa osQ lkFk
blosQ ^iz{ksi* dks fu:fir djrs gSaA

10.1.5 ,d lfn'k dk ifjek.k r, fnd~&vuqikr (a, b, c) vkSj fnd~&dkslkbu  l, m, n  fuEufyf[kr
:i ls lacaf/r gSa :

, ,
a b c

l m n
r r r

= = =

10.1.6  f=kHkqt dh rhuksa Hkqtkvksa dks Øekxr fu:fir djus okys lfn'kksa dk ;ksx 0
r
gksrk gSA

10.1.7   lfn'k osQ ;ksx osQ f=kHkqt fu;e osQ vuqlkj ¶;fn nks lfn'kksa dks fdlh f=kHkqt dh nks
Øekxr Hkqtkvksa ls fu:fir fd;k tk,] rks mudk ;ksx ;k ifj.kkeh lfn'k ml f=kHkqt dh
foijhr Øe esa yh xbZ rhljh Hkqtk ls fu:fir gksrk gSA¸

10.1.8 vfn'k xq.ku  ;fn a
r

 ,d fn;k gqvk lfn'k gS vkSj λ ,d vfn'k gS rks λ a
r

 ,d lfn'k gS]

ftldk ifjek.k  |λ a
r

| = |λ|  | a
r

|. ;fn λ /ukRed gS rks λ a
r

 dh fn'kk a
r

 dh fn'kk osQ leku

gksrh gS rFkk ;fn λ ½.kkRed gS rks λ a
r

 dh fn'kk  a
r
dh fn'kk osQ foijhr gksrh gSA

vè;k; 10

lfn'k chtxf.kr
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10.1.9 nks fcanqvksa dks feykus okyk lfn'k  ;fn P
1
 (x

1
, y

1
,z

1
) vkSj P

2
 (x

2
, y

2
,z

2
) dksbZ nks fcanq gSa

1 2 2 1 2 1 2 1
ˆˆ ˆP P ( ) ( ) ( )x x i y y j z z k= − + − + −

uuuur

2 2 2
1 2 2 1 2 1 2 1| P P | ( ) ( ) ( )x x y y z z= − + − + −

uuuur

10.1.10 [kaM lw=k  (Section formula)

,d fcanq R dk fLFkr lfn'k] tks fcanq P vkSj Q, ftuosQ fLFkfr lfn'k Øe'k% a
r  vkSj b

r
 gS dks

(i)    m : n osQ vuqikr esa var% foHkkftr djrk gS] 
na mb

m n

 
 

rr

 gksrk gS

(ii)    m : n osQ vuqikr esa ckg~; foHkkftr djrk gS] 
–

–

mb na

m n

r r

gksrk gS

10.1.11  lfn'k a
r
dk b

r
 osQ vuqfn'k iz{ksi 

.

| |

a b

b

rr
r gksrk gS vkSj a

r
dk b

r
osQ vuqfn'k iz{ksi lfn'k

.

| |
a b

b

⎛ ⎞
⎜ ⎟⎜ ⎟
⎝ ⎠

rr
b
r

 gksrk gSA

10.1.12 vfn'k xq.kuiQy (Scalar or dot product) nks lfn'kksa a
r

 vkSj b
r

 ftuosQ chp dk dks.k

θ gS] dk vfn'k xq.kuiQy a
r

. b
r

= | a
r

| | b
r

| cos θ }kjk ifjHkkf"kr gSA

10.1.13 lfn'k xq.kuiQy (Vector or cross product) nks lfn'kksa a
r

 vkSj b
r
] ftuosQ chp dk dks.k

θ gS] dk lfn'k xq.kuiQy a
r

 × b
r

 = | a
r

| |b
r

| sin θ n̂ ] tgk¡ n̂  ,d ek=kd lfn'k gS tks

a
r

 vkSj b
r

 dks varfoZ"V djus okys ry ij yac gS vkSj a
r

,b
r

, n̂  ,d nf{k.kkorhZ i¼fr fufeZr

djrs gSaA

10.1.14  ;fn a
r

 = 
1 2 3

ˆˆ ˆa i a j a k+ + vkSj b
r

= 
1 2 3

ˆˆ ˆb i b j b k+ + nks lfn'k gaS rFkk λ ,d vfn'k

gS rc

a
r

+ b
r

= 
1 1 2 2 3 3

ˆˆ ˆ( ) ( ) ( )a b i a b j a b k+ + + + +
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 λ a
r

= 
1 2 3

ˆˆ ˆ(λ ) (λ ) (λ )a i a j a k+ +

a
r

. b
r

= a
1
 b

1
+ a

2
 b

2 
+ a

3
 b

3

a
r

× b
r

= 1 1 1

2 2 2

ˆˆ ˆi j k

a b c

a b c
 = (b

1
c

2
 – b

2
c

1
) î  + (a

2
c

1
 – c

1
c

2
) ĵ  + (a

1
b

b
 – a

2
b

1
) k̂

nks lfn'kksa a
r
vkSj b

r
osQ chp dk dks.k fuEufyf[kr fu;e ls izkIr gksrk gS&

cos θ = 
.

| | | |

a b

a b

rr

rr =
1 1 2 2 3 3

2 2 2 2 2 2
1 2 3 1 2 3

a b a b a b

a a a b b b

+ +

+ + + +

10.2  gy fd, gq, mnkgj.k

y?kq mÙkjh; iz'u  Short Answer (S.A.)

mnkgj.k 1 lfn'kksa a
r

= ˆˆ ˆ2 2i j k− +  vkSj b
r

= – ˆˆ ˆ 3i j k+ + osQ ;ksx osQ vuqfn'k ek=kd lfn'k

Kkr dhft,A

gy  eku yhft, fd c
r

, a
r

 vkSj b
r

 osQ ;ksx dks O;Dr djrk gSA rc

 c
r

 = ˆ ˆˆ ˆ ˆ ˆ(2 2 ) ( 3 )i j k i j k− + + − + +  =  ˆˆ 5i k+

vc  2 2| | 1 5 26c = + =
r

blfy,] vHkh"V ek=kd lfn'k  $( ) $1 1 5
5

26 26 26

c
c i k i k

c
= = + = +

r
$ $ $r

mnkgj.k 2 ;fn fcanq P vkSj Q Øe'k% (1, 3, 2)  vkSj  (–1, 0, 8)  gS] rks PQ
uuur

, osQ foijhr fn'kk esa

ifjek.k 11 dk ,d lfn'k Kkr dhft,A

gy  lfn'k ftldk izkjafHkd fcanq P (1, 3, 2) gS vkSj vafre fcanq  Q (–1, 0, 8) gS] fuEufyf[kr gS
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PQ
uuur

= (– 1 – 1) î + (0 – 3) ĵ + (8 – 2) k̂  = – 2 î – 3 ĵ + 6 k̂

blfy, Q P
uuur

 = – PQ
uuur

 = ˆˆ ˆ2 3 6i j k+ −

2 2 2| | 2 3 (–6) 4 9 36 49 7QP⇒ = + + = + + = =
uuur

bl izdkj] QP
uuur

 dh fn'kk esa ek=kd lfn'k 
¶

ˆˆ ˆ2 3 6Q  PQ P
7| |Q  P

i j k    
uuur

uuur  gSA

vr% QP
uuur

 dh fn'kk esa ifjek.k 11 dk vHkh"V lfn'k fuEufyf[kr gS

11 ¶QP  = 11 
ˆˆ ˆ2 3 6

7

i j k    
     =  

22 33 66 ˆˆ ˆ –
7 7 7

i j k+ .

mnkgj.k 3 P vkSj Q nks fcanqvksa osQ fLFkfr lfn'k Øe'k% 2O P a b  
uuur ur ur

vkSj – 2OQ a b 
uuur ur ur

gSaA

,d ,sls fcanq R dk fLFkfr lfn'k Kkr dhft, tks PQ dks 1:2 osQ vuqikr esa  (i) var% vkSj (ii)
ckg~;r% foHkkftr djrk gSA

gy  (i) P vkSj Q dks 1:2 osQ vuqikr esa var% foHkkftr djus okys fcanq R dk fLFkfr lfn'k
fuEufyf[kr gS

2(2 ) 1( – 2 ) 5
OR

1 2 3

a a ab b    
 

ur ur ur ur ur
uuuur

      (ii) P vkSj Q dks 1% 2 osQ vuqikr esa ckg~;r% foHkkftr djus okys fcanq R′ dk fLFkfr lfn'k
fuEufyf[kr gS

2(2 ) 1( 2 )
3 4O R

2 1

aa bb a b
+ − −

= = +′
−

ur ur
uuuur ur ur

mnkgj.k 4 ;fn fcanq (–1, –1, 2), (2, m, 5) vkSj (3,11, 6) lajs[kh] gSa rks m dk eku Kkr dhft,A

gy  eku yhft, fd fn, gq, fcanq A (–1, –1, 2), B (2, m, 5) vkSj C (3, 11, 6) gSaA

rc      ˆˆ ˆA B (2 1) ( 1) (5 – 2)i m j k= + + + +
uuuur

 = ˆˆ ˆ3 ( 1) 3i m j k+ + +
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vkSj      ˆˆ ˆA C (3 1) (11 1) (6 2)i j k= + + + + −
uuuur

   = ˆˆ ˆ4 12 4i j k+ +

D;ksafd A, B, C, lajs[kh gS] A B
uuur

 = λ A C
uuuur

, vFkkZr~]

( ˆ ˆˆ ˆ ˆ ˆ3 ( 1) 3 ) λ (4 +12 +4 )i m j k i j k    

⇒  3 = 4 λ  vkSj  m + 1 = 12 λ

blfy, m = 8

mnkgj.k 5  ifjek.k 3 2  dk ,d lfn'k r
ur

 Kkr dhft, tks y vkSj z -v{kksa ls Øe'k%

dks.k 
π

4
vkSj 

π

2
 cukrk gSA

gy  ;gk¡  m = 
π 1

cos
4 2
=    vkSj  n = cos 

π

2
 = 0

blfy, l2 + m2 + n2 = 1  ls

l2 + 
1

2
+ 0   = 1

⇒ l   =  ±
1

2

vr% vHkh"V lfn'k r
ur

= 3 2  ˆˆ ˆ( )l i m j n k+ +

r
ur

= 3 2
1 1 ˆˆ ˆ( 0 )
2 2

i j k    ⇒  r
ur

= ˆ ˆ3 3i j± +

mnkgj.k 6 ;fn ˆˆ ˆ2 ,a i j k= − +
ur

b
ur

 =  î + ĵ  – ˆ2k  vkSj c
ur

= î + ˆ3j  – k̂ ] rks  λ dk og eku

Kkr dhft, ftlls a
r

 lfn'k b c 
r r  ij yac gksA

gy ge tkurs gSa fd
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λ b
ur

 + c
r

 = λ  ( î + ĵ  – 2 k̂  ) + ( î + 3 ĵ  – k̂ )

  = ( λ + 1)  î + (λ + 3 ) ĵ  – (2λ + 1) k̂

D;ksafd  a
r

 ⊥ (λ b
ur

 + c
r

) blfy,   a
r

 .(λ b
ur

 + c
r

) = 0

⇒ (2 î  – ĵ  + k̂ ) . [( λ + 1) î  + (λ + 3) ĵ  – (2λ + 1) k̂ ] = 0

⇒ 2 (λ + 1) – (λ + 3)  – (2λ + 1) = 0

⇒ λ = – 2

mnkgj.k 7  ifjek.k  10 3  okys mu lHkh lfn'kksa dks Kkr dhft, tks ˆˆ ˆ2i j k   vkSj

ˆˆ ˆ3 4i j k    dks varfoZ"V djus okys ry ij yac gksA

gy eku yhft, fd  a
r = ˆˆ ˆ2i j k   vkSj b

ur
 = ˆˆ ˆ3 4i j k    rc

ˆˆ ˆ

ˆˆ ˆ1 2 1 (8 3) (4 1) (3 2)

–1 3 4

i j k

a b i j k        
rr

  = 5 î  – 5 ĵ  + 5 k̂

⇒       2 2 2 2(5) ( 5) (5) 3(5) 5 3a b       
rr

blfy, a
r  vkSj b

ur
 osQ ry osQ yacor ek=kd lfn'k fuEufyf[kr gS

ˆˆ ˆ5 5 5

5 3

a b i j k

a b

    
 

rr
rr

vr% a
r  vkSj b

ur
 osQ ry osQ yacor 10 3 ifjek.k okyk lfn'k  

ˆˆ ˆ5 5 5
10 3

5 3

i j k         ,

vFkkZr~  ˆˆ ˆ10( )i j k    gSaA
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nh?kZ mÙkjh; iz'u  (L.A.)

mnkgj.k 8  lfn'kksa osQ iz;ksx }kjk fl¼ dhft, fd cos (A – B) = cosA cosB + sinA sinB

gy   ekuk ¶OP  vkSj ¶OQ ] ek=kd lfn'k gSa tks x-v{k dh /ukRed fn'kkvksa osQ lkFk Øe'k%  A

vkSj B dks.k cukrs gSaA rc ∠QOP = A – B [vkd`fr 10.1]

ge tkurs gSa fd ¶OP   = ˆ ˆOM + MP cosA + sin Ai j 
uuuur uuur

 vkSj

¶OQ = ˆ ˆON + NQ cos  + sin Bi B j=
uuur uuur

.

ifjHkk"kk ls  ¶ ¶ · ¶   OP. OQ OP OQ cos A-B 

 = cos (A – B) ... (1)

¶ ¶( )OP 1 OQ= =D;kasfd

?kVdksa osQ inksa esa]

¶ ¶OP. OQ = ˆ ˆ ˆ ˆ( cosA sin A).( cos B sin B)i j i j   = cosA cosB + sinA sinB         ... (2)

(1) vkSj (2), ls

cos (A – B) = cosA cosB + sinA sinB

mnkgj.k  9  fl¼ dhft, fd fdlh Δ ABC, esa 
sin A sin B sin C

a b c
  , tgk¡ a, b, c Øe'k% A,

B, C 'kh"kk±s dh lEeq[k Hkqtkvksa osQ ifjek.k dks fu:fir
djrs gSaA

gy   eku yhft, fd ,a b c
rr r
vkSj  }kjk fu:fir f=kHkqt

dh rhuksa Hkqtk,¡ Øe'k% BC, CA vkSj AB gSa
[vko`Qfr 10.2].

ge tkurs gSa fd 0a b c   
r rrr . vFkkZr~ a b c   

rr r

mi;qZDr lfedk dk a
r  }kjk ck,¡ vksj ls lfn'k xq.kuiQy

vko`Qfr 10-1

vko`Qfr 10-2
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rFkk b
r
}kjk nkfgus vksj ls lfn'k xq.kuiQy  izkIr djosQ ljy djus ij

a b b c c a     
r rr r r r

⇒ a b b c c a     
r rr r r r

⇒ sin ( – C) sin ( – A) sin ( – B)a b b c c a     
r rr r r r

⇒ ab sin C = bc sinA = ca sinB

izR;sd in dks  abc ls Hkkx nsus ij

sin C sin A sin B

c a b
   vFkkZr~ 

sin A sin B sin C

a b c
  

oLrqfu"B iz'u

mnkgj.k 10 ls 21 rd izR;sd eas fn, gq, pkj fodYiksa esa ls lgh mÙkj pqfu,&

mnkgj.k 10  lfn'k ˆˆ ˆ6 2 3i j k   dk ifjek.k gS

(A)  5 (B)  7 (C)  12 (D)   1

gy  lgh mÙkj (B) gSA

mnkgj.k 11  ml fcanq dk fLFkfr lfn'k] tks nks fcanqvksa] ftuosQ fLFkfr lfn'k Øe'k% a b 
rr vkSj

2a b 
rr  gSa] dks 1 : 2 osQ vuqikr esa foHkkftr djrk gS]

(A)  
3 2

3

a b 
rr

(B)  a
r (C)  

5

3

a b 
rr

(D)  
4

3

a b 
rr

gy  lgh mÙkj (D) gSSSA [kaM lw=k osQ iz;ksx ls vHkh"V fcanq dk fLFkfr lfn'k fuEufyf[kr gS

2( ) 1(2 ) 4

2 1 3

a b a b a b     
 

r r rr r r
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mnkgj.k 12  izkjafEHkd fcanq P (2, – 3, 5) vkSj vafre fcanq  Q(3, – 4, 7) okyk lfn'k gS

(A)  ˆˆ ˆ 2i j k  (B)  ˆˆ ˆ5 7 12i j k    (C)  ˆˆ ˆ 2i j k      (D)  buesa ls dksbZ ugha

gy  lgh mÙkj (A) gSA

mnkgj.k 13  lfn'k  ˆ ˆi j  vkSj lfn'k ˆĵ k  osQ chp dk dks.k gS

(A)  
3

 
(B)  

2

3

 
(C)  

3

  
(D)  

5

6

 

gy  lgh mÙkj (B) gSA lw=k  cosθ = 
.

.

a b

a b

rr
rr  dk iz;ksx dhft,A

mnkgj.k 14  x dk og eku ftlosQ fy, lfn'k ˆˆ ˆ2 2i j k    vkSj lfn'k ˆˆ ˆ3i j k    yacor gS

rks λ cjkcj gS

(A)  2 (B)  4 (C)  6 (D)  8

gy  lgh mÙkj (D) gSA

mnkgj.k 15    lekarj prqHkqZt] dk {ks=kiQy ftldh layXu Hkqtk,¡ ˆî k   vkSj ˆˆ ˆ2i j k   gS

(A)  2 (B)  3 (C)  3 (D)  4

gy  lgh mÙkj (B) gSA lekarj prqHkqZt dk {ks=kiQy ftldh layXu Hkqtk,¡ a b
rr

vkjS  gSa ˆa b r
 gksrk gSA

mnkgj.k 16  ;fn  a
r

= 8, 3b  
r

 vkSj  12a b  
rr

 gS] rks .a b
rr  cjkcj gS

(A)  6 3 (B)  8 3 (C)  12 3 (D)  buesa ls dksbZ ugha

gy  lgh mÙkj (C) gSA lw=k  .a b a b  
r rr r

|sinθ| osQ iz;ksx ls 
6

π
θ=±  A

blfy,,  .a b
rr  = . cosa b  

rr
 = 8 × 3 × 

3

2
 = 12 3
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mnkgj.k 17  nks lfn'k ˆ ˆˆ ˆ ˆ3 4j k i j k+ − +vkSj  fdlh ΔABC dh Øe'k% nks Hkqtkvksa AB vkSj AC

dks fu:fir djrs gSaA fcanq  A ls gks dj tkus okyh efè;dk (ehfM;u) dh yackbZ gS

(A)  
34

2
(B)  

48

2
(C)  18 (D)  buesa ls dksbZ ugha

gy   lgh mÙkj (A) gSA efè;dk AD
uuur

 dks fuEufyf[kr izdkj ls O;Dr dj ldrs gSaA

1 34ˆˆAD 3 5
2 2

i k= + =
uuur

mnkgj.k 18  lfn'k ˆˆ ˆ2a i j k   r  dk lfn'k ˆˆ ˆ2 2b i j k   
r

 osQ vuqfn'k iz{ksi cjkcj gS

(A)  
2

3
(B)  

1

3
(C)  2 (D)  6

gy     lgh mÙkj (A) gSA lfn'k a b
rr

dk lfn'k osQ vuqfn'k iz{ksi

.a b

b

rr
r  =  

ˆ ˆˆ ˆ ˆ ˆ(2 ).( 2 2 )

1 4 4

i j k i j k    
   

2

3
=  A

mnkgj.k 19  ;fn a b
rr

vkjS ek=kd lfn'k gSa rks 3a b 
rr  osQ ek=kd lfn'k gksus osQ fy,

a b
rr

vkjS  osQ chp D;k dks.k gksxk\

(A)  30° (B)  45° (C)  60° (D)  90°

gy    lgh mÙkj (A) gSA ge tkurs gSa fd  2 2 2( 3 ) 3 2 3 .a b a b a b    
r r rr r r

⇒   .a b
rr  = 

3

2
 ⇒  cosθ = 

3

2
 θ = 30°

mnkgj.k 20  ,d ek=kd lfn'k tks lfn'kksa  ˆ ˆi j vkSj ˆ ˆi j  nksuksa osQ yacor gS rFkk ,d nf{k.kkorhZ

i¼fr dks fufeZr djus okyk lfn'k gSA
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(A)  k̂ (B)  – k̂ (C)  
ˆ ˆ

2

i j 
(D)  

ˆ ˆ

2

i j 

gy   lgh mÙkj (A) gSA vHkh"V ek=kd lfn'k  
    
    
ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ

i j i j

i j i j

   

    = 
ˆ2 ˆ

2

k
k gSA

mnkgj.k 21  ;fn 3a  r
 vkSj –1 2k   gS rks ka

r
 fuEufyf[kr esa ls fdl varjky esa gS\

(A)  [0, 6] (B)  [– 3, 6] (C)  [ 3, 6] (D)  [1, 2]

gy  lgh mÙkj (A) gSA  ka
r

  dk U;wure eku]  k, osQ U;wure la[;kRed eku ij gksxkA vFkkZr~ tc

k = 0 gks vkSj rc 0 3 0ka k a    
rr

, k dk la[;kRed vf/dre eku 2 gS ftl ij 6ka  r

10.3  iz'ukoyh

y?kqmÙkjh; iz'u Short Answer (S.A.)

1. lfn'k ˆˆ ˆ2a i j k   r vkSj ˆˆ2b j k  
r

osQ ;ksx osQ vuqfn'k ek=kd lfn'k Kkr dhft,A

2. ;fn  ˆˆ ˆ 2a i j k   r  vkSj ˆˆ ˆ2 2b i j k   
r

, dh fn'kkvksa esa ek=kd lfn'k gS

(i)6b
r

(ii) 2a b 
rr

3. PQ
uuur

, dh fn'kk esa ek=kd lfn'k Kkr dhft, tgk¡ P vkSj Q osQ funsZ'kkad Øe'k%

(5, 0, 8) vkSj (3, 3, 2) gSaA

4. ;fn a b
rr

vkjS  fcanq A vkSj B osQ Øe'k% fLFkfr lfn'k gaS rFkk c<+kbZ xbZ BA esa ,d fcanq C

bl izdkj gS fd BC = 1.5 BA, rks C dk fLFkfr lfn'k Kkr dhft,A

5. lfn'kksa osQ iz;ksx ls k dk eku Kkr dhft, rkfd fcanq (k, – 10, 3), (1, –1, 3) vkSj
 (3, 5, 3) lajs[kh gksaA

6. ,d lfn'k r
r

 rhuksa v{kksa ls leku dks.k ij >qdk gqvk gSA ;fn r
r

 dk ifjek.k 2 3  bdkbZ
gS rks r

r
Kkr dhft,A

7. ,d lfn'k r
r dk ifjek.k 14 gS rFkk fnd~&vuqikr 2, 3, – 6 gSaA r

r
 osQ fnd~&dkslkbu vkSj

?kVd Kkr dhft, tc fd ;g fn;k gS fd x-v{k ls r
r

 U;wu dks.k curk gSA
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  8. ifjek.k 6 dk ,d lfn'k Kkr dhft, tks nksuksa gh lfn'kksa ˆˆ ˆ2 2i j k   vkSj ˆˆ ˆ4 – 3i j k ij
yac gSA

  9. lfn'kksa ˆˆ ˆ2i j k   vkSj ˆˆ ˆ3 4i j k  osQ chp dk dks.k Kkr dhft,A

10. ;fn 0a b c   
rr r , rks fl¼ dhft, fd a b b c c a     

r rr r r r  bl ifj.kke dk T;kferh;
foekspu dhft,A

11. lfn'k ˆˆ ˆ3 2a i j k   r  rFkk lfn'k ˆˆ ˆ2 2 4b i j k   
r

 osQ chp dk sine Kkr dhft,A

12. ;fn A, B, C, D fcanqvksa osQ fLFkfr lfn'k Øe'k% ˆˆ ˆi j k  , ˆˆ ˆ2 3i j k  , ˆ ˆˆ ˆ ˆ2 3 , 3 2i k i j k   ,

gS rks AB
uuur

 dk CD
uuur

 vuqfn'k iz{ksi Kkr dhft,A

13. lfn'kksa osQ iz;ksx ls f=kHkqt ABC dk {ks=kiQy Kkr dhft, ;fn ftlosQ 'kh"kZ A(1, 2, 3),

B(2, – 1, 4) vkSj C(4, 5, – 1) gSA

14. lfn'kksa osQ iz;ksx ls fl¼ dhft, fd ,d gh vk/kj vkSj ,d gh lekarj js[kkvksa osQ eè;
fLFkr leakrj prqHkqZtksa osQ {ks=kiQy cjkcj gksrs gSaA

nh?kZ mÙkjh; iz'u (L.A.)

15. fl¼ dhft, fd fdlh f=kHkqt ABC esa  
2 2 2–

cos A
2

b c a

bc

  , gksrk gS tgk¡ a, b, c Øe'k%

'kh"kks± A, B, C, dh lEeq[k Hkqtkvksa osQ ifjek.k gSaA

16. ;fn , ,a b c
rr r  fdlh f=kHkqt osQ 'kh"kks± dks fu/kZfjr djrs gSa rks] fl¼ dhft, fd f=kHkqt dk

{ks=kiQy  
1

2
b c c a a b         
r rr r r r

 gSA blosQ iz;ksx ls rhu fcanqvksa , ,a b c
rr r  osQ lajs[kh gksus osQ

izfrca/ dk fuxeu dhft,A lkFk gh f=kHkqt osQ ry ij vfHkyac ek=kd lfn'k Hkh Kkr dhft,A

17. fl¼ dhft, fd lekarj prqHkqZt dk {ks=kiQy] ftlosQ fod.kZ a
r  vkSj b

r
}kjk O;Dr gSa,

2

a b 
rr

 gSA lkFk gh ml leakrj prqHkqZt dk {ks=kiQy Hkh Kkr dhft, ftlosQ fod.kZ

ˆˆ ˆ2i j k   vkSj ˆˆ ˆ3i j k   gSA

18. ;fn a
r = ˆˆ ˆi j k   vkSj ˆˆb j k  

r
 rks lfn'k c

r  Kkr dhft, bl izdkj fd a c b  
rr r  vkSj

. 3a c  r r
.
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oLrqfu"B iz'u

iz'u 19 ls 33 rd izR;sd esa fn, gq, pkj fodYiksa esa ls lgh mÙkj pqfu,&

19. lfn'k ˆˆ ˆ2 2i j k  dh fn'kk esa ifjek.k 9 okyk lfn'k gS

(A)  ˆˆ ˆ2 2i j k  (B)  
ˆˆ ˆ2 2

3

i j k  
  (C)  ˆˆ ˆ3( 2 2 )i j k  (D)  ˆˆ ˆ9( 2 2 )i j k  

20. fcanq 2 3a b 
rr vkSj a b 

rr  dks feykus okys js[kk[kaM dks 3 : 1 esa foHkkftr djus okys fcanq dk

fLFkfr lfn'k gS

(A)  
3 2

2

a b 
rr

(B)  
7 8

4

a b 
rr

(C) 
3

4

a
r

(D)  
5

4

a
r

21. lfn'k ftldk izkjafHkd vkSj vafre fcanq Øe'k% (2, 5, 0) vkSj (–3, 7, 4) gS fuEufyf[kr gS

(A)  ˆˆ ˆ12 4i j k   (B)  ˆˆ ˆ5 2 4i j k  (C)  ˆˆ ˆ5 2 4i j k   (D)  ˆˆ ˆi j k  

22. nks lfn'kksa a b
rr

vkjS  osQ ifjek.k Øe'k% 3  vkSj 4 gSa rFkk . 2 3a b  
rr gSA buosQ chp dk

dks.k gS

(A)  
6

 
(B)  

3

 
(C)  

2

 
(D)  

5

2

 

23. ;fn lfn'k ˆˆ ˆ2a i j k    r  vkSj ˆˆ ˆ2 3b i j k   
r

 ykafcd (orthogonol) gksa rks λ dk eku gS

(A)  0 (B)  1 (C)  
3

2
(D)  – 

5

2

24. ;fn lfn'k ˆ ˆˆ ˆ ˆ ˆ3 6 2 4i j k i j k− + − +λvkjS lekarj gSa rks λ dk eku gS

(A)  
2

3
(B)  

3

2
(C)  

5

2
(D)  

2

5

25. ewy fcanq ls A vkSj B fcanqvksa osQ lfn'k Øe'k% ˆ ˆˆ ˆ ˆ ˆ2 3 2 2 3a i j k b i j k= − + = + +
rr

vkSj  gksa

rks f=kHkqt OAB dk {ks=kiQy gS

(A)  340 (B)  25 (C)  229 (D)  
1

229
2
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26. fdlh Hkh lfn'k a
r  osQ fy, 2 2 2ˆˆ ˆ( ) ( ) ( )a i a j a k     r r r  dk eku cjkcj gS

(A)  2a
r (B)  23a

r (C)  4 2a
r

(D)  2 2a
r

27. ;fn  a
r

 = 10, b
r

= 2 vkSj . 12a b  
rr  gks rks a b 

rr
 dk eku gS

(A)  5 (B)  10 (C)  14 (D)  16

28. lfn'k ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ2 , 2i j k i j k i j kλ + + +λ − − +λvkSj leryh; gSa ;fn

(A)  λ = –2 (B)  λ = 0 (C)  λ = 1 (D)  λ = – 1

29. ;fn , ,a b c
rr r  bl izdkj osQ ek=kd lfn'k gSa fd 0a b c   

r rr r  gS rks . . .a b b c c a  
r rr r r r  dk eku

(A)  1 (B)  3 (C)  –
3

2
(D)  buesa ls dksbZ ugha gS

30. lfn'k a
r  dk lfn'k  b

r
 ij iz{ksi

(A)  2

.a b
b

b

  
  
    

rr r
r (B)  

.a b

b

rr
r (C)  

.a b

a

rr

r (D)  2

. ˆa b
b

a

  
  
  

rr

r gS

31. ;fn rhu lfn'k , ,a b c
rr r  bl izdkj gSa fd 0a b c   

r rr r  vkSj 2a  r
, 3b  

r
, 5c  r

 gS] rks

. . .a b b c c a  
r rr r r r  dk eku

(A)  0 (B)  1 (C)  – 19 (D)  38 gS

32. ;fn 4a  r
 vkSj 3 2     gS rks a r

 dk varjky gS

(A)  [0, 8] (B)  [– 12, 8] (C)  [0, 12] (D)  [8, 12]

33. lfn'kksa ˆˆ ˆ2 2a i j k= + +
r  vkSj ˆˆb j k= +

r
 nksuksa gh ij ek=kd yac lfn'kksa dh la[;k gS

(A)  ,d (B)  nks (C)  rhu (D)  vla[;
iz'u 34 ls 40 rd izR;sd esa fjDr LFkku dh iwfrZ dhft,&

34. lfn'k a
r + b

r
 vlajs[kh lfn'kksa a

r vkSj b
r
osQ chp osQ dks.k dks lef}Hkkftr djrk gS ;fn

________
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35. ;fn fdlh 'kwU;srj lfn'k r
r
osQ fy,   . 0, . 0, . 0r a r b r c= = =

rr r r r r
vkSj  rc .( )a b c 

rr r  dk

eku ________ osQ cjkcj gSA

36. lfn'k ˆ3 2 2a i j k   r  vkSj ¶– 2b i k  
r $  ,d leakrj prqHkqZt gSA blosQ fod.kks± osQ chp dk

U;wudksa.k  ________ gSA

37. ;fn k osQ ekuksa osQ fy, 
1

2
ka a ka a< +

r r r r
vkSj  lfn'k a

r  osQ lekarj gS] rks k osQ eku

_______ gSaA

38. O;atd 
2 2( . )a b a b× +

r rr r
 dk eku  _______ gSA

39. ;fn  
2 2

.a b a b  
r rr r

= 144 vkSj 4a  r
, rks b

r
  _______  osQ cjkcj gSA

40. ;fn a
r

 dksbZ 'kwU;srj lfn'k gS rks     ˆ ˆˆ ˆ ˆ ˆ( . ) . .a i i a j j a k k  r r r
_______ osQ cjkcj gSA

crykb, fd fuEufyf[kr iz'uksa osQ dFku lR; gSa ;k vlR;&

41. ;fn a b 
rr

, rks ;g vko';d gS fd a b  
rr  gSA

42. fdlh fcanq P dk fLFkfr lfn'k dk izkjafHkd fcanq ewy fcanq gksrk gSA

43. ;fn a b a b   
r rr r

, gS rc lfn'k a
r  vkSj b

r
 ykafcd (orthogonol) gSaA

44. lw=k 2 2 2( ) 2a b a b a b     
r r rr r r  'kwU;srj a

r  vkSj b
r

 lfn'kksa osQ fy, lR; gSA

45. ;fn a
r  vkSj b

r
 leprqHkqZt dh layXu Hkqtk,¡ gSa rc a

r  . b
r

= 0 gSA
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11.1   lexz voyksdu (Overview)

11.1.1 fdlh js[kk dh fnDdksT;k,¡ mu dks.kksa dh dksT;k,¡ (cosines) gSa tks og js[kk funsZ'kkad v{kksa
dh /ukRed fn'kkvksa osQ lkFk cukrh gSA

11.1.2 ;fn l, m, n fdlh js[kk dh fnDdksT;k,¡ gSa] rks l2 + m2 + n2 = 1 gksrk gSA

11.1.3 nks fcanqvksa P (x1, y1 , z1) vkSj Q (x2, y2, z2) dks feykus okyh js[kk dh fnDdksT;k,¡ gksrh gSa%

2 1 2 1 2 1, ,
PQ PQ PQ

x x y y z z− − −
, tgk¡

  2 2 2
2 1 2 1 2 1PQ= ( – ) +( ) ( )x x y y z z− + − gSA

11.1.4 fdlh js[kk osQ fnd~&vuqikr os la[;k,¡ gSa tks ml js[kk dh fnDdksT;kvksa osQ lekuqikrh gksrh gSaA

11.1.5 ;fn fdlh js[kk dh  l, m, n fnDdksT;k,¡ gSa vkSj a, b, c fnd~vuqikr gSa] rks

2 2 2 2 2 2 2 2 2
; ;a b cl m n

a b c a b c a b c
± ± ±

= = =
+ + + + + +

11.1.6 fo"keryh; js[kk,¡ f=kfoeh; vkdk'k ( space)esa ,slh js[kk,¡ gksrh gSa tks u lekarj gSa vkSj
u gh izfrPNsnhA ;s fHkUu&fHkUu ryksa esa fLFkr gksrh gSaA

11.1.7 nks fo"keryh; js[kkvksa osQ chp dk dks.k mu nks izfrPNsnh js[kkvksa osQ chp dk dks.k gS]
tks fdlh fcanq ls (ewyfcanq dks izkFkfedrk nsrs gq,) bu fo"keryh; js[kkvksa esa ls izR;sd
osQ lekarj [khaph tkrh gSaA

11.1.8 ;fn  l1, m1, n1 vkSj l2, m2, n2 nks js[kkvksa dh fnDdksT;k,¡ gSa rFkk bu nksuksa osQ chp dk U;wu
dks.k θ gS] rks

cosθ = 1 2 1 2 1 2l l m m n n+ +

vè;k; 11

f=kfoef; T;kfefr
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11.1.9 ;fn a1, b1, c1 vkSj a2, b2, c2 nks js[kkvksa osQ fnd~&vuqikr gSa rFkk bu nksuksa osQ chp dk
U;wu dks.k  θ gS] rks

1 2 1 2 1 2
2 2 2 2 2 2
1 2 3 1 2 3

cos
.

a a b b c c

a a a b b b

+ +
θ=

+ + + +

11.1.10 ,d js[kk] tks fLFkfr lfn'k a okys ,d fcanq ls gksdj tkrh gS vkSj ,d fn, gq, lfn'k

b osQ lekarj gS] dh lfn'k lehdj.k r a b= +λ  gksrh gSA

11.1.11 ,d fcanq (x1, y1, z1) ls gksdj tkus okyh rFkk fnDdksT;k,¡ l, m, n (;k fnd~&vuqikr
a, b, c) okyh js[kk dh lehdj.k gksrh gS%

1 1 1x x y y z z
l m n
− − −

= =  ;k 1 1 1x x y y z z
a b c
− − −⎛ ⎞= =⎜ ⎟

⎝ ⎠

11.1.12 fLFkfr lfn'kksa a  vkSj b okys nks fcanqvksa ls gksdj tkus okyh js[kk dh lfn'k lehdj.k

( )r a b a= +λ − gSA

11.1.13  nks fcanqvksa (x1, y1, z1) vkSj (x2, y2, z2) ls gksdj tkus okyh js[kk dh dkrhZ; lehdj.k

1 1 1

2 1 2 1 2 1

x x y y z z
x x y y z z
− − −

= =
− − −  gksrh gSA

11.1.14  ;fn 1 1r a b= +λ vkSj 2 2r a b= +λ js[kkvksa osQ chp dk U;wu dks.k θ gS] rks  θ

fuEufyf[kr ls izkIr fd;k tkrk gS%

 
1 2 1 2–1

1 2 1 2

. .
cos cos

b b b b

b b b b
θ= θ=;k

11.1.15  ;fn 
1 1 1

1 1 1

x x y y z z
l m n
− − −

= =  vkSj  
2 2 2

2 2 2

x x y y z z
l m n
− − −

= =  nks js[kkvksa dh lehdj.k

gSa] rks bu js[kkvksa osQ chp dk U;wu dks.k θ fuEufyf[kr ls izkIr gksrk gS%

cosθ = 1 2 1 2 1 2l l m m n n+ +
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11.1.16  nks fo"keryh; js[kkvksa osQ chp dh U;wure nwjh ml js[kk[akM dh yackbZ gksrh gS tks bu
nksuksa js[kkvksa ij yac gksA

11.1.17 js[kkvksa 1 1r a b= +λ vkSj 2 2r a b= +λ osQ chp dh U;wure nwjh fuEufyf[kr gksrh gS%

   
    1 2 2 1

1 2

. –b b a a

b b

 

 .

11.1.18  js[kk 
1 1 1

1 1 1

x x y y z z
a b c
− − −

= =  vkSj  
2 2 2

2 2 2

x x y y z z
a b c
− − −

= =  osQ chp dh U;wure

nwjh gS%

 

2 1 2 1 2 1

1 1 1

2 2 2

2 2 2
1 2 2 1 1 2 2 1 1 2 2 1( ) ( ) ( )

x x y y z z
a b c
a b c

b c b c c a c a a b a b

− − −

− + − + −

11.1.19 lekarj 1r a b   vkSj 2r a b= +λ js[kkvksa osQ chp dh nwjh gS%

 
  2 1–b a a

b
 

11.1.20  ,d lery dh lfn'k lehdj.k] tks ewyfcanq ls nwjh p ij gS rFkk ml lery ij
vfHkyac ek=kd lfn'k esa gS] ˆ.r n p= gksrh gSA

11.1.21  ml lery dh lehdj.k]  lx + my + nz = p gksrh gSA ftldh ewyfcanq ls nwjh p gS
vkSj ftlosQvfHkyac dh fnDdksT;k,¡ l, m, n gSaA

11.1.22  ml lery dh lehdj.k] tks ml fcanq ls gksdj tkrh gS ftldk fLFkfr lfn'k a  gS
vkSj tks lfn'k n  ij yac gS] ( – ). 0r a n= ;k .r n d= gksrh gS] tgk¡ .d a n= gSA

11.1.23 ml lery dh lehdj.k] tks fnd~&vuqikrksa a, b, c okyh ,d js[kk ij yac gS vkSj ,d
fn, gq, fcanq (x1, y1, z1) ls gksdj tkrk gS] a (x – x1) + b (y – y1) + c (z – z1) =
0 gksrh gSA
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11.1.24 rhu valjs[kh fcanqvksa (x1, y1, z1), (x2, y2, z2) vkSj (x3, y3, z3) ls gksdj tkus okys lery
dh lehdj.k

1 1 1

2 1 2 1 2 1

3 1 3 1 3 1

– – –
– – –
– – –

x x y y z z
x x y y z z
x x y y z z

0=  gksrh gSA

11.1.25  fLFkfr lfn'k a , b , c  okys rhu vlajs[kh fcanqvksa dks varfoZ"V djus okys lery dh

lfn'k lehdj.k ( – ). ( – ) ( – ) 0r a b a c a⎡ ⎤× =⎣ ⎦ gksrh gSA

11.1.26  funsZ'kkad v{kksa dks (a, 0, 0), (0, b, 0) vkSj (0, 0, c ) ij dkVus okys lery dh lehdj.k

1x y z
a b c
+ + = gksrh gSA

11.1.27  leryksa 1 1.r n d= vkSj 2 2.r n d=  osQ izfrPNsnu ls gksdj tkus okys fdlh lery dh

lfn'k lehdj.k 1 1 2 2( . ) ( . ) 0r n d r n d− +λ − =  gksrh gS] tgk¡ λ  dksbZ 'kwU;srj vpj gSA

11.1.28 fn, gq, nks leryksa A1x + B1y + C1z + D1 = 0 vkSj A2x + B2y + C2z + D2 = 0 osQ
izfrPNsnu ls gksdj tkus okys lery dh dkrhZ; lehdj.k (A1x + B1y + C1z + D1)
+ λ  ( A2x + B2y + C2z + D2) = 0 tgk¡ λ  dksbZ 'kwU;srj vpj gSA

11.1.29 nks js[kk,¡ 1 1r a b    vkSj 2 2r a b= +λ lg&ryh; gksrh gS] ;fn

2 1 1 2( – ) . ( ) 0a a b b× = gksA

11.1.30 nks js[kk,¡ 1 1 1

1 1 1

– – –x x y y z z
a b c

   vkSj 2 2 2

2 2 2

– – –x x y y z z
a b c

   leryh; gksrh gSa] ;fn

    

2 1 2 1 2 1

1 1 1

2 2 2

– – –x x y y z z
a b c
a b c  0=  gksA

11.1.31  lfn'k :i esa] ;fn nks leryksa 1 1.r n d=  vkSj 2 2.r n d= , osQ chp dk U;wu dks.k

θ gks] rks 1 2–1

1 2

.
cos

.
n n
n n

θ= gksrk gSA
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11.1.32  js[kk r a b    vkSj lery .r n d=  osQ chp dk U;wu dks.k θ]
.

sin
.

b n

b n
θ= ls

izkIr gksrk gSA

11.2  gy fd;s gq, mnkgj.k

laf{kIr mÙkjh; iz'u (S.A.)

mnkgj.k 1 ;fn fdlh js[kk osQfnd~&vuqikr 1, 1, 2 gSa] rks mldh fnDdksT;k,¡ Kkr dhft,A

gy   fnDdksT;k,¡ fuEufyf[kr ls izkIr gksrh gSaA

2 2 2 2 2 2 2 2 2
, ,a b cl m n

a b c a b c a b c
= = =

+ + + + + +

;gk¡ a, b, c Øe'k% 1, 1, 2, gSaA

vr%, 
2 2 2 2 2 2 2 2 2

1 1 2, ,
1 1 2 1 1 2 1 1 2

l m n= = =
+ + + + + +

vFkkZr~]   
1 1 2, ,
6 6 6

l m n= = =  ] vFkkZr~ 
1 1 2, ,
6 6 6

⎛ ⎞
±⎜ ⎟
⎝ ⎠

 nh gqbZ js[kk dh fnDdksT;k,¡ gSaA

mnkgj.k 2  fcanqvkas P (2, 3, 5) vkSj Q (–1, 2, 4) ls gksdj tkus okyh js[kk dh fnDdksT;k,¡ Kkr dhft,A

gy  fcanq P (x1, y1, z1) vkSj Q (x2, y2, z2) ls gksdj tkus okyh js[kk dh fnDdksT;k,¡

       2 1 2 1 2 1, ,
PQ PQ PQ

x x y y z z− − −
 gksrh gSaA

;gk¡ 2 2 2
2 1 2 1 2 1PQ ( ) ( ) ( )x x y y z z= − + − + −

=   2 2 2( 1 2) (2 3) (4 5)− − + − + −    =   9 1 1+ +    =  11

vr% fnDdksT;k,¡ gSaA

±  
3 1 1, ,
11 11 11

⎛ ⎞− − −
⎜ ⎟⎜ ⎟
⎝ ⎠

 ;k  
3 1 1, ,
11 11 11

⎛ ⎞± ⎜ ⎟
⎝ ⎠
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mnkgj.k 3  ;fn dksbZ js[kk x, y vkSj  z v{kksa dh èkukRed fn'kkvksa ls Øe'k% 30°, 60° vkSj  90°
osQ dks.k cukrh gS] rks mldh fnDdksT;k,¡ Kkr dhft,A

gy   ml js[kk dh fnDdksT;k,¡ tks] v{kksa ls α, β, γ dks.k cukrh gSa] cosα, cosβ, cosγ gksrh gSaA

vr%] ml js[kk dh fnDdksT;k,¡ cos30°, cos60°, cos90°] vFkkZr~  
3 1, , 0

2 2
⎛ ⎞

± ⎜ ⎟⎜ ⎟
⎝ ⎠

 gSaA

mnkgj.k 4  fcanq Q (2, 2, 1) vkSj R (5, 1, –2) dks feykus okyh js[kk ij fLFkr fdlh fcanq dk
x-funsZ'kkad 4 gSA bldk  z-funsZ'kkad Kkr dhft,A.

gy  eku yhft, fd fcanq P js[kk[kaM QR dks λ : 1 osQ vuqikr esa  fOkHkkftr djrk gSA rc] P osQ
funsZ'kkad gSaA

5 2 2 –2 1, ,
1 1 1

⎛ ⎞λ+ λ+ λ+
⎜ ⎟λ+ λ+ λ+⎝ ⎠

ijarq P dk x– funsZ'kkad 4 gSA  vr%]
5 2 4 2

1
λ+

= ⇒λ=
λ+

blfy,] P dk  z& funsZ'kkad = 
2 1 –1

1
− λ+

=
λ+

mnkgj.k  5 ml fcanq dh lery r  . ( î  –  2 ĵ  + 4 k̂ ) = 9 ls nwjh Kkr dhft, ftldh fLFkfr

lfn'k ˆˆ ˆ(2 – )i j k+  gSA

gy   ;gk¡ a  = ˆˆ ˆ2 –i j k+ , ˆˆ ˆ– 2 4n i j k   gS rFkk d = 9 gSA

vr%] ok¡fNr nwjh = 
( ) ( )ˆ ˆˆ ˆ ˆ ˆ2 – . 2 4 9

1 4 16

i j k i j k+ − + −

+ +

=  
2 2 4 9 13

21 21
− − −

=
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mnkgj.k 6  fcanq (– 2, 4, – 5) dh js[kk 
3 4 8

3 5 6
x y z+ − +

= =  nwjh Kkr dhft,A

gy   ;gk¡ P (–2, 4, – 5) fn;k gqvk fcanq gSA js[kk ij dksbZ Hkh fcanq Q (3λ λ λ λ λ –3, 5λ  λ  λ  λ  λ  + 4, , , , , (6λ λ λ λ λ –8 ) gSA

vr%] PQ  = (3λ λ λ λ λ –1) ˆˆ ˆ5 (6 3)i j k+ λ + λ− .

D;ksafd PQ  ⊥⊥⊥⊥⊥ ( )ˆˆ ˆ3 5 6i j k+ +  gS] blfy, gesa izkIr gksrk gSA

3 (3λ λ λ λ λ –1) + 5( 5λ) λ) λ) λ) λ) + 6 (6λ λ λ λ λ –3 ) = 0

;k 9λ λ λ λ λ + 25λλλλλ + 36λ λ λ λ λ = 21 ] vFkkZr~  λ = λ = λ = λ = λ = 
3

10
gSA

bl izdkj] PQ  = 
1 15 12 ˆˆ ˆ

10 10 10
i j k− + −

vr%
1 37PQ 1 225 144

10 10
= + + =

mnkgj.k 7  ml fcanq osQ funsZ'kkad Kkr dhft,] tgk¡ fcanqvksa (3, – 4, – 5) vkSj  (2, –3, 1) ls gksdj
tkus okyh js[kk rhu fcanqvksa (2, 2, 1)] (3, 0, 1) vkSj (4, –1, 0) ls gksdj tkus okys lery dks
dkVrh gSA

gy   rhu fcanqvksa (2, 2, 1)]  (3, 0, 1)  vkSj (4, –1, 0)  ls gksdj tkus okys lery dh lehdj.k gS%

ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ( – (2 2 ) . ( – 2 ) ( – – ) 0r i j k i j i j k⎡ ⎤ ⎡ ⎤+ + × =⎣ ⎦ ⎣ ⎦

vFkkZr~ ˆˆ ˆ.(2 ) 7r i j k+ + =   ;k  2x + y  +  z – 7 = 0   ...  (1)

fcanqvksa (3, – 4, – 5)  vkSj (2, – 3, 1)  ls gksdj tkus okyh js[kk dh lehdj.k gS%

3 4 5
1 1 6

x y z− + +
= =

−
    ... (2)

js[kk (2)  ij fLFkr dksbZ Hkh fcanq (– λλλλλ + 3,  λλλλλ – 4, 6λλλλλ – 5)  gSA ;g fcanq lery (1)  ij fLFkr
gSA vr%] 2 (– λλλλλ + 3) + (λλλλλ – 4) + (6λλλλλ – 5) – 7 = 0,  vFkkZr~ λ = λ = λ = λ = λ = 2 gSA

vr% ok¡fNr fcanq (1, – 2, 7)  gSaA

vko`Qfr 11-1
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nh?kZ mÙkjh;  (L.A.)

mnkgj.k 8   js[kk ˆ ˆˆ ˆ ˆ ˆ2 2 (3 4 2 )r i j k i j k= − + +λ + + vkSj lery ˆˆ ˆ. ( ) 5r i j k− + =  osQ izfrPNsn

fcanq ls fcanq (–1, –5, – 10) dh nwjh Kkr dhft,A

gy   fn;k gS%  ˆ ˆˆ ˆ ˆ ˆ2 2 (3 4 2 )r i j k i j k= − + +λ + + vkSj ˆˆ ˆ. ( ) 5r i j k− + = bu nksuksa lehdj.kksa dks

gy djus ij] ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ[(2 2 ) (3 4 2 )].( – ) 5i j k i j k i j k− + +λ + + + = ftlls λ = λ = λ = λ = λ = 0 izkIr gksrk gSA

vr%] js[kk vkSj lery dk izfrPNsn fcanq (2, – 1, 2)  gSA rFkk vU; xfcanq (– 1, – 5, – 10) gSA vr%

bu fcanqvksa osQ chp dh nwjh   2 2 22 ( 1) [ 1 5] [2 ( 10)]        vFkkZr~  13 gSA

mnkgj.k 9  dksbZ lery funsZ'kkad v{kksa A, B, C ij bl izdkj feyrk gS fd fcanq (α β γ)

∆∆∆∆∆ABC dk osQanzd gSA n'kkZb, fd ml lery dh lehdj.k x
α  + 

y
β  + 

z
γ  = 3 gSA

gy  eku yhft, fd lery dh lehdj.k

x
a  + 

y
b  + 

z
c  = 1 gSA

rc] A, B vkSj C osQ funsZ'kkad Øe'k% (a, 0, 0), (0,b,0) vkSj (0, 0, c) gSA f=kHkqt ∆ ABC dk osaQnzd

1 2 3 1 2 3 1 2 3, ,
3 3 3

        
    

x x x y y y z z z
vFkkZr~ , ,

3 3 3
  
    

a b c
gSA

ijarq ∆ ABC osQ osQanzd osQ funsZ'kkad (α, β, γ) gSaA (fn;k gS)

vr% α = 3
a

, β = 3
b
 vkSj  γ = 3

c
 gS] vFkkZr~ a = 3α, b = 3β vkSj c = 3γ gSA

bl izdkj] lery dh lehdj.k

x
α  + 

y
β  + 

z
γ  = 3 gSA

mnkgj.k 10  mu js[kkvksa osQ chp dk dks.k Kkr dhft, ftudh fnDdksT;k,¡ 3l + m + 5n = 0 vkSj
6mn – 2nl + 5lm = 0 lehdj.kksa ls izkIr gksrh gSaA
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gy  nksuksa lehdj.kksa ls m dk foyksiu djus ij]

⇒ 2n2 + 3 ln + l2 = 0

⇒ (n + l) (2n + l) = 0

⇒ ;k rks n = – l ;k l = – 2n

vc] ;fn l = – n,   rks m = – 2n gS_

rFkk ;fn l = – 2n,  rks m = n gSA

vr% nksuksa js[kkvksa osQ fnd~&vuqikr – n, –2n, n vkSj –2n, n, n, osQ lekuqikrh gSa] vFkkZr~

 1, 2, –1 vkSj –2, 1, 1.

vr_ bu js[kkvksa osQ lekarj lfn'kksa dh lehdj.k Øe'k% gSa%

a  = i  + 2 j  – k    vkSj b  = –2 i  + j  + k ,

;fn bu js[kkvksa osQ chp dk dks.k θ gS] rks

cos θ = 
.a b

a b

= 
( ) ( )

2 2 2 2 2 2

2 – –2

1 2 (–1) (–2) 1 1

i j k i j k+ ⋅ + +

+ + + +
 = 

1–
6

vr%]          θ = cos–1 
1–
6

  
    gSA

mnkgj.k 11 fcanq A (1, 8, 4) ls fcanqvksa B (0, –1, 3)
vkSj C (2, –3, –1) dks feykus okyh js[kk ij Mkys x,
yac osQ ikn osQ funsZ'kkad Kkr dhft,A

gy  eku yhft, fd L fcanq A (1, 8, 4) ls B vkSj C
fcanqvksa dks feykus okyh js[kk ij Mkys x, yEc dk ikn
gS] tSlk fd vko`Qfr 11.2 esa n'kkZ;k x;k gSA lw=k
r  = a  + λ (b  – a ), dk iz;ksx djus ij] js[kk BC dh vko`Qfr 11-2
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lehdj.k r  = ( ) ( )– 3 2 – 2 – 4j k i j k+ +λ gSA

⇒ xi yi zk   = ( ) ( )2 – 2 1 3 – 4i j kλ λ λ+ +

nksuksa i{kksa dh rqyuk djus ij] gesa izkIr gksrk gS%

x = 2λ, y = – (2λ + 1), z = 3 – 4λ (1)

bl izdkj] L osQ funsZ'kkad (2λ, – (2λ + 1), (3 – 4λ), gSa] ftlls js[kk AL osQ fnd~&vuqikr

(1 – 2λ), 8 + (2λ + 1), 4 – (3 – 4λ), gSa] vFkkZr~ 1 – 2λ, 2λ + 9, 1 + 4λ gSaA

D;ksafd AL] BC ij yac gS] blfy, gesa izkIr gksrk gS%

(1 – 2λ) (2 – 0) + (2λ + 9) (–3 + 1) + (4λ + 1) (–1 –3) = 0

⇒ λ = 
–5
6

vHkh"V fcanq] lehdj.k  (1) esa λ dk eku izfrLFkkfir djus ij izkIr gksrk gS] tks –5 2 19,  ,  
3 3 3

⎛ ⎞
⎜ ⎟
⎝ ⎠

gSA

mnkgj.k 12 js[kk 
–1 – 2

1 2 3
  x y z

 osQ lkis{k fcanq  P (1, 6, 3) dk izfrfcac Kkr dhft,A

gy  eku yhft, fd P (1, 6, 3) fn;k gqvk fcanq gS rFkk eku yhft, fd P ls nh gqbZ js[kk ij Mkys

x, yac dk ikn  L gSA  nh gqbZ js[kk ij fLFkr O;kid fcanq osQ funsZ'kkad – 0 –1 – 2
1 2 3

x y z λ= = =

vFkkZr~ x = λ, y = 2λ + 1 vkSj  z = 3λ + 2 gSA ;fn L osQ funsZ'kakd (λ, 2λ + 1, 3λ + 2) gSa] rks PL
osQ fnd~&vuqikr λ – 1, 2λ – 5, 3λ – 1 gSaA ijarq nh gqbZ js[kk osQ
fnd~&vuqikr] tks PL ij yac gS] 1, 2, 3 gSA vr%] (λ – 1) 1 +
(2λ – 5) 2 + (3λ – 1) 3 = 0 ftlls λ = 1 izkIr gksrk gSA vr% L osQ
funsZ'kakd  (1, 3, 5) gSaA eku yhft, fd nh gqbZ js[kk esa P (1, 6, 3) dk
izfrfcac Q (x1, y1, z1) gSA rc L js[kk[akM PQ dk eè; fcanq gSA

vRk%]   1 1 11 6 31, 3 5
2 2 2

x y z+ + +
= = =rFkk

vko`Qfr 11-3
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⇒ x1 = 1, y1 = 0,  z1 = 7

vr%] nh gqbZ js[kk esa (1, 6, 3) dk izfrfcac (1, 0, 7) gSA

mnkgj.k 13 lery     2 – 3 0r i j k     essa ml fcanq dk izfrfcac Kkr dhft, ftldk fLFkfr

lfn'k 3 4  i j k  gSA

gy  eku yhft, fd fn;k gqvk fcanq P ( )3 4j ki + +  gS rFkk lery ( ) . 2 –r i j k+  esa Q

fcanq P dk izfrfcac gS] tSlk fd vko`Qfr 11.4. esa n'kkZ;k x;k gSA

rc] PQ bl lery dk vfHkyac gksxkA D;ksafd PQ,  P ls gksdj tkrh gS
rFkk lery ij yac gS] blfy, PQ dh lehdj.k fuEufyf[kr gksxh&

     = 3 4 2 –r i j k i j k     

D;ksafd fcanq Q js[kk PQ ij fLFr gS] blfy, Q osQ fLFkfr lfn'k dks
fuEufyf[kr :i esa O;Dr dj ldrs gSa%

    3 4 2 –     i j k i j k ,

vFkkZr~ ( ) ( ) ( )1 2 3 – 4i j k+ + + +λ λ λ

D;ksafd R js[kk[kaM PQ dk eè;&fcanq gS] blfy, R dk fLFkfr lfn'k gS%

( ) ( ) ( )1 2 3 – 4 3 4

2

i j k i j k⎡ ⎤ ⎡ ⎤+ λ + λ + +λ + + +⎣ ⎦ ⎣ ⎦

vFkkZr~ ( 1) 3– 4
2 2

i j kλ λ⎛ ⎞ ⎛ ⎞λ+ + + +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

iqu%] D;ksafd R lery ( )  2 – 3 0r i j k⋅ + + =  ij fLFkr gS] blfy,

 ( )1 3– 4 (2 – ) 3 0
2 2

jj ii k k⎧ ⎫λ λ⎛ ⎞ ⎛ ⎞λ+ + + + ⋅ + + =⎨ ⎬⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎩ ⎭

⇒  λ = –2

vko`Qfr 11-4
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vr%] Q dk fLFkfr lfn'k ( )3 4i j k+ + –2   2 –i j k  vFkkZr~ –3 5 2ji k+ + gSA

oLrqfu"B iz'u

mnkgj.k 14 ls 19 rd izR;sd esa] fn, gq, pkj fodYiksa esa ls lgh mÙkj pqfu,%

mnkgj.k 14  fcanq (2, 5, 7) ls x& v{k ij Mkys x, yacikn osQ funsZ'kkad gSaA

(A)  (2, 0, 0) (B)  (0, 5, 0) (C)  (0, 0, 7) (D)  (0, 5, 7)

gy  (A) lgh mÙkj gSA

mnkgj.k 15   fcanq (3, 2, –1) vkSj (6, 2, –2) dks feykus okys js[kka[kM ij fLFkr dksbZ fcanq P gSA
;fn P dk  x&funsZ'kkad 5 gS] rks mldk y funsZ'kkad gS

(A) 2 (B) 1 (C) –1 (D) –2

gy (A) lgh mÙkj gSA eku yhft, fd P js[kk[kaM dks λ : 1 osQ vuqikr esa foHkkftr djrk gSA rc]

P osQ x funsZ'kakd dks
6 3

1
x λ+
=

λ+  osQ :i esa O;Dr fd;k tk ldrk gS] ftlls 
6 3 5

1
λ+

=
λ+  izkIr gksrk

gSA bl dkj.k λ = 2 gSA bl izdkj] P dk y funsZ'kakd 
2 2 2

1
λ+

=
λ+  gSA

mnkgj.k 16  ;fn ,d js[kk x, y, z  v{kksa dh èkukRed fn'kkvksa ls Øe'k% α, β, γ dks.k cukrh gS
rks bl js[kk dh fnDdksT;k,¡ gSa%

(A) sin α, sin β, sin γ (B) cos α, cos β, cos γ

(C) tan α, tan β, tan γ (D) cos2 α, cos2 β, cos2 γ

gy (B) lgh mÙkj gSA

mnkgj.k 17  x&v{k ls fcanq P (a, b, c) dh nwjh gS

(A) 2 2a c    (B) 2 2a b (C) 2 2b c (D) b2 + c2

gy (C)  lgh mÙkj gSA fcanq P (a, b, c) dh fcanq Q (a, 0, 0) ls 2 2b c gSA

mnkgj.k 18 vkdk'k (Lisl) esa x&v{k dh lehdj.k gSa

   (A) x = 0, y = 0    (B)  x = 0, z = 0   (C)  x = 0 (D)  y = 0, z = 0
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gy (D) lgh mÙkj gSA x&v{k ij y funsZ'kkad vkSj z funsZ'kkad 'kwU; gksrs gSaA

mnkgj.k 19  dksbZ js[kk funsZ'kkad v{kksa ls cjkcj dks.k cukrh gSA bl js[kk dh fnDdksT;k,¡ gSa

(A)  ±  (1, 1, 1) (B) 
1 1 1, ,
3 3 3

⎛ ⎞± ⎜ ⎟
⎝ ⎠

 (C) 
1 1 1, ,
3 3 3

⎛ ⎞±⎜ ⎟
⎝ ⎠

 (D) 
1 1 1, ,
3 3 3

− −⎛ ⎞±⎜ ⎟
⎝ ⎠

gy (B)  lgh mÙkj gSA eku yhft, fd js[kk izR;sd v{k ls α dks.k cukrh gSA rc bldh fnDdksT;k,¡

cos α, cos α, cos α gksaxhA D;ksafd cos2 α + cos2 α + cos2 α = 1 gS] blfy, cos α = 1
3

  gksxkA

mnkgj.k 20 ls 22 rd izR;sd esa fjDr LFkkuksa dks Hkfj,&

mnkgj.k 20   ;fn ,d js[kk x, y vkSj  z v{kksa ls Øe'k% 
3,

2 4
π π

 vkSj 4
 

 dks.k cukrh gSa] rks bldh

fnDdksT;k,¡ _______ gksaxhA

gy  fnDdksT;k,¡ cos 2
 

, cos
3
4
π

, cos 4
 

  vFkkZr~ 
1 10
2 2

⎛ ⎞± ⎜ ⎟
⎝ ⎠

, – gSaA

mnkgj.k 21  ;fn dksbZ js[kk funsZ'kakd v{kksa dh èkukRed fn'kkvksa osQ lkFk dks.k α, β, γ cukrh gS]
rks sin2 α + sin2 β + sin2 γ dk eku _______gSA

gy        sin2 α + sin2 β + sin2 γ   = (1 – cos2α) + (1 – cos2β) + (1 – cos2γ)

=  3 – (cos2α + cos2β + cos2γ) = 2

mnkgj.k 22  ;fn ,d js[kk y  vkSj z v{kksa esa ls izR;sd ls 4
 

 dks.k cukrh gS] rks js[kk }kjk x&

v{k osQ lkFk cuk;k x;k dks.k _________gSA

gy  eku yhft, ;g x&v{k ls dks.k α cukrh gSA rc] cos2α + 2

4
cos

 
+ 2

4
cos

 
 = 1 ftls

ljy djus ij α = 2
 

 izkIr gksrk gSA
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mnkgj.k 23 vkSj 24 esa crkb, fd dFku lR; gSa ;k vlR;&

mnkgj.k 23  fcanq (1, 2, 3), (–2, 3, 4) vkSj (7, 0, 1) lajs[kh gSA

gy   eku yhft, fd A, B, C Øe'k% fcanq (1, 2, 3), (–2, 3, 4) vkSj (7, 0, 1) gSaA rc] AB vkSj  BC
js[kkvksa  esa ls izR;sd osQ fnd~vuqikr – 3, 1, 1 osQ lekuqikrh gSaA vr% dFku lR; gSA

mnkgj.k 24  fcanq (3,5,4) vkSj (5,8,11) ls gksdj tkus okyh js[kk dh lfn'k lehdj.k

3 5 4 2 3 7ˆ ˆˆ ˆ ˆ ˆ( )r i j k i j k       
r gSA

gy  fcanqvksa (3,5,4) vkSj (5,8,11) osQ fLFkfr lfn'k 3 5 4 5 8 11ˆ ˆˆ ˆ ˆ ˆ,a i j k b i j k      
rr  gSaA

vr% js[kk dh ok¡fNr lehdj.k gS% 3 5 4 2 3 7ˆ ˆˆ ˆ ˆ ˆ( )r i j k i j k       
r

vr%] dFku lR; gSA

11.3 iz'ukoyh

y?kqmÙkjh; (S.A.)

1. vkdk'k (Lisl) esa ,sls fcanq A osQ fLFkfr lfn'k Kkr dhft, fd OA , OX ls 60º

>qdk gqvk gks vkSj OY ls 45° ij >qdk gqvk gks rFkk OA  = 10 bdkbZ gSA

2. ml js[kk dk lfn'k lehdj.k Kkr dhft, tks lfn'k ˆˆ ˆ3 2 6i j k   osQ lekarj gS rFkk fcanq

(1,–2,3) ls gksdj tkrh gSA

3. n'kkZb, fd js[kk,¡ 
1 2 3

2 3 4
x y z      vkSj 

4 1
5 2

x y z− −
= =  izfrPNsn djrh gSaA lkFk

gh] budk izfrPNsn fcanq Hkh Kkr dhft,A

4. js[kk ˆ ˆˆ ˆ ˆ ˆ3 2 6 (2 2 )r i j k i j kλ= − + + + +
r vkSj ˆ ˆˆ ˆ ˆ(2 5 ) (6 3 2 )r j k i j k= − + + +µ

r osQ chp

dk dks.k Kkr dhft,A

5. fl¼ dhft, fd A (0, –1, –1) vkSj B (4, 5, 1) fcanqvksa ls gksdj tkus okyh js[kk
C (3, 9, 4) vkSj D (– 4, 4, 4) fcanqvks ls gksdj tkus okyh js[kk dks izfrPNsn djrh gSA

6. fl¼ dhft, fd x = py + q, z = ry + s rFkk x = p′y + q′, z = r′y + s′ js[kk,¡ ijLij yac
gSa] ;fn pp′ + rr′ + 1 = 0.
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  7. ml lery dh lehdj.k Kkr dhft,] tks A (2, 3, 4) vkSj  B (4, 5, 8) fcanqvksa dks feykus
okys js[kk[kaM dks ledks.k ij lef}Hkkftr djrk gSA

  8. ml lery dh lehdj.k Kkr dhft,] tks ewyfcanq ls 3 3  bdkbZ dh nwjh ij gS rFkk

ftldk vfHkyac funsZ'kkad v{kksa ls leku >qdko ij gSA

  9. ;fn fdlh fcanqq (–2, – 1, – 3) ls gksdj [khaph xbZ js[kk fdlh lery dks ledks.k ij fcanq
(1, – 3, 3) ij feyrh gS] rks ml lery dh lehdj.k Kkr dhft,A

10. fcanqvksa (2, 1, 0), (3, –2, –2) vkSj (3, 1, 7) ls gksdj tkus okys lery dk lehdj.k Kkr dhft,A

11. ewyfcanq ls gksdj tkus okyh mu nks js[kkvksa osQ lehdj.k Kkr dhft, ftuesa ls izR;sd js[kk

3 3
2 1 1

x y z− −
= =  dks 

3
π
osQ dks.k ij izfrPNsn djrh gSA

12. mu js[kkvksa osQ chp dk  dks.k Kkr dhft, ftudh fnDdksT;k,¡  l + m + n = 0 rFkk
 l2 + m2 – n2 = 0 lehdj.kksa ls izkIr gksrh gSaA

13. ;fn fdlh pj js[kk dh nks vklUu fLFkfr;ksa esa fnDdksT;k,¡ l, m, n vkSj l + δl, m + δm, n + δn
gSa rks n'kkZb, fd bu nks fLFkfr;ksa osQ chp esa NksVk dks.k δθ fuEufyf[kr ls izkIr gksxkA

 δθ2 = δl2 + δm2 + δn2

14. O ewy fcanq gS rFkk (a, b, c) fcanq A dks iznf'Zkr djrs gSaA js[kk OA dh fnDdksT;k,¡ Kkr dhft,
rFkk A ls gksdj tkus okys vkSj OA ls ledks.k ij jgus okys lery dh lehdj.k Kkr dhft,A

15. ledksf.kd v{kksa dh nks i¼fr;ksa dk ,d gh ewy fcanq gSA ;fn dksbZ ry budks ewy fcanq ls
Øe'k% a, b, c vkSj a′, b′, c′ ij dkVrk gS] rks fl¼ dhft, fd

2 2 2 2 2 2
1 1 1 1 1 1
a b c a b c

+ + = + +
′ ′ ′

nh?kZ mÙkjh; (L.A.)

16. fcanq (2,3,–8) ls js[kk 
4 1

2 6 3
x y z     ij Mkys x, yac dk ikn Kkr dhft,A lkFk gh]

bl fcanq ls js[kk dh ykafcd nwjh Hkh Kkr dhft,A

17. fcanq (2,4,–1) dh js[kk 
5 3 6

1 4 –9
x y z     ls nwjh Kkr dhft,A
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18. fcanq 
31, ,2
2

⎛ ⎞
⎜ ⎟
⎝ ⎠

 ls lery 2x – 2y + 4z + 5 = 0 ij Mkys x, yac dh yackbZ vkSj mldk

yac ikn Kkr dhft,A

19. fcanq (3,0,1) ls gksdj tkus okyh ml js[kk osQ lehdj.k Kkr dhft,] tks x + 2y = 0 vkSj
3y – z = 0 leryksa osQ lekarj gSaA

20. ml lery dh lehdj.k Kkr dhft,] tks (2,1,–1) vkSj (–1,3,4) fcanqvksa ls gksdj tkrk gS
rFkk lery x – 2y + 4z = 10 ij yac gSA

21. js[kkvksa ˆ ˆ(8 3 (9 16 )r i j= + λ − + λ + ˆ(10 7 )k+ λ vkSj ˆ ˆˆ ˆ ˆ ˆ15 29 5 (3 8 5 )r i j k i j k= + + +µ + −

chp dh y?kqÙke nwjh Kkr dhft,A

22. ml lery dh lehdj.k Kkr dhft, tks lery 5x + 3y + 6z + 8 = 0 ij yac gS rFkk ftlesa
x + 2y + 3z – 4 = 0 vkSj 2x + y – z + 5 = 0 leryksa dh izfrPNsnu js[kk varfoZ"V gSA

23. lery ax + by = 0 dks bldh lery z = 0 osQ lkFk izfrPNsnu js[kk osQ ifjr% dks.k α
ij ?kqek;k tkrk gSaA fl¼ dhft, fd ml lery dk viuh ubZ fLFkfr esa lehdj.k

ax + by 2 2( tan )a b± + α z = 0 gSA

24. lery r  . ( î  + 3 ĵ ) – 6 = 0 vkSj  r  . (3 î  – ĵ – 4 k̂ ) = 0 osQizfrPNsnu ls gksdj tkus

okys ml lery dh lehdj.k Kkr dhft,] ftldh ewy fcanq ls ykafcd nwjh bdkbZ gSA

25. n'kkZb, fd fcanq ˆˆ ˆ( 3 )i j k− +  vkSj ˆˆ ˆ3( )i j k+ + lery ˆˆ ˆ.(5 2 7 ) 9 0r i j k+ − + =  ls lenwjLFk

gS rFkk blosQ foijhr vksj fLFkr gSaA

26. ˆ ˆˆ ˆ ˆ ˆAB 3 – CD 3 2 4i j k i j k= + =− + +vkSj nks lfn'k gSaA fcanq A vkSj C osQ fLFkfr lfn'k

Øe'k% ˆ ˆˆ ˆ ˆ6 7 4 – 9 2i j k j k+ + +vkSj  gSa] js[kk AB ij fLFkr fcanq P vkSj js[kk CD ij fLFkr

fcanq Q osQ fLFkfr lfn'k Kkr dhft, rkfd PQ ] AB  vkSj CD  nksuksa ij yac gksA

27. n'kkZb, fd os ljy js[kk,¡ ftudh fnDdksT;k,¡ lehdj.kksa  2l + 2m – n = 0 vkSj mn + nl + lm = 0
ls izkIr gksrh gS ijLij ledks.k gSaA
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28. ;fn l1, m1, n1; l2, m2, n2; l3, m3, n3 rhu ijLij yac js[kkvksa dh fnDdksT;k,¡ gSa] rks fl¼
dhft, fd og js[kk] ftldh fnDdksT;k,¡ l1 + l2 + l3, m1 + m2 + m3, n1 + n2 + n3 osQ
lekuqikrh gSa] mijksDr js[kkvksa ls cjkcj dks.k cukrh gSaA

oLrqfu"B iz'u
iz'u 29 ls 36 rd izR;sd esa fn, gq, pkj fodYiksa esa ls lgh mÙkj pqfu,&
29. fcanq (α,β,γ) dh y&v{k ls nwjh gS

(A) β (B) β (C) γβ + (D) 2 2γα +

30. ;fn ,d js[kk dh fnDdksT;k,¡ k, k, k gSa] rks

(A) k>0 (B) 0<k<1 (C) k=1 (D) 
1
3

k   ;k 
1–
3

31. ewy fcanq ls lery 
2 3 6 ˆˆ ˆ. 1
7 7 7

r i j k⎛ ⎞+ − =⎜ ⎟
⎝ ⎠

r
 dh nwjh gS

(A) 1 (B) 7 (C) 
1
7 (D) buesa ls dksbZ ugha

32. ljy js[kk 
2 3 4

3 4 5
x y z      vkSj lery 2x – 2y + z = 5 osQ chp osQ dks.k dh

sine gS

(A) 
10

6 5 (B) 
4

5 2 (C) 
2 3

5
(D) 

2
10

33. xy–lery esa fcnq (α,β,γ) dk ijkorZu gS
(A) (α,β,0) (B) (0,0,γ) (C) (–α,–β,γ) (D) (α,β,–γ)

34. prqHkqZt ABCD] tgk¡ A(0,4,1), B (2, 3, –1), C(4, 5, 0) vkSj D (2, 6, 2) gS] dk {ks=kiQy
cjkcj gSA
(A) 9 oxZ bdkbZ   (B) 18 oxZ bdkbZ (C) 27 oxZ bdkbZ      (D) 81 oxZ bdkbZ

35. xy + yz = 0 }kjk fu:fir fcanqiFk gS
(A) yac js[kkvksa dk ,d ;qXe (B) lekarj js[kkvksa dk ,d ;qXe
(C) lekarj leryksa dk ,d ;qXe (D) yac leryksa dk ,d ;qXe

36. lery 2x – 3y + 6z – 11 = 0,  x– v{k osQ lkFk sin–1(α) dk dks.k cukrk gSA α dk eku gSA

(A) 
3

2
(B) 

2
3

(C) 
2
7

(D) 
3
7
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iz'u 37 ls  41 rd izR;ssd esa fjDr LFkkuksa dks Hkfj,&
37. ,d lery (2,0,0) (0,3,0) vkSj (0,0,4) fcanqvksa ls gksdj tkrk gSA bl lery dh

lehdj.k__________gSA

38. lfn'k ˆˆ ˆ(2 2 – )i j k  dh fnDdksT;k,¡__________gSaA

39. js[kk 
– 5 4 – 6
3 7 2

x y z    dh lfn'k lehdj.k __________gSA

40. fcanq (3,4,–7) vkSj (1,–1,6) ls gksdj tkus okyh js[kk dh lfn'k lehdj.k__________gSA

41. lery ˆˆ ˆ.( – ) 2r i j k  
r  dk dkrhZ; lehdj.k __________gSA

iz'u 42 ls 49 rd izR;sd esa lR; ;k vlR; dFku crkb,&

42. lery x + 2y +3z – 6 = 0  ij vfHkyac ,dd (;k ek=kd) lfn'k 
1 2 3 ˆˆ ˆ
14 14 14

i j k   gSA

43. lery 2x – 3y + 5z +4 = 0 }kjk funsZ'kkad v{kksa ij dkVs x, var%[kaM –2, 
4 4, –
3 5 gSA

44. js[kk ˆ ˆˆ ˆ ˆ ˆ(5 – – 4 ) (2 – )r i j k i j k     vkSj lery ˆˆ ˆ.(3 – 4 – ) 5 0r i j k    osQ chp

dk dks.k 
–1 5sin

2 91
  
    gSA

45. lery ˆˆ ˆ.(2 – 3 ) 1r i j k   vkSj ˆ ˆ.( – ) 4r i j   osQ chp dk dks.k 
–1 –5cos

58
  
    gSA

46. js[kk ˆ ˆˆ ˆ ˆ ˆ2 – 3 – ( – 2 )r i j k i j k     lery ˆˆ ˆ.(3 – ) 2 0r i j k   esa fLFkr gSA

47. js[kk 
– 5 4 – 6
3 7 2

x y z    lfn'k lehdj.k ˆ ˆˆ ˆ ˆ ˆ5 – 4 6 (3 7 2 )r i j k i j k      gSA

48. fcanq (5,–2,4)] ls gksdj tkus okyh vkSj ˆˆ ˆ2 3i j k   osQ lekarj js[kk dh lehdj.k

– 5 2 – 4
2 –1 3

x y z   gSA

49. ;fn ewy fcanq ls fdlh lery ij [khaps x, yac dk ikn (5, – 3, – 2), gS] rks ml lery

dh lehdj.k ˆˆ ˆ.(5 – 3 2 ) 38r i j k− = gSA



12.1 lexz voyksdu (Overview)

12.1.1 ,d b"Vrehdj.k leL;k

,slh leL;k ftlesa fdlh iQyu dk vf/drehdj.k ;k U;wurehdj.k djuk gks] ,d
b"Vrehdj.k leL;k dgykrh gSA ,d b"Vrehdj.k leL;k ykHk] mRiknu vkfn dks
vf/drehdj.k ;k miyC/ lk/uksa ls ewY; vkfn osQ U;wurehdj.k ls lcaf/r gksrh gSA

12.1.2  jSf[kd izksxzkeu leL;k,¡ (LPP)

,d jSf[kd izksxzkeu leL;k nks pjksa (eku yhft, x rFkk y) okys fdlh jSf[kd iQyu tks
mís'; iQyu dgykrk gS]  osQ b"Vrehdj.k (vf/drehdj.k ;k U;wurehdj.k) ls
lcaf/r gksrh gS] bl izfrca/ osQ lkFk fd pj ½.ksrj gksa rFkk os fdlh jSf[kd
vlfedkvksa osQ leqPp; (tks jSf[kd O;ojks/ dgykrs gSa) dks larq"V djsaA

     jSf[kd izksxzkeu leL;k ,d fo'ks"k izdkj dh b"Vrehdj.k leL;k gksrh gSA

12.1.3 mís'; iQyu    jSf[kd iQyu Z = ax + by, tgk¡ a rFkk b vpj gaS] ftldk vf/drehdj.k
;k U;wurehdj.k djuk gksrk gS] ,d jSf[kd mís'; iQyu dgykrk gSaA

12.1.4  fu.kZ; pj mís'; iQyu Z = ax + by esa x rFkk y fu.kZ; pj dgykrs gSaA

12.1.5  O;ojks/  fdlh LPP osQ pjksa ij jSf[kd vlfedkvksa ;k izfrca/ksa dks O;ojks/ dgrs gSaA
izfrca/ x ≥ 0, y ≥ 0 ½.ksrj O;ojks/ dgykrs gSaA

12.1.6  lqlaxr {ks=k  ½.ksrj O;ojks/ x ≥ 0, y ≥ 0 lfgr fdlh LPP osQ lHkh O;ojks/ksa }kjk
fu/kZfjr mHk;fu"B {ks=k] leL;k dk lqlaxr {ks=k dgykrk gSA

12.1.7  lqlaxr gy  fdlh LPP osQ lqlaxr {kss=k osQ lHkh var% fcanq] lqlaxr gy dks fu:fir djrs gSaA

12.1.8  vlqlaxr gy  lqlaxr {ks=k osQ ckgj dk dksbZ Hkh fcanq vlqlaxr gy dgykrk gSA

12.1.9  b"Vre (lqlaxr) gy  lqlaxr {ks=k esa dksbZ Hkh fcanq tks mís'; iQyu dk b"Vre
(vf/dre ;k U;wure) eku nsrk gks ,d b"Vre gy dgykrk gSA

vè;k; 12

jSf[kd izksxzkeu



fuEufyf[kr izes; LPPs dks gy djus osQ fy, vk/kjHkwr gSaA

12.1.10 izes; 1  eku yhft, fd fdlh LPP dk lqlaxr {ks=k (mÙky cgqHkqt) R gS rFkk eku yhft,
fd Z = ax + by  mís'; iQyu gSA tc Z dk b"Vre (vf/dre ;k U;wure) eku  gksrk
gS] tgk¡ pj x rFkk y jSf[kd vlfedkvksa }kjk of.Zkr ;k vojks/ksa osQ vk/hu gSa] rc ;g
b"Vre eku vfuok;Zr% lqlaxr {ks=k osQ dksus osQ fcanq ('kh"kZ) ij ?kfVr gksuk pkfg,A

izes; 2  eku yhft, fd fdlh LPP dk lqlxar {ks=k R gS rFkk Z = ax + by  mís'; iQyu gSA ;fn
R ,d ifjc¼ {ks=k gS rks mís'; iQyu Z osQ R esa vf/dre rFkk U;wure nksuksa gh eku
gksrs gSa vkSj buesa ls izR;sd R osQ fdlh dksuh; fcanq ij ik;k tkrk gSA

;fn R ,d vifjc¼ {ks=k gS] rks mn~ns'; iQyu osQ ,d vf/dre ;k U;wure eku dk
vfLrRo gks Hkh ldrk gS ;k ugha Hkh gks ldrk gSA fdarq] ;fn mldk vfLrRo gS] rks og
R osQ fdlh dksuh; fcanq ij gh gksuk pkfg,A

12.1.11  LPP dks gy djus dh dksuh; fcanq fof/

bl fof/ osQ fuEufyf[kr pj.k gSa%

(1) LPP dk lqlaxr {ks=k Kkr dhft, vkSj mlosQ dksuh; fcanqvksa ('kh"kks±) dk fu/kZj.k ;k rks
fujh{k.k }kjk vFkok ml fcanq ij izfrPNsn djus okyh nks js[kkvksa osQ lehdj.kksa osQ gy
}kjk dhft,A

(2) mís'; iQyu Z = ax + by dk eku izR;sd dksuh; fcanq ij Kkr dhft,A eku yhft, fd

M rFkk m, Øe'k%] Z osQ vf/dre rFkk U;wure eku izdV djrs gSaA

(3) (i) tc lqlxr {ks=k ifjc¼ gksrk gS] rks M rFkk m] Øe'k%] Z osQ vf/dre rFkk U;wure
eku gksrs gSaA

(ii) lqlaxr {ks=k osQ vifjc¼ gksus dh fLFkfr esa%

(a) M, Z dk vf/dre eku gksrk gS] ;fn ax + by > M }kjk fu/kZfjr [kqys v/Z&ry dk
 lqlaxr {ks=k osQ lkFk dksbZ Hkh fcanq mHk;fu"B u gksA vU;Fkk Z dk dksbZ Hkh vf/dre
 eku ugha gksrkA

(b) blh izdkj] m Z dk U;wure eku gksrk gS] ;fn ax + by < m }kjk fu/kZfjr [kqys
 v/Z&ry dk lqlaxr {ks=k osQ lkFk dksbZ Hkh fcanq mHk;fu"B ugha gSA vU;Fkk Z dk dksbZ

   Hkh U;wure eku ugha gksrkA

12.1.12  cgq b"Vre fcanq ;fn lqlaxr {ks=k osQ nks dksuh; fcanqvksa ij ,d gh izdkj osQ b"Vre gy gSa]
vFkkZr~] nksuksa gh fcanqvksa ij leku vf/dre ;k U;wure eku izkIr gksrs gSa] rks  bu nksuksa fcanqvksa
dks feykus okys js[kk&[kaM osQ fdlh Hkh fcanq ij leku izdkj dk b"Vre gy gksrk gSA
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12.2  gy fd, gq, mnkgj.k

y?kq mÙkjh;

mnkgj.k 1  Z = 4x + 3y dk vf/dre eku fu/kZfjr dhft,] ;fn LPP dk lqlaxr {ks=k vko`Qfr
12.1 esa iznf'kZr gSA

gy  lqlaxr {ks=k ifjc¼ gSA blfy, Z dk vf/dre eku lqlaxr {ks=k osQ fdlh dksuh; fcanq ij
gksxkA vko`Qfr 12.1.

 dksuh; fcanq                  Z dk eku

O, (0, 0) 4 (0) + 3 (0) = 0

A (25, 0) 4 (25) + 3 (0) = 100

B (16, 16) 4 (16) + 3 (16) = 112 ← (vf/dre)

C (0, 24) 4 (0) + 3 (24) = 72

vr% Z dk vf/dre eku 112 gSA

mnkgj.k 2   Z = 3x + 2y dk U;wure eku (;fn dksbZ gS) fu/kZfjr dhft,] ;fn LPP dk lqlaxr
{ks=k vko`Qfr 12.2 esa iznf'kZr fd;k x;k gSA

gy  lqlaxr {ks=k (R) vifjc¼ gSA vr% Z osQ U;wure eku dk vfLrRo gks Hkh ldrk gS vkSj ugha
Hkh gks ldrk gSA ;fn mldk vfLrRo gS] rks og fdlh dksuh; fcanq ij gh gksxk (vko`Qfr 12.2)

dksuh; fcanq            Z dk eku

A, (12, 0) 3 (12) + 2 (0) = 36

B (4, 2) 3 (4) + 2 (2) = 16

C (1, 5) 3 (1) + 2 (5) = 13    ← (U;wure)

D (0, 10) 3 (0) + 2 (10) = 20

ge 3x + 2y < 13 dk vkjs[k [khaprs gSaA ge ns[krs gSa fd 3x + 2y < 13 }kjk fu/kZfjr [kqys
v/Z&ry rFkk R esa dksbZ mHk;fu"B fcanq ugha gSA vr% y?kqÙke eku 13, Z dk U;wure eku gSA
mnkgj.k 3  fuEufyf[kr LPP dks vkjs[kh; fof/ ls gy dhft,%

Z = 2x + 3y dk] O;ojks/ksa x + y ≤ 4, x ≥ 0, y ≥ 0 osQ varxZr] vf/drehdj.k dhft,A

gy  vko`Qfr 12.3 esa O;ojks/ksa osQ fudk; x ≥ 0, y ≥ 0 rFkk x + y ≤ 4 }kjk fu/kZfjr Nk;kafdr {ks=k
(OAB) lqlaxr {ks=k gSA

vko`Qfr 12-1

vko`Qfr 12-2
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lqlaxr {ks=k OAB ifjc¼ gS] vr% vf/dre eku lqlaxr {ks=k osQ fdlh dksuh; fcanq ij
gksxkA O(0, 0), A (4, 0) rFkk B (0, 4) dksuh; fcanq gSaA

bu dksuh; fcanqvksa esa ls izR;sd ij Z dk eku Kkr dhft,A

 dksuh; fcanq     Z dk eku

 0, (0, 0) 2 (0) + 3 (0) = 0

 A (4, 0) 2 (4) + 3 (0) = 8

 B (0, 4)            2 (0) + 3 (4) = 12 ← vko`Qfr 12.3

vr% Z dk vf/dre eku 12 gS] tks fcanq (0, 4) ij gSA

mnkgj.k 4   ,d fuekZ.k daiuh nks izdkj osQ Vsyhfot+u lsV cukrh gSA ,d dkyk&lisQn rFkk nwljk
jaxhuA daiuh osQ ikl izfr lIrkg vf/dre 300 lsV rS;kj djus osQ lk/u gSaA ,d dkyk&lisQn
lsV cukus esa 1800 # rFkk ,d jaxhu lsV cukus esa 2700 # yxrs gSaA daiuh VsyhfoT+ku lsV cukus
esa izfr lIRkkg 648000 # ls vf/d [kpZ ugha dj ldrh gSA ;fn daiuh izR;sd dkys&lisQn lsV
ij 510 # rFkk izR;sd jaxhu lsV ij 675 # dk ykHk vftZr djrh gSA rks izR;sd izdkj osQ fdrus
lsV fufeZr fd, tkus pkfg,] ftlls mls vf/dre ykHk gks bl leL;k dk ,d LPP osQ :i esa
lw=k.k dhft,] fn;k gqvk gS fd mís'; ykHk dk vf/drehdj.k djuk gSA

gy    eku yhft, fd x rFkk y ] Øe'k% izfr lIrkg cuus okys dkys&lis+Qn lsVksa rFkk jaxhu lsVksa
dh la[;k fu:fir djrs gSaA vr%

x ≥ 0, y ≥ 0

D;ksafd daiuh izfr lIrkg vf/dre 300 lsV cuk ldrh gS] blfy,

x + y ≤ 300

lsVksa osQ fuekZ.k djus esa lkIRkkfgd ewY; (# esa) 1800x + 2700y gS rFkk daiuh 648000 # rd
[kpZ dj ldrh gSA blfy,]

1800x + 2700y ≤ 648000, vFkkZr~, 2x + 3y ≤ 720

x dkys&lisQn lsVksa rFkk y jaxhu lsVksa ij oqQy ykHk (510x + 675y) # gksrk gSA eku yhft, fd
Z = 510x + 675y ;gh mís'; iQyu gSA

vr% leL;k dk xf.krh; lw=khdj.k fuEufyf[kr gS%

Z = 510x + 675y dk fuEufyf[kr O;ojks/ksa osQ varxZr vf/drehdj.k dhft,

vko`Qfr 12-3
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300

2 3 720

0, 0

x y

x y

x y

   
    
    

nh?kZ mÙkjh; (L.A.)

mnkgj.k 5  mnkgj.k 4 ij è;ku nhft,A LPP dks gy dhft,A
gy    leL;k uhps nh gqbZ gSA

Z = 510x + 675y dk fuEufyf[kr O;ojks/ksa osQ varxZr vf/drehdj.k dhft,A

300

2 3 720

0, 0

x y

x y

x y

   
    
    

lqlaxr {ks=k OABC vko`Qfr 12.4 esa iznf'kZr gSA

D;ksafd lqlaxr {ks=k ifjc¼ gS] blfy, Z dk vf/dre eku OBC osQ fdlh dksuh; fcanq ij gh
gksxk%

vko`Qfr 12-4
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dksuh; fcanq                Z dk eku

O (0, 0) 510 (0) + 675 (0) = 0

A (300, 0) 510 (300) + 675 (0) = 153000

B (180, 120)          510 (180) + 675 (120) = 172800  ← vf/dre

C (0, 240) 510 (0) + 675 (240) = 162000

vr% vf/dre Z] fcanq (180, 120) ij 172800 gS] vFkkZr] daiuh dks vf/dre ykHk ikus osQ fy,
180 dkys&lisQn lsV rFkk 120 jaxhu lsV cukus pkfg;sA

mnkgj.k 6  Z = 3x + 5y  dk uhps fn, O;ojks/ksa osQ varxZr U;wurehdj.k dhft,%

2 10

6

3 8

, 0

x y

x y

x y

x y

+ ≥
+ ≥
+ ≥

≥

gy  ge igys x + 2y = 10, x + y = 6, 3x + y = 8 osQ vkjs[k [khaprs gSaA vko`Qfr 12.5 esa Nk;kafdr
{ks=k ABCD mi;qZDr O;ojks/ksa }kjk fu/kZfjr lqlaxr {ks=k (R) gSA lqlaxr {ks=k vifjc¼ gSA blfy,
Z dk U;wure eku gks Hkh ldrk gS ;k ugha Hkh gks ldrk gSA ;fn U;wure eku gS] rks og fdlh
dksuh; fcanq ij gksxkA

dks.kh; fcanq Z dk eku

A (0, 8) 40

B (1, 5) 28

C (2, 4) 26              ← U;wure

D (10, 0) 30

ge 3x + 5y < 26 dk vkjs[k [khaprs gSa tSlk fd
vkòQfr 12.5 esa fcanqfdr js[kk }kjk fn[kk;k x;k gSA

ge ns[krs gSa 3x + 5y < 26 }kjk fu/kZfjr [kqys
v/Z&ry rFkk R esa dksbZ Hkh fcanq mHk;fu"B
ugha gSA vr%] 26] Z dk U;wure eku gSA

vko`Qfr 12-5
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oLrqfu"B iz'u

mnkgj.k 7 rFkk 8 rd izR;sd esa fn, gq, pkj fodYiksa esa ls lgh mÙkj pqfu,&
mnkgj.k 7   jSf[kd O;ojks/ksa osQ ,d fudk; }kjk fu/kZfjr] fdlh lqlaxr {ks=k osQ dksuh; fcanq

(0, 10), (5, 5), (15, 15), (0, 20) gSaA eku yhft, fd Z = px + qy, tgk¡ p, q > 0. p rFkk q ij
yxus okyk og izfrca/] ftlls Z dk vf/dre eku (15, 15) rFkk (0, 20) nksuksa gh fcanqvksa ij
izkIr gks] rc

(A) p = q (B) p = 2q (C) q = 2p (D) q = 3p

gy  lgh mÙkj (D) gSA D;ksafd rHkh (15, 15) RkFkk (0, 20) ij Z dk vf/dre eku izkIr gksxkA
mnkgj.k 8   fdlh LPP dk lqlaxr {ks=k (Nk;kafdr) vko`Qfr 12.6 esa iznf'kZr fd;k x;k gSA
Z = 4x + 3y dk U;wure eku fdl fcanq ij gksxk\

(A) (0, 8) (B) (2, 5) (C) (4, 3) (D) (9, 0)

gy  lgh mÙkj (B) gSA vko`Qfr 12-6
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mnkgj.k 9 rFkk 10 izR;sd esa fjDr LFkku dh iwfrZ dhft,&

mnkgj.k 9  fdlh LPP esa] og jSf[kd iQyu] ftldk vf/drehdj.k ;k U;wurehdj.k djuk gksrk
gS] ,d jSf[kd __________ iQyu dgykrk gSA

gy    mís';

mnkgj.k 10  fdlh LPP osQ lHkh jSf[kd O;ojks/ksa }kjk fu/kZfjr mHk;fu"B {ks=k ,d _______

{ks=k dgykrk gSA

gy   lqlaxr

crykb, fd mnkgj.k 11 rFkk 12 osQ dFku lR; gSa ;k vlR;&

mnkgj.k 11 ;fn fdlh jSf[kd izksxzkeu leL;k dk lqlaxr {ks=k (R) ifjc¼ gS] rks mís'; iQyu
Z = ax + by dk R esa vf/dre rFkk U;wure nksuksa gh eku gksrs gSaA

gy   lR;

mnkgj.k 12 fdlh jSf[kd izksxzkeu leL;k osQ mís'; iQyu Z = ax + by dk U;wure eku lnSo
fdlh ,d gh dksuh; fcanq ij izkIr gksrk gSA

gy  vlR;A U;wure eku lqlaxr {ks=k osQ ,d ls vf/d dksuh; fcanqvksa ij Hkh izkIr gks
ldrk gSA

12.3 iz'ukoyh

y?kq mÙkjh; iz'u (S.A.)

1. O;ojks/ksa 2x + y ≤ 6, x ≤ 2,

x ≥ 0, y ≥ 0. osQ varxZr Z

= 11x + 7y dk vf/dre
eku fu/kZfjr dhft,A

2. O;ojks/ksa  x + y  ≤ 1, x ≥ 0, y ≥
0. osQ varxZr Z = 3x + 4y dk
vf/drehdj.k dhft,A

3. O;ojk s/k s a  x ≤ 3,  y ≤ 2,

x ≥ 0, y ≥ 0 osQ varxZr iQyu
Z = 11x + 7y dk vf/d&
rehdj.k dhft,A

4. O;ojks/ksa x + y ≤ 7, 2x – 3y + 6 ≥ 0, x ≥ 0, y ≥ 0 osQ vraxZr Z = 13x – 15y dk
U;wurehdj.k dhft,A

vko`Qfr 12-7
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5. Z = 3x + 4y dk vf/dre eku Kkr dhft,] ;fn LPP

dk lqlaxr {ks=k (Nk;akfdr)vko`Qfr 12.7 esa iznf'kZr gSA

6. fdlh LPP dk lqlaxr {ks=k (Nk;kafdr)

vko`Qfr 12.8 esa iznf'kZr gSA Z = 5x + 7y dk U;wure eku
Kkr dhft,A

7. fdlh LPP dk lqlaxr {ks=k vko`Qfr
12.9 esa iznf'kZr gSA Z = 11x + 7y

dk U;wure eku Kkr dhft,A

8. mi;qZDr iz'u la[;k 7 ij è;ku
nhft,A  Z dk vf/dre  eku
Kkr dhft,A

9. fdlh LPP dk lqlaxr {ks=k
vko`Qfr 12.10 esa iznf'kZr gSA bl
{ks=k osQ izR;sd dksuh; fcanq ij Z =

4x + y dk eku fudkfy,A Z dk
U;wure eku Kkr dhft,] ;fn mldk
vfLrRo gSA

vko`Qfr 12-8

vko`Qfr 12-9

vko`Qfr 12-10
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10. vkd`fr 12.11 esa ,d LPP dk lqlaxr {ks=k (Nk;akfdr) iznf'kZr gSA Z = x + 2y dk

vf/dre rFkk U;wure eku fudkfy,A

11. ,d bysDVªkfud ifjiFk osQ fuekZrk osQ ikl 200 izfrjks/d (resistors)] 120 VªakftLVj rFkk
150 la/kfj=k (capacitors) dk LVkd gS rFkk mls A vkSj B nks izdkj osQ ifjiFk dk mRiknu
djuk gSA A izdkj osQ ifjiFk esa 20 izfrjks/dksa] 10 VªkaftLVj rFkk 10 la/kfj=kksa dh vko';drk
iM+rh gSA B izdkj osQ ifjiFk esa 10 izfrjks/dksa] 20 VªkaftLVjksa rFkk 30 la/kfj=kksa dh vko';drk
iM+rh gSA ;fn izR;sd A izdkj osQ ifjiFk ij ykHk 50 # rFkk izR;sd B izdkj osQ ifjiFk ij
ykHk 60 # gksrk gS] rks bl leL;k dk ,d LPP osQ :i esa lw=k.k dhft, rkfd fuekZrk vius
ykHk dk vf/drehdj.k dj losQA

12. ,d iQeZ dks cM+h oSuksa] ftuesa ls izR;sd 200 iSosQt rFkk NksVh oSuksa] ftuesa ls izR;sd 80

iSosQt <ks ldrh gS osQ mi;ksx }kjk] 1200 iosQt <ksuk gSA izR;sd cM+h oSu dks yxkus ij 400

# rFkk izR;sd NksVh oSu dks yXkkus ij 200 # [kpZ gksrs gSaA bl dk;Z osQ fy, 3000 # ls vf/
d [kpZ ugha fd, tk ldrs gSa rFkk cM+h oSu dh la[;k NksVh oSu dh la[;k ls vf/d ugha
gks ldrh gSA bl leL;k dk ,d LPP osQ :i esa lw=k.k dhft,] ;fn ;g fn;k gqvk gS fd
mís'; dqy ykxr dk U;wurehdj.k djuk gSA

13. ,d daiuh A rFkk B] nks izdkj osQ isapksa dk mRiknu djrh gSA lHkh iaspksa dks ,d pwM+h Mkyus
okyh e'khu rFkk ,d [kk¡pk e'khu ls gksdj xqtjuk iM+rk gSA A izdkj osQ isapksa osQ ,d cDl
dks pwM+h Mkyus dh e'khu osQ 2 feuV iz;ksx dh rFkk [k¡kpk e'khu osQ iz;ksx dh 3 feuV dh
vko';drk iM+rh gSA B izdkj osQ isapksa osQ ,d cDl dks pwM+h Mkyus dh e'khu osQ iz;ksx dh

vko`Qfr 12-11
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8 feuV rFkk [k¡kpk e'khu osQ iz;ksx dh 2 feuV dh vko';drk iM+rh gSA izR;sd e'khu ,d
lIrkg esa 60 ?kaVs osQ fy, miyC?k gSA

bu isapksa dks cspus ij daiuh dks A izdkj osQ isapksa ij 100 # izfr cDl rFkk B izdkj osQ
isapksa ij 170 # izfr cDl ykHk izkIr gksrk gSA

bl leL;k dk ,d LPP osQ :i esa lw=k.k dhft,] fn;k gqvk gS fd mís'; ykHk dk vf/
drehdj.k djuk gSA

14. ,d daiuh A rFkk B nks izdkj osQ LosVjksa dk mRiknu djrh gSA  A izdkj osQ ,d LosVj cukus
esa 360 # rFkk B izdkj osQ ,d LosVj cukus esa 120 # [kpZ gksrs gSA daiuh izfrfnu vf/d
ls vf/d 300 LosVj cuk ldrh gS rFkk vf/dre 72000 # [kpZ dj ldrh gSA B izdkj
osQ LosVjksa dh la[;k A izdkj osQ LosVjksa dh la[;k ls 100 ls vf/d ugha gks ldrh gSA izR;sd
B izdkj osQ LosVj ij 120 # ykHk vftZr djrh gSA daiuh osQ oqQy ykHk dk vf/drehdj.k
djus osQ fy, bl leL;k dk ,d LPP osQ :i esa lw=k.k dhft,A

15. ,d O;fDr viuh eksVjlkbfdy dks 50 km/h dh jÝrkj ls pykrk gSA mls isVªksy ij 2 # izfr
fdyksehVj [kpZ djus iM+rs gSaA ;fn og 80 km/h dh rst jÝrkj ls pykrk gS] rks isVªksy dk
[kpZc<+ dj 3 # izfr fdyksehVj gks tkrk gSA mlosQ ikl isVªksy ij [kpZ djus osQ fy, vf/
d ls vf/d 120 # gS rFkk 1 ?kaVs dk le; gSA og] ml vf/dre nwjh dks Kkr djuk pkgrk
gS] tks og r; dj ldrk gSA

bl leL;k dks ,d jSf[kd izksxzkeu leL;k osQ :i esa O;Dr dhft,A

nh?kZ mÙkjh; (L.A.)

16. iz'u la[;k 11 ij è;ku nhft,A fuekZrk dks fdrus A izdkj osQ rFkk fdrus B izdkj osQ ifjiFk
mRikfnr djus pkfg,] ftlls mldk ykHk vf/dre gks\ vf/dre ykHk Hkh Kkr dhft,A

17. iz'u la[;k 12 ij è;ku nhft,A U;wure ykxr D;k gksxh\

18. iz'u la[;k 13 ij è;ku nhft,A jSf[kd izksxzkeu leL;k dks gy dhft, rFkk fuekZrk (daiuh)
dk vf/dre ykHk Kkr dhft,A

19. iz'u la[;k 14 ij è;ku nhft,A daiuh dks izfrfnu] izR;sd izdkj osQ fdrus&fdrus LosVj
cukus pkfg, ftlls vf/dre ykHk gks\ vf/dre ykHk fdruk gS\

20. iz'u la[;k 15 ij è;ku nhft,A og vf/dre nwjh Kkr dhft, ftls O;fDr r; dj ldrk gSA

21. O;ojks/ksa x + 4y ≤ 8, 2x + 3y ≤ 12, 3x + y ≤ 9, x ≥ 0, y ≥ 0. osQ vk/hu Z = x + y dk
vf/drehdj.k dhft,A
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22. ,d fuekZrk ckbd osQ nks ekWMy & ekWMy X rFkk ekWMy Y cukrk gS@ekWMy X dh Y dh bdkbZ
dks cukus esa 10 tu&?kaVs yxrs gSaA izfr lIrkg oqQy 450 tu&?kaVs miyC/ gSaA  foi.ku rFkk
j[k&j[kko ij [kpZ ekWMy X dh izR;sd bdkbZ rFkk ekWMy Y dh izR;sd bdkbZ ij Øe'k%
2000 # rFkk 1000 # gSaA bl dk;Z osQ fy, izfr lIrkg oqQy miyC/ /u 80000 # gSA ekWMy
X rFkk ekWMy Y dh izR;sd bdkbZ ij ykHk Øe'k% 1000  # rFkk 500 # gSA

fuekZrk dks izR;sd ekWMy dh fdruh ckbd cukuh pkfg, ftlls vf/dre ykHk feys\
vf/dre ykHk Hkh Kkr dhft,A

23. ,d O;fDr vius nSfud vkgkj osQ laiwj.k osQ fy, oqQN X rFkk oqQN Y fVfd;k¡ (tablets)
[kkuk pkgrk gSA X rFkk Y fVfd;ksa esa ykSg] oSQfYl;e rFkk foVkfeu osQ va'k (feyh xzke izfr
fVfd;k) uhps fn, x, gSa%

fVfd;k¡        ykSg       oSQfYl;e foVkfeu

   X        6 3     2

   Y        2 3     4

ml O;fDr dks de ls de 18 mg ykSg rRo] 21 mg oSQfYl;e rFkk 16  mg foVkfeu
dh vko';drk gSA izR;sd X rFkk Y fVfd;ksa dk ewY; Øe'k% 2 # rFkk 1 # gSA viuh mi;qZDr
vko';drk dh iwfrZ osQ fy, ml O;fDr dks izR;sd izdkj dh fdruh fVfd;k¡ [kkuh pkfg,
ftlls ewY; U;wure jgs\

24. ,d daiuh ifjdfy=kksa (Calculators) osQ rhu ekWMy A, B rFkk C dk fuekZ.k iSQDVªh I rFkk
iSQDVªh II esa djrh gSA daiuh osQ ikl de ls de ekWMy A osQ 6400 ifjdfy=kksa] ekWMy B

osQ 4000 ifjdfy=kksa rFkk ekWMy  C osQ 4800 ifjdfy=kksa dh vkiwfrZ dk vkns'k gSA iSQDVªh I

esa izfrfnu ekWMy A osQ 50] ekWMy B osQ 50 rFkk ekWMy C osQ 30 ifjdfy=k fufeZr gksrs gSaA
iSQDVªh  II esa izfrfnu ekWMy C osQ 40 ifjdfy=k fufeZr gksrs gSaA iSQDVªh I rFkk iSQDVªh II dks pykus
esa izfrfnu Øe'k% 12000 # rFkk 15000 [kpZ gksrs gSaA izR;sd iSQDVªh dks pkyw j[kus osQ fnuksa
dh la[;k Kkr dhft, rkfd ykxr ewY; de ls de gks rFkk fiQj Hkh ek¡x iwjh gks losQA

25. O;ojks/ksa% x – 2y ≤ 0; – 3x + y ≤ 4, x – y  ≤  6, x,  y  ≥  0 osQ varxZr Z = 3x – 4y dk
vf/drehdj.k rFkk U;wurehdj.k dhft,A

oLrqfu"B iz'u

iz'u la[;k 26 ls 34 rd izR;sd esa fn, gq, pkj fodYiksa esa ls lgh mÙkj pqfu,&

26. O;ojks/ksa osQ ,d fudk; }kjk fu/kZfjr fdlh lqalxr {ks=k osQ dksuh; fcanq (0, 0), (0, 40),

(20, 40), (60, 20), (60, 0) gaSA mís'; iQyu Z = 4x + 3y gSA



244    iz'u iznf'kZdk

LraHk A rFkk LRkaHk B dh jkf'k;ksa dh rqyuk dhft,A

LrEHk A LRkEHk B

   Z dk vf/dre eku 325

(A) LraHk A dh jkf'k vf/d gS

(B) LraHk B dh jkf'k vf/d gS

(C) nksuksa jkf'k;k¡ leku gSa

(D) iznÙk lwpukvksa osQ vk/kj ij nksuksa jkf'k;ksa dk ijLij laca/ fu/kZfjr ugha fd;k tk ldrk gSA

27. vko`Qfr 12.12 esa fdlh LPP dk lqlaxr gy iznf'kZr gSA eku yhft, fd Z = 3x – 4y ]

mís'; iQyu gSA Z dk vf/dre eku fdl fcanq ij gS\

(A) (0, 0) (B) (0, 8) (C) (5, 0) (D) (4, 10) ij gSA

28. iz'u la[;k 27 ij è;ku nhft,A Z dk vf/dre eku fdl fcanq ij gS\
(A) (5, 0) (B) (6, 5) (C) 6, 8) (D) (4, 10)

29. iz'u la[;k 27 ij è;ku nhft,A Z dk vf/dre eku + Z dk U;wure eku cjkcj gS%

(A) 13 (B) 1 (C) – 13 (D) – 17 osQ cjkcj gSA

vko`Qfr 12-12
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30. vkOk`Qfr 12.13 esa ,d LPP dk lqlaxr {ks=k iznf'kZr gSA eku yhft, fd F = 3x – 4y

mís'; iQyu gSA F dk vf/dre eku gksxk\

(A) 0 (B) 8 (C) 12 (D) – 18

31. iz'u la[;k 30 ij è;ku nhft,A F dk U;wure eku gS%

(A) 0 (B) – 16 (C) 12 (D) dk vfLrRo ugha gaSA

32. fdlh LPP osQ lqlaxr {ks=k osQ dksuh; fcanq (0, 2), (3, 0), (6, 0), (6, 8) rFkk (0, 5) gSaA

eku yhft, fd F = 4x + 6y mís'; iQyu gSA F dk U;wure eku fdl fcanq ij gS\

(A) osQoy (0, 2) ij

(B) osQoy (3, 0) ij

(C) (0, 2) rFkk (3, 0) fcanqvksa dks feykus okys js[kka[k.M osQ eè; fcanq ij

(D) (0, 2) RkFkk (3, 0) fcanqvksa dks feykus okys js[kka[k.M osQ fdlh Hkh fcanq ij

33. iz'u la[;k 32 ij è;ku nhft,A F dk vf/dre eku –F dk U;wure eku cjkcj gS%

(A) 60 (B) 48 (C) 42 (D) 18

34. fdlh jSf[kd O;ojks/ksa osQ fudk; }kjk fu/kZfjr ,d lqalxr {ks=k osQ dksuh; fcanq (0, 3),

(1, 1) rFkk (3, 0) gSaA eku yhft, fd Z = px+qy, (tgk¡  p, q > 0) mís'; iQyu gSA p rFkk

vko`Qfr 12-13
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q ij yxus okyk og izfrca/] ftlls Z dk U;wure eku (3, 0) rFkk (1, 1) ij
izkIr gksxk%

(A) p = 2q (B) p =
2

q
(C) p = 3q (D) p = q

iz'u la[;k 35 ls 42 rd izR;sd esa fjDr LFkku dh iwfrZ dhft,&

35. fdlh LPP esa vlfedkvksa ;k pjksa ij yxus okys izfrca/ksa dks _________dgrs gSaA

36. fdlh LPP esa mís'; iQyu lnSo _________ gksrk gSA

37. ;fn fdlh LPP esa lqlaxr {ks=k _________ gS] rks mís'; iQyu Z = ax + by osQ b"Vre eku
dk vkfLrRo gks Hkh ldrk gS ;k ugha Hkh gks ldrk gSA

38. fdlh LPP esa] ;fn mís'; iQyu Z = ax + by dk lqlaxr {ks=k osQ nks dksuh; fcanqvksa ij leku
vf/dre eku gks] rks bu fcanqvksa dks feykus okys js[kk[k.M osQ lHkh fcanqvksa ij leku
_________ eku izkIr gksrk gSA

39. jSf[kd vlfedkvksa osQ ,d fudk; }kjk fu/kZfjr fdlh lqlaxr {ks=k dks _________ dgrs
gSa] ;fn ml {ks=k dks ,d o`Ùk osQ Hkhrj ifjc¼ fd;k tk ldrk gSA

40. fdlh lqlaxr {ks=k dkssuh; fcanq ml {ks=k dk og fcanq gS tks mldh nks ifjlhek js[kkvksa dk
_________ gSA

41. fdlh LPP dk lqlaxr {ks=k lnSo ,d _________ cgqHkqt gksrk gSA

crkb, fd iz'u la[;k 42 ls 45 rd esa fn, gq, dFku lR; gSa ;k vlR;\

42. ;fn fdlh LPP dk lqlaxr {ks=k vifjc¼ gS] rks mís'; iQyu Z = ax + by osQ vf/dre eku
;k U;wure eku dk vfLrRo gks ldrk gS ;k ugha Hkh gks ldrk gSA

43. fdlh LPP osQ mís'; iQyu Z = ax + by dk vf/dre eku lnSo lqlaxr {ks=k osQ osQoy ,d
dks.kh; fcanq ij izkIr gksrk gSA

44. fdlh LPP osQ mís'; iQyu Z = ax + by dk U;wure eku lnSo 0 gksrk gS] ;fn ewy fcanq
mlosQ lqlaxr {ks=k dk ,d dksuh; fcanq gSA

45. fdlh LPP esa] mís'; iQyu Z = ax + by dk vf/dre eku lnSo ifjfer gksrk gSA



13.1 lexz voyksdu (Overview)

13.1.1 lizfrca/ izkf;drk

;fn E rFkk F fdlh ;kn`fPNd ijh{k.k osQ ,d gh izfrn'kZ lef"V ls lcaf/r nks ?kVuk,¡
gSa] rks ml fLFkfr esa tc ?kVuk F ?kfVr gks pqdh gks] izrhd P (E | F) }kjk fu:fir ?kVuk
E dh lizfrca/ izkf;drk fuEufyf[kr lw=k ls izkIr gksrh gS%

P(E F)P(E | F) , P(F) 0
P(F)
∩

= ≠

13.1.2 lizfrca/ izkf;drk osQ xq.k

eku yhft, fd E rFkk F fdlh izfrn'kZ lef"V S  ls lacaf/r ?kVuk,¡ gSa] rks

(i) P (S | F) = P (F | F) = 1

(ii) P [(A ∪  B) | F] = P (A | F) + P (B | F) – P [(A ∩ B | F)],

     tgk¡ A] B  vkSj S ls lacaf/r dksbZ nks ?kVuk,¡ gSaA

(iii) P (E′ | F) = 1 – P (E | F)

13.1.3 izkf;drk dk xq.ku fu;e

eku yhft, fd E rFkk F  fdlh ijh{k.k osQ izfrn'kZ lef"V ls lacaf/r nks ?kVuk,¡ gSa] rks

        P (E ∩ F) = P (E) P (F | E), P (E) ≠ 0

= P (F) P (E | F), P (F) ≠ 0
;fn E, F rFkk G fdlh izfrn'kZ lef"V ls lacaf/r rhu ?kVuk,¡ gksa] rks

   P (E ∩ F ∩ G) = P (E) P (F | E) P (G | E ∩ F)

vè;k; 13
Ikzkf;drk
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13.1.4 Lora=k ?kVuk,¡

eku yhft, fd E rFkk F fdlh izfrn'kZ lef"V S ls lacf/r nks ?kVuk,¡ gSaA ;fn muesa
ls fdlh ,d osQ ?kfVr gksus dh izkf;drk nwljs osQ ?kfVr gksus ls izHkkfor ughsa gksrh gS]
rks ge dgrs gSa fd nksukas ?kVuk,¡ Lora=k gSaA vr% nks ?kVuk,¡  E rFkk F Lora=k gksaxh] ;fn

(a) P (F | E) = P (F), tc fd P (E) ≠ 0

(b) P (E | F) = P (E), tc fd P (F) ≠ 0

izkf;drk osQ xq.ku izes; osQ mi;ksx }kjk

(c) P (E ∩ F) = P (E) P (F)

rhu ?kVuk,¡ A, B rFkk C ijLij Lora=k dgykrh gSa] ;fn fuEufyf[kr lHkh izfrca/ izHkkoh
(hold) gksa :

P (A ∩ B) = P (A) P (B)

P (A ∩ C) = P (A) P (C)

P (B ∩ C) = P (B) P (C)

rFkk P (A ∩ B ∩ C) = P (A) P (B) P (C)

13.1.5 izfrn'kZ lef"V dk foHkktu

?kVukvksa E1, E2,...., En dk ,d leqPp; fdlh izfrn'kZ lef"V S osQ foHkktu dks fu:fir
djrk gS] ;fn

(a) Ei ∩ Ej = φ, i ≠ j; i, j = 1, 2, 3,......, n

(b) Ei ∪ E2∪ ... ∪ En = S, rFkk

(c) izR;sd Ei ≠ φ, vFkkZr P (Ei) > 0 lHkh i = 1, 2, 3, ..., n osQ fy,

13.1.6 laiw.kZ izkf;drk dk izes;

eku yhft, fd {E1, E, ..., En} izfrn'kZ lef"V S dk ,d foHkktu gSA eku yhft, fd
A izfrn'kZ lef"V S ls lac¼ (associated) dksbZ ?kVuk gS] rks

P (A) =  
1
P(E )P(A | E )

n

j j
j=
∑
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13.1.7 cst izes; (Bayes' Theorem)

;fn E1, E2,..., En fdlh izfrn'kZ lef"V ls lac¼ ijLij viof”kZr (mutually
exclusive)vkSj fu'ks"k (exhaustive) ?kVuk,¡ gksa rFkk A ,d 'kwU;srj izkf;drk okyh dksbZ
Hkh ?kVuk gks] rks

1

P(E )P(A | E )P(E | A)
P(E )P(A | E )

i i
i n

i i
i=

=

∑

13.1.8 ;kn`fPNd pj vkSj mldk izkf;drk caVu

,d ;kn`fPNd pj og okLrfod eku IkQyu gS] ftldk izkar fdlh ;kn`fPNd ijh{k.k dk
izfrn'kZ lef"V gksrk gS

fdlh ;kǹfPNd pj X dk izkf;drk caVu la[;kvksa dk uhps fn;k x;k fudk; (system)gksrk gSA

X      :          x1 x2 ... xn

P (X) :          p1 p 2 ... pn

tgk¡  pi > 0,  i =1, 2,..., n, 
1

 = 1
n

i
i

p
=
∑ .

13.1.9 ;kn`fPNd pj dk ekè; rFkk izlj.k

eku yhft, fd X ,d ,slk ;kn`fPNd pj gS ftldh fy;s x;s ekuksa x1, x2,...., xn osQ

fy, izkf;drk,¡ Øe'k% p1, p2, ..., pn ,slh gSa] fd pi ≥ 0, 
1

 = 1
n

i
i

p
=
∑   izrhd µ }kjk

O;Dr X dk ekè; [vFkok X dk laHkkfor eku ftls E (X) }kjk fu:fir djrs gSa]
fuEufyf[kr izdkj ifjHkkf"kr gSA

1
 = E (X) =  

n

i i
i

x pµ
=
∑
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rFkk σ2  }kjk fu:fir X dk izlj.k fuEufyf[kr :i esa ifjHkkf"kr gSA

2 2 2 2
i i

1 1

 = (  – )   =   – 
n n

i i
i i

x p x p   
  

  

vFkok lerqY;r%   σ2 = E (X – µ)2

;kn`fPNd pj X dk ekud fopyu fuEufyf[kr :i esa ifjHkkf"kr gSA

2

1
 = variance (X)  = (  – )

n

i i
i

x pσ µ
=
∑

13.1.10 cuwZyh vfHkiz;ksx (Bernoulli Trials)

fdlh ;kn`fPNd iz;ksx dh tk¡p dks cuwZyh vfHkiz;ksx dgrs gSa ;fn os fuEufyf[kr
izfrca/kas dks larq"V djrs gksa%

  (i)  vfHkiz;ksx dh la[;k ifjfer (fuf'pr) gksuh pkfg,

 (ii)  vfHkiz;ksx Loar=k gksus pkfg,

(iii)  izR;sd vfHkiz;ksx osQ rF;r% nks ifj.kke gksus pkfg,] liQyrk] ;k vliQyrk

(iv)  liQyrk (;k vliQyrk) dh izkf;drk izR;sd vfHkiz;ksx esa leku jguh pkfg,

13.1.11 f}in caVu

0, 1, 2, ..., n eku /kj.k djus okys fdlh ;kǹfPNd pj X  dks izkpy n rFkk  p okyk f}in
caVu j[kus okyk pj dgrs gSa] ;fn bldh izkf;drk caVu fuEufyf[kr lw=k }kjk izkIr gks]

P (X = r) = ncr pr qn–r, tgk¡ q = 1 – p rFkk  r = 0, 1, 2, ..., n.

13.2 gy fd, gq, mnkgj.k

y?kqmÙkjh; (S. A.)

mnkgj.k 1  fdlh egkfo|ky; esa izos'k pkgus okys A rFkk B nks vH;FkhZ gSaA A osQ pqus tkus dh
izkf;drk 0.7 gS rFkk nksukas esa ls osQoy ,d osQ pqus tkus dh izkf;drk 0.6 gSA B osQ pqus tkus dh
izkf;drk Kkr dhft,A
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gy   eku yhft, fd B osQ pqus tkus dh izkf;drk  p gSA

P (A vkSj B esa ls osQoy ,d osQ pqus tkus dh ) = 0.6 (fn;k gSA)

    P (A osQ pqus tkus rFkk B osQ ugha pqus tkus dh vFkok B osQ pqus tkus rFkk  A  osQ ugha
     pqus tkus dh) = 0.6

 P (A∩B′) + P (A′∩B) = 0.6

 P (A) P (B′) + P (A′) P (B) = 0.6

 (0.7) (1 – p) + (0.3) p = 0.6

  p  = 0.25

vr% B osQ pqus tkus dh izkf;drk 0.25 gSA

mnkgj.k 2  nks ?kVukvksa A rFkk B esa ls de ls de ,d dh ledkfyd ,d lkFk ?kfVr gksus dh
izkf;drk p gSA ;fn A rFkk B esa ls osQoy ,d osQ ?kfVr gksus dh izkf;drk q gks rks fl¼ dhft, fd

P (A′) + P (B′) = 2 – 2p + q.

gy   D;ksafd P (A rFkk B esa ls osQoy ,d osQ ?kfVr osQoy) = q (fn;k gS)

blls ge izkIr djrs gSa P (A∪B) – P ( A∩B) = q

⇒ p – P (A∩B) = q

⇒ P (A∩B) = p – q

⇒ 1 – P (A′∪B′) = p – q

⇒ P (A′∪B′) = 1 – p + q

 ⇒   P (A′) + P (B′) – P (A′∩B′) = 1 – p + q

⇒ P (A′) + P (B′) = (1 – p + q) + P (A′ ∩ B′)

       = (1 – p + q) + (1 – P (A∪B))

       = (1 – p + q) + (1 – p)

       = 2 – 2p + q

mnkgj.k  3  fdlh dkj[kkus esa fufeZr 10% cYc yky jax osQ gSa ftu esa 2% [kjkc gSaA ;fn ,d
cYc ;kn`PN;k fudkyk tk,] rks mlosQ [kjkc gksus dh izkf;drk fu/kZfjr dhft, ;fn og yky
jax dk gksA
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gy  eku yhft, dh cYc osQ yky jax osQ gksus dh rFkk cYc osQ [kjkc gksus dh ?kVuk,¡ Øe'k%
A rFkk B gSaA

10 1P (A) =  = 
100 10,

2 1P (A B) =  = 
100 50

 

P (A B) 1 10 1P (B | A) =  = 
P (A) 50 1 5

∩
× =

vr% cYc osQ [kjkc gksus dh izkf;drk] ;fn og yky jax dk gS] 
1
5  gSA

mnkgj.k 4   nks ikls ,d lkFk isaQosQ tkrs gSaA eku yhft, fd ?kVuk A ̂ igys ikls ij vad 6 izkIr
gksuk* gS rFkk ?kVuk B ^nwljs ikls ij vad 2 izkIr gksuk* gSA D;k A rFkk B Lora=k ?kVuk,¡ gSa\

gy A = {(6, 1), (6, 2), (6, 3), (6, 4), (6, 5), (6, 6)}

B = {(1, 2), (2, 2), (3, 2), (4, 2), (5, 2), (6, 2)}

A ∩ B = {(6, 2)}

6 1P(A)
36 6

  ,
1P(B)
6

 ,
1P(A B)

36
  

?kVuk,¡ A rFkk B Lora=k gksaxh] ;fn P (A ∩ B) = P (A) P (B) gksA

( ) ( ) ( )1 1 1 1= P A B ,  = P A P B
36 6 6 36

∩ = = × =ck;a k¡ nka;k¡

D;ksafd cka;k¡ i{k =  nka;k¡ i{k

vr% A rFkk B Lora=k ?kVuk,¡ gSaA

mnkgj.k 5   8 yM+dksa rFkk 4 yM+fd;ksa osQ fdlh lewg ls ;n`PN;k 4 fo|kfFkZ;ksa dh ,d lfefr
dk p;u fd;k tkrk gSA fn;k gqvk gS fd lfefr esa de ls de ,d yM+dh gS] rks lfefr esa Bhd
% 2 yM+fd;ksa osQ gksus dh izkf;drk Kkr dhft,A

gy  eku yhft, fd de ls de ,d yM+dh osQ pqus tkus dh ?kVuk dks A ls rFkk Bhd % 2 yM+fd;ksa
osQ pqus tkus dh ?kVuk dks B ls fu:fir fd;k tkrk gS] rks gesa P (B | A) Kkr djuk gSA
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D;ksafd de ls de ,d yM+dh osQ pqus tkus dh ?kVuk dks A ls fu:fir djrs gSa] blfy,

,d Hkh yM+dh ugha pqus tkus dh ?kVuk vFkkZr~ pkjksa yM+osQ pqus tkus dh ?kVuk A  ls fu:fir
gksxhA vr,o

   
8

4
12

4

C 70 14P (A )
C 495 99

′ = = =

14 85P (A) 1–
99 99

   

vc   P (A ∩ B) = P (2 yM+osQ rFkk 2 yM+fd;k¡) = 
8 4

2 2
12

4

C . C
C   

6 28 56
495 165
×

= =

vr%   P (B | A)  P(A  B) 56 99 168
P(A) 165 85 425
∩

= = × =

mnkgj.k 6  fdlh dkj[kkus esa E1, E2 rFkk E3 rhu e'khu fctyh osQ V~;wcksa osQ izfrfnu osQ oqQy mRikn
dk Øe'k% 50%, 25% rFkk 25% cukrh gSaA ;g Kkr gS fd E1 rFkk E2 e'khuksa esa ls izR;sd ij fufeZr
4% V;wc [kjkc gksrh gaS vkSj e'khu E3 ij fufeZr 5% V~;wc [kjkc gksrh gSaA ;fn fdlh fnu osQ mRikn
ls ,d V;wc ;kǹPN;k fudkyk tkrk gS] rks izkf;drk Kkr dhft, fd og [kjkc gksxhA

gy  eku yhft, fd D fudkyh xbZ V~;wc osQ [kjkc gksus dh ?kVuk gSA

eku yhft, fd A1 , A2 rFkk A3 Øe'k% e'khuksa E1 , E2 rFkk E3 ij V~;wc cuk;s tkus dh ?kVukvksa
dks O;Dr djrs gSaA

P (D) = P (A1) P (D | A1) + P (A2) P (D | A2) + P (A3) P (D | A3)       (1)

P (A1) = 
50

100  = 
1
2 , P (A2) = 

1
4 , P (A3) = 

1
4

lkFk gh P (D | A1) = P (D | A2) = 
4

100  = 
1
25  rFkk   P (D | A3) = 

5
100  = 

1
20 .

bu ekuksa dks (1) esa j[kus ls gesa izkIr gksrk gS

P (D) = 
1
2

 × 
1
25

 + 
1
4

 ×  
1
25

 + 
1
4  × 

1
20

    = 
1
50

 +  
1

100
 + 

1
80  = 

17
400

 = .0425
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mnkgj.k 7 fdlh vufHkur ikls dks 10 ckj iQsadus ij de ls de 8 ckj vad 3 dk xq.kt izkIr
gksus dh izkf;drk Kkr dhft,A

gy  ;gk¡ vad 3 dk xq.kt vFkkZr 3 ;k 6 izkIr gksuk liQyrk gSA

blfy, p (3 ;k 6) = 
2 1
6 3

  ⇒   q = 1 – 
1 2
3 3
=

10 ckj iQsadus ij r liQyrk vkSj izkf;drk]

P (r) = 10Cr 
10–1 2

3 3

r r
    
        

vc P (de ls de 8 liQyrk) = P (8) + P (9) + P (10)

       
8 2 9 1 10

10 10 10
8 9 10

1 2 1 2 1C C C
3 3 3 3 3

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= + +⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

          = 10

1
3 [45 × 4 + 10 × 2 + 1]  = 10

201
3

mnkgj.k 8  fdlh vlarr ;kn`fPNd pj X dk izkf;drk caVu fuEufyf[kr gS

         X        1     2    3        4  5        6     7

P (X)  C    2C   2C    3C    C2        2C2     7C2 + C

C dk eku Kkr dhft,A caVu dk ekè; Hkh Kkr dhft,A

gy D;ksafd Σ pi = 1, blfy,

C + 2C + 2C + 3C + C2 + 2C2 + 7C2 + C = 1

vFkkZr~ 10C2 + 9C – 1 = 0
vFkkZr~ (10C – 1) (C + 1) = 0

⇒ C = 
1

10 , C = –1

vr% C dk Lohdk;Z eku  
1

10  (D;ksa?)
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ekè; = 
1

n

i i
i

x p
 
  = 

7

1
i i

i

x p
 
 

     

2 2 21 2 2 3 1 1 1 11 2 3 4 5 6 2 7 7
10 10 10 10 10 10 10 10

                                     

1 4 6 12 5 12 49 7
10 10 10 10 100 100 100 10

        

 = 3.66
nh?kZ mÙkjh; (L.A.)

mnkgj.k 9 ,d ckWDl esa 8 Ykky rFkk 4 li+sQn xsan gSaA pkj xsanksa dks fcuk izfrLFkkiuk osQ fUkdkyk
gSA ;fn X fudkyh x;h yky xsanksa dh la[;k dks fUk:fir djrk gS] rks X  dk izkf;drk cVau Kkr
dhft,A

gy  D;ksafd 4 xsan fudkyh tkuh gSa] blfy, X dk eku 0, 1, 2, 3, 4 gks ldrk gSA

P (X = 0) = P (,d Hkh yky xsan ugha) = P (4 li+sQn xsan)
4

4
1 2

4

C 1
C 4 9 5

  

P (X = 1) = P (,d yky rFkk 3 li+sQn xsan)
8 4

1 3
12

4

C C 32
C 495
 

  

P (X = 2) = P (2 yky rFkk 2 li+sQn)
8 4

2 2
12

4

C C 168
C 495
   

P (X = 3) = P (3 yky rFkk 1 li+sQn xsan)
8 4

3 1
12

4

C C 224
C 495
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P (X = 4) = P (4  yky xasn) 
8

4
1 2

4

C 7 0
C 4 9 5

  

 vr% X  dk vHkh"V izkf;drk caVu uhps fn;k x;k gSA

X   0   1   2   3   4

P (X)
1

495
32
495

168
495

224
495

70
495

mnkgj.k 10   fdlh flDosQ dks rhu ckj mNkyus ij izkIr ̂ fpr] (Heads)  dh la[;k dk izlj.k
rFkk ekud fopyu fu/kZfjr dhft,A

gy  eku yhft, fd X  ^fpr* izkIr gksus dh la[;k dks fu:fir djrk gSA blfy, X  dk eku
0, 1, 2, 3  gks ldrk gSA tc fdlh flDosQ dks rhu ckj mNkyk tkrk gS] rks

izfrn'kZ lef"V S = {HHH, HHT, HTH, HTT, THH, THT, TTH, TTT}

P (X = 0) = P ( dksbZ fpr ugha) = P (TTT) = 
1
8

P (X = 1) = P (,d fpr) = P (HTT, THT, TTH) = 
3
8

P (X = 2) = P (nks fpr) = P (HHT, HTH, THH) = 
3
8

P (X = 3) = P (rhu fpr) = P (HHH) = 
1
8

vr% X dk izkf;drk caVu fuEufyf[kr gS%

X 0 1 2     3

P (X)
1
8

3
8

3
8     

1
8

X dk izlj.k = σ2 = Σ x2
i pi – µ2, (1)

tgk¡ µ, X dk ekè; gS] tks fuEufyf[kr izdkj izkIr gksrk gSA
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µ = Σ xi pi = 
1 3 3 10 1 2 3
8 8 8 8

       

      = 
3
2 (2)

vc]

Σ x2
i pi = 2 2 2 21 3 3 10 1 2 3 3

8 8 8 8
        (3)

(1), (2) rFkk (3) ls gesa fuEufyf[kr ifj.kke izkIr gksrk gSA

σ2 = 
23 33 –

2 4
       

vr% ekud fopyu 2 3 3
4 2

    

mnkgj.k 11 mnkgj.k 6 osQ lanHkZ esa bl ckr dh izkf;drk Kkr dhft, fd [kjkc V~;wc e'khu E1

esa fufeZr gqbZA

gy ;gk¡ gesa P (A1 / D) Kkr djuk gSA

P (A1 / D) = 
1 1 1P (A D) P (A ) P (D / A )

P (D) P (D)
  

= 

1 1
82 25

17 17
400

×
=

mnkgj.k 12  fdlh dkj fufeZr djus okys dkj[kkus esa nks la;a=k X rFkk Y gSaA la;a=k X,  70% rFkk
la;a=k Y, 30% dkjksa dk fuekZ.k djrk gSA la;a=k X }kjk fufeZr 80% rFkk la;a=k Y }kjk fufeZr 90%
dkjsa ekud xq.koÙkk okyh vk¡dh x;h gSaA ,d dkj ;kn`PN;k pquh tkrh gS vkSj og ekud xq.koÙkk
okyh ikbZ tkrh gSA bl dkj osQ la;a=k X }kjk fufeZr gksus dh izkf;drk D;k gS\

gy  ̂ dkj ekud xq.koÙkk okyh gS* dks ?kVuk E eku yhft,A ?kVukvksa ̂ dkj X la;a=k esa fufeZr gqbZ*
rFkk ^dkj Y la;a=k esa fufeZr gqbZ* dks Øe'k% B1 rFkk B2 eku yhft,A
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vc P (B1) = 
70 7

100 10
= , P (B2) = 

30 3
100 10

=

P (E | B1) = ekud xq.koÙkk okyh dkj osQ la;a=k X esa fufeZr gksus dh izkf;drk

= 
80 8

100 10
=

blh izdkj] P (E | B2) = 
90 9

100 10
=

vr% P (B1 | E) = ekud xq.koÙkk okyh dkj osQ la;a=k X }kjk fufeZr gksus dh izkf;drk

1 1

1 1 2 2

P (B ) × P (E | B )
P (B ) . P (E | B ) + P (B ) . P (E | B )

=  

7 8
5610 10

7 8 3 9 83
10 10 10 10

×
=

× + ×
 gSA

vr% vHkh"V izkf;drk = 
56
83

oLrqfu"B iz'u

mnkgj.k 13 ls 17 rd izR;sd esa fn, gq, pkj fodYiksa esa ls lgh mÙkj pqfu,&
mnkgj.k 13 eku yhft, fd A rFkk B nks ?kVuk,¡ gSaA ;fn P (A) = 0.2, P (B) = 0.4, P (A∪B)
= 0.6, rks P (A | B) cjkcj gksxk

(A)  0.8 (B)  0.5 (C)  0.3 (D)  0

gy   fn, gq, vkadM+ksa ls P (A) + P (B) = P (A∪B). blls Li"V gS fd

P (A∩B) = 0. vr% P (A | B) = 
P (A B)

P (B)
 

 = 0.

vr% lgh mÙkj (D) gSA

mnkgj.k 14 eku yhft, fd A rFkk B nks ?kVuk,¡ ,slh gSa fd P(A) = 0.6, P(B) = 0.2, rFkk
P (A | B) = 0.5. P (A′ | B′) cjkcj gksxk%

(A)  
1

10 (B)  
3

10 (C)  
3
8 (D)  

6
7
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gy   P (A∩B) = P (A | B) P (B)        = 0.5 × 0.2 = 0.1

P (A′ | B′) = 
( )1– P A BP (A B ) P[(A B )]

P (B ) P(B ) 1– P(B)
∪′ ′ ′∩ ∪

= =
′ ′

= 
1– P (A) – P (B) + P (A B)

1– 0.2
∩

 =
3
8

vr% lgh mÙkj (C) gSA
mnkgj.k 15 ;fn A rFkk B ,slh Lora=k ?kVuk,¡ gSa fd 0 < P (A) < 1 rFkk 0 < P (B) < 1, rks
fuEufyf[kr esa ls dkSu lk dFku lR; ugha gS\

(A)  A rFkk B ijLij viothZr gSaA (B)  A rFkk B′ Lora=k gSaA

(C)  A′ rFkk B Lora=k gSaA (D)  A′ rFkk B′ Lora=k gSaA

gy  lgh mÙkj (A) gSA

mnkgj.k 16 eku yhft, fd X ,d vlarr ;kǹfPNd pj gSA X dk izkf;drk caVu uhps fn;k x;k gSA
X         30      10    – 10

P (X)   
1
5      

3
10       

1
2

E (X) dk eku gksxkA

(A) 6 (B) 4 (C) 3 (D) – 5

gy  E (X) = 
1 3 130 10 –10 4
5 10 2

× + × × =

vr% lgh mÙkj (B) gSA

mnkgj.k  17 eku yhft, fd X ,d vlarr ;kn`fPNd pj gS tks x1, x2, ..., xn eku /kj.k djrk
gS ftudh izkf;drk,¡ Øe'k% p1, p2, ..., pn, gSa] rks X dk izlj.k gksxk

(A) E (X2) (B)  E (X2) + E (X)      (C) E (X2) – [E (X)]2    (D) 2 2E (X ) – [E (X)]

gy lgh mÙkj (C) gSA

mnkgj.k 18 rFkk 19 esa fjDr LFkkuksa dh iwfrZ dhft,&
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mnkgj.k 18  ;fn A rFkk B ,slh Lora=k ?kVuk,¡ gS fd P (A) = p, P (B) = 2p rFkk

P (A, B esa ls osQoy ,d) = 
5
9 , rks p = __________ gksxk

gy   ( )( ) ( ) 2 51– 2 1– 2 3 – 4
9

p p p p p p⎡ ⎤+ = =⎢ ⎥⎣ ⎦

blls izkIr gksrk gS %   p = 
1 5,
3 12

mnkgj.k 19  ;fn A rFkk B′ Lora=k ?kVuk,¡ gSa] rks P (A′∪B) = 1 – ________

gy   P (A′∪B) = 1 – P (A∩B′) = 1 – P (A) P (B′)  (D;ksafd A rFkk B′ Lora=k ?kVuk,¡ gSaA)

vr% [kkyh LFkku esa P(A) P (B′) Hkjk tk;sxkA

crkb, fd 20 ls 22 rd osQ mnkgj.kksa esa ls izR;sd essa fn;k gqvk dFku LkR; gS ;k vlR;\

mnkgj.k 20  ;fn A rFkk B nks Lora=k ?kVuk,¡ gSa] rks P (A∩B) = P (A) + P (B)

gy  vlR;] D;ksafd P (A∩B) = P (A) . P(B)] tgk¡ A rFkk B Lora=k ?kVuk,¡ gSaA

mnkgj.k 21  rhu ?kVuk,¡ A, B rFkk C Lora=k dgykrh gS a] ;fn P(A∩B∩C) =
P (A) P (B) P (C)

gy  vlR;A dkj.k ;g gS fd A, B, C, Lora=k gksrh gSa] ;fn os ;qXer% (pairwise) Lora=k gksa rFkk
P (A∩B∩C) = P (A) P (B) P (C) gks

mnkgj.k 22 cuwZyh vfHkiz;ksxksa osQ izfrca/ksa esa ls ,d ;g gS fd vfHkiz;ksx ,d nwljs ls Lora=k gksus
pkfg,A
gy lR;

13.3. iz'ukoyh

y?kq mÙkjh; iz'u (S.A.)

1. fdlh Hkkfjr (loaded) ikls osQ fy, ?kfVr gksus okys ifj.kkeksa dh izkf;drk,¡ uhps nh gqbZ
gSa P(1) = P(2) = 0.2, P(3) = P(5) = P(6) = 0.1 rFkk P(4) = 0.3.

ikls dks nks ckj isaQdk tkrk gSA eku yhft, fd A rFkk B Øe'k% ?kVukvksa ̂ izR;sd ckj ,d
gh la[;k vkuk* rFkk B ?kVuk ^oqqqqqqqqQy Ldksj 10 ;k 10 ls vf/d vkuk* dks fu:fir djrk
gSA fu/kZfjr dhft, fd A rFkk B Lora=k ?kVuk,¡ gSa ;k ughaA
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  2. mi;qZDr iz'u la[;k 1 ij è;ku nhft,A ;fn iklk vufHkur gks] rks fu/kZfjr dhft, fd
?kVuk,¡ A rFkk B Lora=k gksaxh ;k ughaA

  3. A rFkk B nks ?kVukvksa esa ls de ls de ,d osQ ?kfVr gksus dh izkf;drk 0.6 gSA ;fn A rFkk B

osQ ,d lkFk ?kfVr gksus dh izkf;drk 0.3 gS] rks P( A ) + P( B ) dk eku fudkfy,A

  4. ,d FkSys esa 5 yky rFkk 3 dkys oaQps gSaA rhu oaQpksa dks ,d&,d djosQ fcuk izfrLFkkfir
fd, fudkyk tkrk gSA fudkys x, rhu oaQpksa esa ls de ls de ,d oaQps osQ dkys gksus dh
izkf;drk D;k gS] ;fn fudkyk x;k igyk oaQpk yky jax dk gS\

  5. nks iklksa dks ,d lkFk isQadk tkrk gS vkSj izkIr la[;kvksa dk ;ksxiQy uksV dj fy;k tkrk gSA
?kVuk,¡ E, F rFkk G Øe'k% ^;ksxiQy 4* ^;ksxiQy 9 ;k 9 ls vf/d* rFkk ^;ksxiQy la[;k
5 ls HkkT;* dks fu:fir djrh gSaA P(E), P(F) rFkk P(G) dks ifjdfyr dhft, vkSj fu.kZ;
dhft, fd ?kVukvksa dk dkSu lk tksM+k (;qXe) Lora=k gSA

  6. Li"V dhft, fd fdlh flDosQ dks rhu ckj mNkyus osQ ijh{k.k dks f}in caVu j[kus okyk
D;ksa dgk tkrk gSA

  7. A rFkk B nks ?kVuk,¡ ,slh gSa fd P(A) = 
1
2

, P(B) = 
1
3

 rFkk P(A∩ B)=
1
4
A Kkr dhft,%

(i) P(A|B) (ii) P(B|A) (iii) P(A'|B) (iv) P(A'|B')

  8. rhu ?kVukvksa A, B rFkk C dh izkf;drk,¡ Øe'k% 
2
5

, 
1
3

 rFkk 
1
2

,  gSaA fn;k gS fd P(A∩ C)

=
1
5

 rFkk P(B∩ C) =
1
4 _ P(C | B) rFkk P(A'∩ C') osQ eku Kkr dhft,A

  9. eku yhft, fd E1 rFkk E2 nks Lora=k ?kVuk,¡ ,slh gSa fd p(E1) = p1 rFkk P(E2) = p2.

fuEufyf[kr izkf;drkvksa okyh ?kVukvksa dk o.kZu 'kCnksa esa dhft,%

(i) p1 p2 (ii) (1–p1) p2 (iii) 1–(1–p1)(1–p2)    (iv) p1 + p2 – 2p1p2

10. fdlh vlarr ;kn`fPNd pj X dk izkf;drk caVu uhps fn;k gqvk gS%

X 0.5       1 1.5       2

P(X) k       k2 2k2       k

(i)   k dk eku Kkr dhft,A (ii)  mi;qZDr caVu dk ekè; Kkr dhft,A
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11. fl¼ dhft, fd%

(i)   P(A) = P(A∩ B) + P (A∩ B )

(ii)  P(A∪ B) = P(A∩ B) + P(A∩ B ) + P( A ∩ B)
12. ;fn ;kn`PN pj X fdlh flDosQ dks rhu ckj mNkyus ij ̂ iV* vkus dh la[;k dks fu:fir

djrk gS] rks X dk ekud fopyu Kkr dhft,A
13. ikls osQ fdlh [ksy esa ,d f[kykM+h ikls dh izR;sd isaQd ij 1 # dk nk¡o (ckth) yxkrk

gSA mls ikls ij 3  vkus ij 5 # feyrs gSa] isaQd osQ fy, vFkok 6 vkus ij 2 # feyrs gSa
vU;Fkk oqQN Hkh ugha feyrkA ikls dks isaQdus osQ ,d yacs flYkflys esa izfr isaQd ij f[kykM+h
dk laHkkfor ykHk D;k gksxk\

14. rhu iklksa dks ,d lkFk isaQdk tkrk gSA rhuksa iklksa ij 2 vkus dh izkf;drk Kkr dhft,] ;fn
;g Kkr gS fd iklksa ij izdV gksus okyh la[;kvksa dk ;ksx 6 gSA

15. fdlh ykVjh osQ 10,000 fVdVksa] esa ls izR;sd dks 1 # dk cspk tkrk gSA izFke iqjLdkj 3000
# dk gS rFkk f}rh; iqjLdkj 2000 # dk gSA buosQ vfrfjDr 500 # okys rhu vU; iqjLdkj
gSaA ;fn vki ,d fVdV [kjhnrs gSa] rks vki dh izR;k'kk (expectation) D;k gksxh\

16. ,d FkSys esa 4 lisQn rFkk 5 dkyh xsan gSaA ,d vU; FkSys esa 9 lisQn rFkk 7 dkyh xsan gSaA
igys FkSys ls ,d xsan nwljs FkSys esa LFkkukarfjr dj nh tkrh gSA rRi'pkr~ nwljs FkSys esa ls ,d
xsan ;n`PN;k fudkyh tkrh gSA bl ckr dh izkf;drk Kkr dhft, fd fudkyh xbZ xasn lisQn
jax dh gSA

17. FkSyk I esa 3 dkyh rFkk 2 lisQn xsan gSa vkSj FkSyk II esa 2 dkyh rFkk 4 liQsn xsan gSaA ,d
FkSyk rFkk ,d xsan ;kn`PN;k Nk¡Vs tkrs gSaA dkys jax dh xsan osQ Nk¡Vs tkus dh izkf;drk Kkr
dhft,A

18. fdlh ckDl esa 5 uhyh rFkk 4 yky xsan gSaA ,d xsan ;kn`PN;k fudkyh tkrh gS vkSj
izfrLFkkfir ugha dh tkrh gSA ml xsan dk jax Hkh uksV ugha fd;k tkrk gSA RkRi'pkr~ ,d vU;
xasn ;kn`PN;k fudkyh tkrh gSA nwljh xsan osQ uhys jax dh gksus dh izkf;drk D;k gS\

19. rk'k osQ 52 iÙkkas dh ,d xM~Mh ls pkj iÙks fcuk izfrLFkkiu ,d osQ ckn ,d djosQ fudkys
tkrs gSaA lHkh pkjksa iÙkksa osQ ^^ckn'kkg ** gksus dh izkf;drk D;k gS\

20. ,d iklk 5 ckj issaQdk tkrk gSA ikls ij Bhd rhu ckj fo"ke la[;k vkus dh izkf;drk Kkr
dhft,A

21. nl flDosQ ,d lkFk mNkys tkrs gSaA de ls de 8 fpr izkIr gksus dh izkf;drk D;k gS\

22. fdlh O;fDr }kjk y{;&Hksnu dh izkf;drk 0.25 gSA og 7 ckj y{;&Hksnu dk iz;kl djrk
gSA ml O;fDr }kjk de ls de nks ckj y{; Hksnus dh izkf;drk D;k gS\
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23. ;g Kkr gS fd 100 ?kfM+;ksa osQ ,d <+sj esa 10 ?kfM+;k¡ [kjkc gSaA ;fn 8 ?kfM+;k¡ ;kn`PN;k]
(,d&,d djosQ fcuk izfrLFkkiu osQ) pquh tkrh gSa] rks de ls de ,d [kjkc ?kM+h pquh
tkus dh izkf;drk D;k gS\

24. ,d ;kn`fPNd pj X osQ uhps fn;s x, izkf;drk caVu ij fopkj dhft,A

X 0 1 2 3 4

P(X) 0.1 0.25 0.3 0.2 0.15

(i) 
XVar
2

⎛ ⎞
⎜ ⎟
⎝ ⎠

   (ii)  X dk izlj.k dks ifjdfyr dhft,A

25. fdlh ;kn`fPNd pj X dk izkf;drk caVu uhps fn;k gSA

X 0 1 2 3

P(X) k
2
k

4
k

8
k

(i)      k dk eku fu/kZfjr dhft,.       (ii)    P(X ≤  2) rFkk P(X > 2) fu/kZfjr dhft,

(iii)    P(X ≤  2) + P (X > 2) Kkr dhft,A

26. fuEufyf[kr izkf;drk caVu osQ fy, ;kn`fPNd pj X dk ekud fopyu fu/kZfjr dhft,%

X 2 3 4

P(X) 0.2 0.5 0.3

27. ,d vufHkur iklk bl izdkj dk gS fd P(4) = 
1

10  rFkk vU; Ldksj le lEHkkO; gSaA iklk

nks ckj mNkyk tkrk gSA ;fn ^ikls ij 4 izdV gksus dh la[;k* X gS] rks ;kn`fPNd pj X
dk izlj.k Kkr dhft,A

28. ,d iklk rhu ckj isaQdk tkrk gSA eku yhft, fd ikls ij 2 vkus dh la[;k X  }kjk fu:fir
gksrh gSA X dh izR;k'kk (expectation) Kkr dhft,A

29. nks vfHkur ikls ,d lkFk isaQosQ tkrs gSaA igys ikls osQ fy, P(6) = 
1
2

, vU; Ldksj le
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lEHkkO; gSa_ tc fd nwljs ikls osQ fy, P(1) = 
2
5

 rFkk vU; Ldksj le lEHkkO; gSaA

^^1 osQ izdV gksus dh la[;k** dk izkf;drk caVu Kkr dhft,A

30. nks vlarr ;kn`fPNd pj X rFkk Y osQ izkf;drk cVau fuEufyf[kr gaS%

X         0          1     2 3 Y           0  1      2       3

P(X)     
1
5

        
2
5

   
1
5

     
1
5

P(Y)      
1
5

3
10

   
2
5

     
1

10

fl¼ dhft, fd  E(Y2) = 2 E(X)

31. ,d dkj[kkus esa cYc curs gSaA fdlh cYc osQ [kjkc gksus dh izkf;drk 
1
50

 gS rFkk cYcksa

dks nl&nl djosQ fMCCkksa esa iSd fd;k x;k gSA fdlh ,d fMCcs osQ fy, fuEufyf[kr
izkf;drk Kkr dhft,%

(i)  dksbZ Hkh cYc [kjkc ugha gS (ii)  Bhd nks cYc [kjkc gSaA

(iii) 8 ls vf/d cYc Bhd dke djrs gSaA

32. eku yhft, fd vkidh tsc esa nks flDosQ gSa tks ,d tSls fn[kkbZ nsrs gSaA vkidks Kkr gS fd
,d fLkDdk vufHkur (U;kÕ;) gS rFkk nwljs flDosQ esa nksuksa vksj ̂ fpr* (2-headed) gSA ;fn
vki ,d flDdk fudky dj mNkyrs gSa vkSj ̂ fpr* izkIr djrs gSa] rks bl ckr dh izkf;drk
D;k gS fd ;g flDdk U;kÕ; gS\

33. eku yhft, fd #f/j oxZ O okys yksxksa esa 6% okegfLrd (left handed) gSa vkSj vU;
#f/j oxZ okys yksxksa esa 10% okegfLrd gSaA 30% yksxksa dk #f/j oxZ O gSA ;fn ,d
okegfLrd O;fDr ;kn`PN;k pquk tkrk gS] rks bl ckr dh izkf;drk D;k gS fd mldk
#f/j oxZ O gS?

34. leqPp; S=   1, 2, 3, ...., n ls nks izko`Qr la[;k,¡ r, s, ,d ckj esa ,d] fcuk izfrLFkkiu

osQ] fudkyh tkrh gSaA P [ ]|r p s p≤ ≤ , tgk¡ p∈S Kkr dhft,A

35. tc ,d ikls dks nks ckj isaQdk tkrk gS rks izkIr nks Ldksjksa esa ls egÙke Ldksj dk izkf;drk
caVu Kkr dhft,A caVu dk ekè; Hkh fu/kZfjr dhft,A
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36. ,d ;kn`fPNd pj X osQoy 0, 1, 2 ekuksa dks /kj.k dj ldrk gSA fn;k gqvk gS fd

P( X = 0) = P (X = 1) = p ]rFkk ;g fd  E(X2) = E[X],  rks p dk eku Kkr dhft,A

37. fuEufyf[kr caVu dk izlj.k Kkr dhft,%

x 0         1 2 3        4          5

P(x)
1
6

     
5

18
2
9

1
6

      
1
9

      
1

18
38. A vkSj B ikls osQ ,d tksM+s dks ckjh&ckjh ls iasQdrs gSaaA A thrrk gS] ;fn og B }kjk ikls

ij 7 izkIr djus ls igys 6 izkIr dj ysrk gS rFkk B thrrh gS] ;fn og A }kjk ikls ij 6
izkIr djus ls igys 7 izkIr dj ysrh gSA ;fn A ikls dks isaQduk izkjEHk djrk gS] rks rhljh
iaaasQd esa mlosQ thrus dk la;ksx (izkf;drk) Kkr dhft,A

39. nks ikls mNkys tkrs gSaaA Kkr dhft, fd D;k fuEufyf[kr nks ?kVuk,¡ A rFkk B Lora=k gSaa%

A =   ( , ) : + =11x y x y  B =   ( , ) :  5x y x  tgk¡ (x, y) ,d fof'k"V izfrn'kZ fcanq dks

fu:fir djrs gSaA
40. fdlh dy'k esa m li+sQn rFkk n dkyh xsan gSA ,d xsan dks ;kn`PN;k fudky dj mlh osQ

jax dh k vfrfjDr xsanksa osQ lkFk dy'k esa okil j[k fn;k tkrk gSA ,d xsan ;kn`PN;k iqu%
fudkyh tkrh gSA fl¼ dhft, fd bl ckj lisQn xsan osQ fudkys tkus dh izkf;drk k ij
fuHkZj ugha gSA

nh?kZ mÙkjh; iz'u (L.A.)

41. rhu FkSyksa esa yky rFkk li+sQn xsanksa dh la[;k fuEufyf[kr gSA
FkSyk izFke  & 3 yky xsan
FkSyk f}rh; & 2 yky xsan rFkk 1 lisQn xsan
FkSyk r`rh;  &3 lisQn xsan

FkSyk i osQ pqus tkus rFkk mlesa ls ,d xsan osQ p;u dh izkf;drk 
6
i
gS, i = 1, 2, 3. bl ckr

dh izkf;drk D;k gS fd
(i)  ,d yky xsan pquh tkrh gS\ (ii) ,d li+sQn xsan pquh tkrh gS\

42. mi;qZDr iz'u la[;k 41 ij è;ku nhft,A ;fn ,d lisQn xsan pquh tkrh gS] rks bl ckr dh
D;k izkf;drk gS fd ;g xsan
(i) FkSyk – 2 (ii) FkSyk – 3 ls fudkyh x;h gS\
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43. ,d nqdkunkj rhu izdkj osQ iwQyksa osQ cht A1, A2 rFkk A3 csprk gSA chtksa dks 4:4:2 osQ
vuqikr esa feykdj cspk tkrk gSA bu rhu izdkj osQ chtksa osQ vaoqQj.k dh nj Øe'k% 45%,
60% rFkk 35% gSA fuEufyf[kr izkf;drkvksa dk ifjdyu dhft,%

(i)   ,d ;kn`PN;k pqus x,s cht osQ vaoqQfjr gksus dh

(ii)  cht osQ vadqfjr ugha gksus dh] fn;k gqvk gS fd cht dk izdkj A3, gSA

        (iii) cht dk izdkj A2 gksus dh] fn;k gqvk gS fd ;kn`PN;k pquk x;k cht vaoqQfjr ugha
 gksrk gSA

44. ;g Kkr gS fd ,d i=k ;k rks TATA NAGAR ls ;k CALCUTTA ls vk;k gSA i=k osQ
fyI+kQkI+ksQ ij osQoy nks Øekxr v{kj TA fn[kykbZ iM+rs gSaA  i=k osQ TATA NAGAR ls vkus
dh izkf;drk D;k gS\

45. nks FkSyksa esa ls ,d esa 3 dkyh rFkk 4 lisQn xsansa gSa tcfd nwljs esa 4 dkyh rFkk 3 lI+ksQn xsan
gSaA ,d iklk isaQdk tkrk gSA ;fn ml ij la[;k 1 ;k 3 izdV gksrh gS] rks igys FkSys ls ,d
xasn fudkyrs gSa] ijarq ;fn ml ij dksbZ vU; la[;k izdV gksrh gS] rks nwljs FkSys ls ,d xsan
fudkyh tkrh gSA ,d dkys jax dh xsan osQ pqus tkus dh izkf;drk Kkr dhft,A

46. rhu dy'kksa esa Øe'k% 2 lI+kQsn rFkk 3 dkyh xsan] 3 lI+ksQn rFkk 2 dkyh xsan vkSj 4 lI+ksQn rFkk
1 dkyh xsan gSA izR;sd dy'k osQ pqus tkus dh izkf;drk leku gSA pqus x, dy'k ls ,d
xsan ;kn`PN;k fudkyh tkrh gS vkSj og lIksQn jax dh ikbZ tkrh gSA bl ckr dh izkf;drk
Kkr dhft, og xsan nwljs dy'k ls fudkyh xbZ gSA

47. Nkrh osQ ,Dl–js dh tk¡p }kjk {k; jksx (T.B.) osQ igpku dh izkf;drk 0.99 gS] tc fd
O;fDr okLro esa {k; jksx ls xzflr gSA ,d LoLFk O;fDr osQ {k; jksx ls xzflr ik;s gks tkus
dh izkf;drk 0.001 gSA fdlh 'kgj esa 1000 yksxksa esa ls 1 esa {k; jksx ik;k tkrk gSA ,d
O;fDr ;kn`PN;k pquk tkrk gS vkSj funku fd, tkus ij irk pyrk gS fd mls {k; jksx gSA
bl ckr dh izkf;drk D;k gS fd mls OkkLro esa {k; jksx gSA

48. dksbZ oLrq A, B rFkk C rhu e'khukas }kjk fufeZr gksrh gSA fdlh fof'k"V vof/ esa fufeZr
oLrqvksa dh oqQy la[;k esa ls 50% A ij] 30% B ij rFkk 20% C ij fufeZr gksrh gSaA
A  ij mRikfnr oLrqvksa dk 2% rFkk B ij mRikfnr oLrqvksa dk 2% [+kjkc gS vkSj mu oLrqvksa
dk 3% tks C ij mRikfnr gksrh gSa] [+kjkc gSaA lHkh oLrqvksa dks ,d xksnke esa j[krs gSaA ,d
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oLrq dks ;kn`PN;k fudkyk tkrk gS vkSj og [+kjkc ik;h tkrh gSA bl ckr dh izkf;drk D;k
gS fd og oLrq e'khu A ij fufeZr gqbZ gS\

49. eku yhft, fd X ,d vlarr ;kn`fPNd pj gS] ftldk izkf;drk&caVu fuEufyf[kr izdkj
ls ifjHkkf"kr gSA

( 1), 1,2,3,4
(X ) 2 , 5,6,7

0,

k x x
P x kx x

+ =⎧
⎪= = =⎨
⎪
⎩

 fy,

fy,

vU; fLFkfr esa 

osQ

oQs

tgk¡ k ,d vpj gSA fuEufyf[kr ifjdfyr dhft,A

(i) k dk eku (ii) E (X) (iii) X dk ekud fopyu

50. fdlh vlarr ;kn`fPNd pj X dk izkf;drk caVu fuEufyf[kr gSA

X 1 2 4 2A 3A 5A

P(X)
1
2

1
5

3
25

1
10

1
25

1
25

fuEufyf[kr dks ifjdfyr dhft,A

(i)   A dk eku] ;fn E(X) = 2.94 (ii)  X dk izlj.k

51. fdlh ;kn`fPNd pj x dk izkf;drk&caVu uhps fn;k gSA

P( X = x ) = 

2 , 1,2,3
2 , 4,5,6
0

kx x
kx x

⎧ =
⎪ =⎨
⎪
⎩

d s fy,

d s fy,

vU;Fkk  (vU; fLFkfr es)a

tgk¡ k ,d vpj gSA ifjdfyr dhft,A
(i)  E(X) (ii)  E (3X2) (iii) P(X ≥  4)

52. ,d FkSys esa (2n + 1) fLkDosQ gSaA ;g Kkr gS fd bUk esa ls n flDosQ vufHkur (U;kÕ;) gSaA
FkSys ls ,d fLkDdk ;kn`PN;k fudkyk tkrk gS vkSj mls mNkyk tkrk gSSA ;fn mNkyus ij

^fpr* izkIr gksus dh izkf;drk 
31
42

, gSA rks n dk eku fu/kZfjr dhft,A
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53. rk'k dh ,d Hkyh&Hkk¡fr isaQVh gqbZ xM~Mh ls nks iÙks mÙkjksÙkj fcuk izfrLFkkiu osQ fudkys tkrs
gSaA ;kǹfPNd pj X dk ekè; rFkk ekud izlj.k Kkr dhft,] t¡gk X bDdksa dh la[;k gSaA

54. ,d ikls dks nks ckj mNkyk tkrk gSA ikls ij ,d le la[;k dk izkIr gksuk ,d ̂ lIkQyrk*
fxuh tkrh gSA liQyrkvksa dh la[;k dk izlj.k Kkr dhft,A

55. 5 iÙks 1 ls 5, rd la[;kafdr gaSA] ,d iÙks ij ,d gh la[;k vafdr gSaA nks iÙks ;kn`PN;k fcuk
izfrLFkkiu osQ fudkys tkrs gSaA eku yhft, fd fudkys x, nks iÙkkas ij vafdr la[;kvksa dk
;ksxiQy X ls fu#fir gksrk gSA X dk ekè; rFkk izlj.k Kkr dhft,A

oLrqfu"B iz'u

iz'u la[;k 56 ls 82 rd izR;sd esa fn, gq, pkj fodYiksa esa ls lgh mÙkj pqfu,&

56. ;fn P(A) = 
4
5

, rFkk P(A∩ B) = 
7

10
, rks P(B | A) dk eku

(A) 
1

10
(B) 

1
8

(C) 
7
8

(D) 
17
20

57. ;fn P(A∩ B) = 
7

10  rFkk P(B) = 
17
20

, rks P (A | B) cjkcj gSA

(A) 
14
17

(B) 
17
20

(C) 
7
8

(D)
1
8

58. ;fn P(A) = 
3

10
, P (B) = 

2
5

 rFkk P(A∪B) = 
3
5

, rks P (B | A)  + P (A | B) osQ cjkcj gSA

(A) 
1
4

(B) 
1
3

(C) 
5

12
(D)

7
2

59. ;fn P(A) = 
2
5

, P(B) = 
3

10
 rFkk P (A∩ B) = 

1
5

, rks P(A | B ).P(B ' | A ')  cjkcj gSA

(A)
5
6

(B) 
5
7 (C) 

25
42 (D) 1
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60. ;fn A RkFkk B nks ?kVuk,¡ ,slh gSa] fd P(A) = 
1
2

, P(B) = 
1
3

, P(A/B)=
1
4

, rks

P(A B )′ ′∩ cjkcj gSA

(A) 
1

12
(B) 

3
4 (C) 

1
4 (D) 

3
16

61. ;fn P(A) = 0.4, P(B) = 0.8 rFkk P(B | A) = 0.6, rks P(A∪ B) cjkcj gSA

(A) 0.24 (B)   0.3 (C)   0.48 (D) 0.96

62. ;fn A rFkk B nks ?kVuk,¡ gSa vkSj A  φ, B  φ, rks

(A)  P(A | B) = P(A).P(B) (B)  P(A | B) = 
P(A B)

P(B)
∩

(C)  P(A | B).P(B | A)=1 (D)  P(A | B) = P(A) | P(B)

63. A rFkk B ?kVuk,¡ bl izdkj gSa fd P(A) = 0.4, P(B) = 0.3 vkSj P(A∪ B) = 0.5 rks

P  (B A)  cjkcj gSA

(A) 
2
3

(B) 
1
2

(C) 
3

10
(D) 

1
5

64. vkidks ,slh nks ?kVuk,¡ A rFkk B nh gqbZ gSa fd P(B)=
3
5

, P(A | B) = 
1
2

 vkSj

P(A∪ B) = 
4
5

, rks P(A) cjkcj gSA

(A) 
3

10
(B) 

1
5

(C) 
1
2

(D) 
3
5

65. mi;qZDr iz'u la[;k 64 esa] P(B | A ) cjkcj gSA

(A) 
1
5

(B) 
3

10
(C) 

1
2

(D) 
3
5
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66. ;fn P(B) = 
3
5

, P(A | B) = 
1
2

 RkFkk P(A∪ B) = 
4
5

, rks P(A∪ B)  + P( A ∪ B) cjkcj gSA

(A) 
1
5

(B) 
4
5

(C) 
1
2

(D) 1

67. eku yhft, fd P(A) =
7

13
, P(B) = 

9
13

 rFkk P(A∩ B) = 
4

13
, rks P( A | B) cjkcj gSA

(A) 
6

13
(B) 

4
13

(C) 
4
9

(D) 
5
9

68. ;fn A rFkk B ,slh ?kVuk,¡ gSa fd P(A) > 0 vkSj P(B) ≠ 1, rks P( A  | B ) cjkcj gS%

(A)  1 – P(A | B) (B)  1– P( A  | B)

(C)  
1–P(A B)

P(B')
∪

(D)  P( A ) | P( B )

69. ;fn A rFkk B nks Lora=k ?kVuk,¡ gSa vkSj P(A) = 
3
5

 rFkk P(B) = 
4
9

, rks P( A ∩ B ) cjkcj gS%

(A) 
4

15
(B) 

8
45

(C) 
1
3

(D) 
2
9

70. ;fn nks ?kVuk,¡ Loar=k gSa] rks

(A)  os osQoy ijLij viothZr gksaxh

(B)  osQoy mudh izkf;drkvksa dk ;ksx vfuok;Zr% 1 gksxk

(C)  (A) rFkk (B) nksuksa lR; gSa

(D)  mi;qZDr esa ls dksbZ Hkh lR; ugha gSA

71. eku yhft, fd A RkFkk B nks ?kVuk,¡ bl izdkj gSa fd P(A) = 
3
8

, P(B) = 
5
8

 rFkk

P(A∪ B) = 
3
4
rks P(A | B).P( A  | B) cjkcj gS%
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(A) 
2
5

(B) 
3
8

(C) 
3
20

 (D) 
6
25

72. ;fn ?kVuk,¡ A RkFkk B Loar=k gSa] rks P(A∩ B) cjkcj gS&

(A)  P (A) + P (B) (B)  P(A) – P(B)

(C)  P (A) . P(B) (D)  P(A) | P(B)

73. nks ?kVuk,¡ E rFkk F Lora=k gSaA ;fn P(E) = 0.3, P(E∪ F) = 0.5, rks P(E | F) – P(F | E)
cjkcj gS&

(A) 
2
7

(B) 
3
35

(C) 
1
70

 (D) 
1
7

74. ,d FkSys esa 5 yky rFkk  3 uhyh xsan gSaA ;fn 3 xsan ;kn`PN;k fcuk izfrLFkkiu osQ fudkyh
tkrh gSa] rks rF;r% ,d yky jax dh xsan osQ fudkyus dh izkf;drk&

(A) 
45

196
(B) 

135
392

(C) 
15
56

(D) 
15
29

75. mi;qZDr iz'u la[;k 74 ij è;ku nhft,A rhu xsanksa esa ls rF;r% nks xsanksa osQ yky jax dh gksus
dh izkf;drk] tcfd igyh xsan yky jax dh gS&

(A) 
1
3

(B) 
4
7

(C) 
15
28

(D) 
5

28

76. rhu O;fDr A, B rFkk C, A ls izkjEHk djosQ] ,d y{; ij ckjh –  ckjh ls xksyh pykrs gSaA
muosQ }kjk y{;&Hksnu dh izkf;drk,¡ Øe'k% 0.4, 0.3 rFkk 0.2 gSaA nks ckj y{; – Hksnu dh
izkf;drk gS&
(A) 0.024 (B) 0.188 (C) 0.336 (D) 0.452

77. eku yhft, fd fdlh ifjokj esa izR;sd cPps dk yM+dk ;k yM+dh gksuk le lEHkkO; gSA
rhu cPpksa okys ,d ifjokj dks ;kn`PN;k pquk tkrk gSA lcls cM+s cPps osQ yM+dh gksus dh
;fn ;g fn;k gqvk gS fd ifjokj esa de ls de ,d yM+dh gS rks izkf;drk gS&

(A) 
1
2

(B) 
1
3

(C) 
2
3

(D) 
4
7
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78. ,d iklk isaQdk tkrk gS rFkk 52 iÙkksa dh rk'k dh fdlh xM~Mh ls ,d iÙkk ;kǹPN;k fudkyk
tkrk gSA ikls ij le la[;k osQ izkIr gksus dh izkf;drk gS

(A) 
1
2

(B) 
1
4

(C) 
1
8

(D) 
3
4

79. fdlh ckWDl esa 3 ukajxh] 3 gjh rFkk 2 uhyh xsan gSaA ckWDl ls rhu xsan ;kǹPN;k fcuk izfrLFkkiu
osQ fudkyh tkrh gSaA nks gjh xsan rFkk ,d uhyh xsan osQ fudkyus dh izkf;drk gS

(A) 
3
28

(B) 
2
21

(C) 
1
28

(D) 
167
168

80. ,d ÝyS'k ykbV (dkSa/ cÙkh) esa 8 cSVjh gSa] ftuesa ls rhu fuLrst (dead) gSaA ;fn nks cSfVª;ksa
dks fcuk izfrLFkkiu osQ pqudj tk¡pk tkrk gS rks mu nksukas osQ fuLrst gksus dh izkf;drk gS]

(A) 
33
56

(B) 
9
64

(C) 
1

14
(D) 

3
28

81. vkB flDdksa dks ,d lkFk mNkyk tkrk gSA Bhd 3 fpr izkIr gksus dh izkf;drk gS]

(A) 
1

256
(B) 

7
32

(C) 
5
32

(D) 
3

32

82. nks ikls isQaosQ tkrs gSaA ;fn ;g Kkr gS fd iklksa ij izkIr la[;kvksa dk ;ksxiQy 6 ls de Fkk
rks mu ij izkIr la[;kvksa dk ;ksx 3 gksus dh izkf;drk gS]

(A) 
1

18 (B) 
5

18
(C) 

1
5

(D) 
2
5

83. fuEufyf[kr esa ls dkSu lk dFku f}in&caVu osQ fy, vko';d ugha gS\

(A)  izR;sd ijh{k.k osQ 2 ifj.kke gksus pkfg,]

(B)  ijh{k.kksa dh la[;k fuf'pr (vpj) gksuh pkfg,]

(C)  ifj.kke ,d nwljs ij fuHkZj gksus pkfg,]

(D)  liQyrk dh izkf;drk lHkh ijh{k.kksa osQ fy, leku gksuh pkfg,A

84. rk'k osQ 52 iÙkksa dh Hkyh– Hkk¡fr isaQVh gqbZ fdlh xM~Mh ls nks iÙks izfrLFkkiu lfgr fudkys
tkrs gSaA nksuksa iÙkksa osQ ^jkuh* gksus dh izkf;drk gS]

(A) 
1

13
×

1
13

(B) 
1

13
+

1
13

(C) 
1

13
×

1
17

(D) 
1

13
×

4
51
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85. fdlh lR; – vlR; izdkj osQ iz'uksa dh ijh{kk esa 10 mÙkjkas esa ls de ls de 8 mÙkjksa dk
lgh vuqeku yxkus dh izkf;drk gS]

(A) 
7
64

(B) 
7

128
(C) 

45
1024

(D) 
7
41

86. fdlh O;fDr osQ rSjkd ugha gksus dh izkf;drk 0.3 gSA 5 O;fDr;ksa esa ls 4 osQ rSjkd gksus dh
izkf;drk gS]
(A) 5C4 (0.7)4 (0.3) (B) 5C1 (0.7) (0.3)4

(C) 5C4 (0.7) (0.3)4 (D) (0.7)4 (0.3)

87. fdlh vlarr ;kn`fPNd pj X dk izkf;drk&caVu uhps fn;k gqvk gS%

X 2 3 4 5

P(X)
5
k

7
k

9
k

11
k

k dk eku gS]

(A) 8 (B) 16 (C) 32 (D) 48

88. fuEufyf[kr izkf;drk caVu osQ fy, E (X)dk eku gS]

X – 4 –3 –2 –1 0

P(X) 0.1 0.2 0.3 0.2 0.2

(A) 0 (B) –1 (C) –2 (D) –1.8

89. fuEufyf[kr izkf;drk&caVu osQ fy, E(X2) dk eku

X 1 2 3 4

P (X)
1

10
1
5

3
10

2
5

(A) 3 (B) 5 (C) 7 (D) 10

90. eku yhft, fd ,d ;kn`fPNd pj X, izkpy n RkFkk p, okys f}in&caVu dk ikyu djrk gS]
tgk¡ 0 < p < 1, ;fn P(x = r) / P(x = n–r) n rFkk r, ls Loar=k gaS rks p cjkcj gS]

(A) 
1
2

(B) 
1
3

(C) 
1
5

(D) 
1
7
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  91. fdlh egkfo|ky; esa] 30% fo|kFkhZ HkkSfrd foKku esa vuqÙkh.kZ gksrs gSa] 25% xf.kr esa
vuqÙkh.kZ gksrs gSa rFkk 10% nksuksa fo"k;ksa esa vuqÙkh.kZ gksrs gSaA ,d fo|kFkhZ ;kn`PN;k pquk tkrk
gSA bl ckr dh izkf;drk fd og HkkSfrd foKku esa vuqÙkh.kZ gS] ;fn og xf.kr esa vuqÙkh.kZ
gks pqdk gSA

(A) 
1

10
(B) 

2
5

(C) 
9
20

(D) 
1
3

  92. A RkFkk B nks fo|kFkhZ gSaA muosQ }kjk fdlh iz'u dks lgh izdkj ls gy djus dh laHkkouk,¡

Øe'k% 
1
3

 rFkk 
1
4

 gaSsA ;fn muosQ }kjk ,d gh izdkj dh xyrh djus dh izkf;drk  
1
20

 gS

rFkk muosQ mÙkj leku gSa] rks muosQ }kjk izkIr mÙkj osQ lgh gksus dh izkf;drk gS]

(A) 
1

12
(B) 

1
40

(C) 
13

120
(D) 

10
13

  93. ,d ckWDl esa 100 dye gSa] ftlesa ls 10 dye [kjkc gSaA bl ckr dh izkf;drk D;k gS fd
fcuk izfrLFkkfir fd, ,d&,d djosQ fudkys x, 5 dyeksa osQ fdlh uewus esa vfèkd ls
vf/d 1 dye [kjkc gS]

(A) 
59

10
⎛ ⎞
⎜ ⎟
⎝ ⎠

(B) 
41 9

2 10
⎛ ⎞
⎜ ⎟
⎝ ⎠

(C) 
51 9

2 10
⎛ ⎞
⎜ ⎟
⎝ ⎠

(D) 
5 49 1 9

10 2 10
⎛ ⎞ ⎛ ⎞+⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

crkb, fd iz'u la[;k 94 ls 103 rd izR;sd esa fn, gq, dFku lR; gSa ;k vlR; \

  94. eku yhft, fd P(A) > 0 rFkk P(B) > 0, rks ?kVuk,¡ A rFkk B ijLij viothZ rFkk Loar=k gSaA

  95. ;fn A  rFkk  B Lora=k ?kVuk,¡ gSa] rks A  rFkk B  Hkh LoRka=k gSaA

  96. ;fn A  rFkk  B ijLij viothZ ?kVuk,¡ gSa] rks os Lora=k Hkh gksaxhA

  97. nks LoRka=k ?kVuk,¡ lnSo ijLij viothZ gksrh gSaA

  98. ;fn A rFkk B nks LoRka=k ?kVuk,¡ gSa] rks P(A rFkk B) = P(A).P(B).

  99. fdlh izkf;drk caVu osQ ekè; dk nwljk uke izR;k'kk gSA

100. ;fn A RkFkk B′ Lora=k ?kVuk,¡ gSa] rks P(A'∪ B) = 1 – P (A) P(B')
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101. ;fn A rFkk B LoRka=k gSa] rks

P (A, B esa ls osQoy ,d ?kfVr gksrh gS) =     P(A)P(B )+P B P A  

102. ;fn A rFkk B ,slh nks ?kVuk,¡ gSa fd P(A) > 0 rFkk P(A) + P(B) >1, rks

P(B | A) ≥  
P(B )1
P(A)

′
−

103. ;fn A, B rFkk C rhu Lora=k ?kVuk,¡ gSa fd P(A) = P(B) = P(C) = p, rks

P (A, B, C esa ls de ls de nks ?kfVr gksrh gSa) = 2 33 2p p−

fuEufyf[kr iz'uksa esa ls izR;sd esa fjDr LFkku dh iwfrZ dhft,&

104. ;fn A rFkk B ,slh nks ?kVuk,¡ gSa fd P (A | B) = p, P(A) = p, P(B) = 
1
3
rFkk

P(A∪ B)=
5
9

, rks p = _____

105. ;fn A rFkk B ,sls gSa fd P(A'∪ B') =
2
3

 rFkk P(A∪ B)=
5
9

,rks  P(A') + P(B') = _____

106. ;fn X] izkpy n = 5, p okys f}in caaVu dk ikyu djrk gS rFkk P (X = 2) = 9,

P (X = 3), rks p = ___________

107. eku yhft, fd  X ,d ,slk ;kn`fPNd pj gS] tks x1, x2,..., xn ekuksa dks /kj.k djrk gS
ftudh izkf;drk,¡ Øe'k% p1,  p2, ..., pn, gSaA rc]  Var (X) = ________

108. eku yhft, fd A rFkk B nks ?kVuk,¡ gSaA ;fn P(A | B) = P(A), rks A, B ls _______ gSA



iz'ui=k ossQ fofHkUu vk;keksa ij vad Hkkj.k fuEufyf[kr vuqlkj gSA
(A)    fofHkUu mi&fo"k;@fo"k;&oLrq ;wfuV ij Hkkj.k

Øe la[;k mi&fo"k; vad
1. laca/ ,oa iQyu 10
2. chtxf.kr 13
3. dyu             44
4. lfn'k ,oa f=kfoeh;&T;kfefr 17
5. jSf[kd izksxzkeu 06
6. izkf;drk             10

oqQy ;skx 100
(B)    iz'uksa osQ fofHkUu izdkj ij Hkkj.k
        Øe iz'u dk izdkj izR;sd iz'u ij iz'uksa dh la[;k

la[;k vad
        1. cgqfodYih;@oLrqfu"B@         01 10         10

vfr y?kq mÙkjh; iz'u
        2. y?kq mÙkjh; iz'u         04 12         48
        3. nh?kZ mÙkjh; iz'u         06 07         42

oqqQy ;ksx 29       100
(C)    pquko@fodYi dh ;kstuk

iwjs iz'ui=k esa fodYi dk izkoèkku ugha gSA rFkkfi pkj vdksa okys pkj iz'uksa esa rFkk N% vadkas
okys nks iz'uksa esa vkUrfjd fodYi dk izko/ku gSA

Cyw fizaV
;wfuV/iz'u dk izdkj cgq fodYih@vfr y?kq mÙkjh; nh?kZ ;ksx

y?kq mÙkjh; iz'u iz'u mÙkjh;
laca/ ,oa iQyu - 4 (1) 6 (1) 10 (2)
cht xf.kr 3 (3) 4 (1) 6 (1) 13 (5)
dyu 4 (4) 28 (7) 12 (2) 44 (13)
lfn'k ,oa f=kfoeh;
T;kfefr 3 (3) 8 (2) 6 (1) 17 (6)
jSf[kd izksxzkeu – – 6 (1) 6 (1)
izkf;drk – 4 (1) 6 (1) 10 (2)
;ksx 10 (10) 48 (12) 42 (7) 100(29)

xf.kr - d{kk  12
le; : 3 ?kaVs
iw.kk±d : 100

iz'ui=k dk izk:i
lsV-I



iz'ui=k dk izk:i lsV&I    291

Hkkx ([kaM) — A

iz'u la[;k 1 ls 3 rd izR;sd esa fn, gq, pkj fodYiksa esa ls lgh mÙkj pqfu,&

1. ;fn 
2 1 1
4 3 2

x y

x y

       
               

, rks (x, y)

(A)  (1, 1) gS (B)   (1, –1) gS (C)    (–1, 1) gS (D)   (–1, –1) gS

2. (–2, 4), (2, k) rFkk (5, 4) 'kh"kksZa okys f=kHkqt dk {ks=kiQy 35 oxZ bdkbZ gSA k dk eku gS

(A) 4             (B)   – 2                 (C)   6                   (D)    – 6

3. js[kk y = x + 1, oØ y2 = 4x dh Li'khZ fcanq gS

(A)  (1, 2) ij      (B)  (2, 1) ij   (C)  (1, – 2) ij        (D)   (–1, 2) ij

4. ,d 2 × 2 vkO;wg dh jpuk dhft,] ftlosQ vo;o a
ij
 fuEufyf[kr fu;e ls izkIr gksrs gS]

2

ˆ3
,

2
(  + ) ,   = . 

ij

i j
i ja

i j i j

⎧ − +
⎪ ≠=⎨
⎪
⎩

;fn

;fn

5. tan–1 (ex) dk x osQ lkis{k fcanq x = 0 ij vodyt dk eku Kkr dhft,

6. fdlh js[kk dk dkrhZ; lehdj.k 
3 2 6

2 5 3
x y z     

  gSA bl js[kk dk lfn'k lehdj.k Kkr

dhft,A

7.
83 123(sin )

–

x+x dx
 

 
 dk eku fudkfy,A

iz'u la[;k 8 ls 10 rd esa fjDr LFkkuksa dh iwfrZ dhft,&

8.
sin cos

1+sin2
x+ x

dx = _____
x∫
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9. ;fn ˆ ˆ ˆˆ ˆ ˆ ˆ2 4 – 3 – 2a i j k b i j k= + = + λ
G

rFkk  ijLij yEc gSa] rks λ = ______

10. ˆ ˆˆ ˆ ˆ ˆ3 2 – 3 6a i j k b i j k= + + = +
GG

dk osQ vuqfn'k iz{ksi _________gSA

[kaM — B

11. fl¼ dhft, fd –1 1 sin 1 sincot , 0
2 21 sin 1 sin

x x x
x

x x

             
       

vFkok

lehdj.k sin–1x + sin–12x = 3
 

,  x > 0 dks x osQ fy, gy dhft,A

12. lkjf.kdksa osQ xq.k/eksZa dk iz;ksx djosQ] fl¼ dhft, fd]

2
b c c a a b a b c

q r r p p q p q r

y z z x x y x y z

   
    
   

13. f (x) = |x+1|+ |x+2| }kjk iznÙk iQyu f  osQ x = – 1 rFkk x = –2 ij lkarR; ij ifjppkZ
(fopkj&foe'kZ) dhft,A

14. ;fn x = 2cosθ – cos2θ rFkk y = 2sinθ – sin2θ gS] rks 
2

22
d y

dx

π
θ = ij Kkr dhft,A

vFkok

;fn 
( )2

–11 1 0, , –1 1
1

dy
x y y x x

dx x
+ + + = = < <

+
rk s fl¼ dhft, fd tgk¡ , x ≠ y

15. fdlh 'kaoqQ dk O;kl 10cm rFkk xgjkbZ 10cm gSA blesa 4 cubic cm izfr feuV dh nj ls
ikuh Hkjk tk jgk gSA ml {k.k tc ikuh dh xgjkbZ 6cm gS] ikuh dk Lrj fdl nj ls mQij
mB jgk gS\

vFkok

mu varjkyksa dks Kkr dhft, ftuesa f (x) = x3 + 3
1
x

, x ≠ 0 }kjk iznÙk iQyu f

(i) o/Zeku gS    (ii) gzkleku gS
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16. 2
3 2

( 3)( 1)
x

x x

 
    dx dk eku Kkr dhft,A

vFkok

2
1log (log )

log )
x dx

x

  
      dk Kkr dhft,A

17. 2
0

sin
1 cos

x x
dx

x  
 

dk Kkr dhft,A

18. mu lHkh o`Ùkksa dk vody lehdj.k Kkr dhft, tks ewy fcanq ls gks dj tkrs gSa vkSj ftuosQ
osQanz x- v{k ij fLFkr gSaA

19. vody lehdj.k x2y dx – (x3 + y3) dy  = 0 dks gy dhft,A

20. ;fn , 0a b a c a b c× = × ≠ ≠
G GGG G G G G

rFkk , rks fl¼ dhft, fd fdlh vfn'k  osQ fy,

b c a  
G G G 

21. js[kkvksa ˆˆ ˆ( 1) ( 1) (1 )r i j k= − + + − +
G λ λ λ  rFkk ˆˆ ˆ(1 ) (2 1) ( 2)r i j k         

G G GG
 osQ

eè; U;wure nwjh Kkr dhft,A

22. rk'k osQ 52 iÙkksa dh xM~Mh esa ls ,d iÙkk [kks tkrk gSA xM~Mh rFkk 'ks"k iÙkksa esa ls nks iÙks [khaps
tkrs gSa] tks iku osQ iÙks fudyrs gSa bl ckj dh izf;edrk Kkr dhft, fd [kks;k gqvk iÙkk
iku dk gSA

[k.M — C

23. eku yhft, fd nks vkO;wg A rFkk B fuEufyf[kr gSaA

                           

1 1 0 2 2 4
A 2 3 4 B 4 2 4

0 1 2 2 1 5

− −⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥= = − −⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎣ ⎦

rFkk

lR;kfir dhft, fd AB = BA = 6I, tgk¡ I dksfV 3 dk rRled vkO;wg gS vr% uhps fn,
gq, lehj.k fudk; dks gy dhft,A

3, 2 3 4 17 2 7x y x y z y z− = + + = + =vkSj
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24. leqPp; R– {– 1} esa ,d f}&vk/kjh lafØ;k fuEufyf[kr izdkj ls ifjHkkf"kr gS] lHkh
a, b ∈ R – {– 1} osQ fy, a * b = a + b + ab. fl¼ dhft, fd R – {–1} esa *
Øefofues; gSA lafØ;k *  dk rRled vo;o Kkr dhft, vkSj fl¼ dhft, fd blosQ
varxZr R – {– 1}dk izR;sd vo;o O;qRØe.kh; gSA

25. fl¼ dhft, fd iznÙk d.kZ okys fdlh ledks.k f=kHkqt dk ifjeki vf/dre gksrk gS] tc
f=kHkqt lef}ckgq gksA

26. lekdyu fof/ dk iz;ksx dj osQ js[kkvksa 2x + y = 4,  3x – 2y = 6 rFkk x – 3y + 5 = 0
osQ }kjk f?kjs gq, {ks=k dk {ks=kiQy Kkr dhft,

vFkok

4
2

1

(2 )x x dx   dk eku ;ksxiQy dh lhek osQ #i esa fudkfy,A

27. fcUnq (2, 3, 7) ls lery 3x – y – z = 7 ij yEcikn osQ funsZ'kkad Kkr dhft,A yac dh yackbZ
Hkh Kkr dhft,A

vFkok

ml lery dk lehdj.k Kkr dhft, ftlesa js[kk,¡ ˆˆ ˆ ˆ ˆ( 2 )r i j i j k= + + λ + −
G rFkk

ˆˆ ˆ ˆ ˆ( 2 2 )r i j i j k= + +µ − + −
G varfoZ"V gSaA bl lery dh fcanq (1,1,1) ls nwjh Hkh Kkr dhft,A

28. rk'k osQ 52 iÙkksa dh Hkyh&Hkkafr isQaVh gqbZ ,d xM~Mh ls nks iÙks mÙkjksÙkj fcuk izfrLFkkiuk fd,
fudkys tkrs gSaA ckn'kkgksa dh la[;k dk izkf;drk caVu Kkr dhft,A caVu dk ek?; ,ao izlj.k
osQ Hkh ifjdyu dhft,A

29. ,d vkgkj fo'ks"kK nks izdkj osQ [kk| inkFkksaZ dks bl izdkj feykuk pkgrk gS fd feJ.k esa
8 bdkbZ foVkfeu A rFkk 10 bdkbZ foVkfeu C dh gksA [kk| I esa 2 bdkbZ@fdyks foVkfeu A
rFkk 1 bdkbZ@fdyks foVkfeu C gSA [kk| II esa 1 bdkbZ@fdyks foVkfeu A rFkk 2 bdkbZ@fdyks
foVkfeu C gS [kk| I dks [kjhnus esa 50 # izfr fdyks rFkk [kk| II dks [kjhnus esa 70 #
izfrfdyks [kpZ gksrs gSaA bl leL;k osQ feJ.k dk U;wure ewY; Kkr djus osQ fy,] ,d jSf[kd
izksxzkeu leL;k osQ :i esa lw=k.k dhft, rFkk bls vkys[kh; fof/ ls gy dhft,A
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vadu ;kstuk

[kaM — A

  1. (C)
  2. (D)
  3. (A) vad

  4.

14
2

5 16
2

  
  
  
  
    

  5.
1
2

  6. ˆ ˆˆ ˆ ˆ ˆ(3 – 2 6 ) (2 –5 3 )r i j k i j k     G , tgk¡   ,d vfn'k gSA
  7. 0
  8. x + c
  9. λ = –2

10. 
1
7

 
1 × 10 = 10

[kaM — B

11. L.H.S. = –1 1 sin 1 – sincot
1 sin 1 – sin

x x

x x

      
  

      

= 

2 2

–1
2 2

cos sin cos – sin
2 2 2 2

cot

cos sin – cos – sin
2 2 2 2

x x x x

x x x x

⎧ ⎫⎛ ⎞ ⎛ ⎞⎪ ⎪+ +⎜ ⎟ ⎜ ⎟⎪ ⎪⎝ ⎠ ⎝ ⎠
⎨ ⎬
⎪ ⎪⎛ ⎞ ⎛ ⎞+⎜ ⎟ ⎜ ⎟⎪ ⎪⎝ ⎠ ⎝ ⎠⎩ ⎭

11
2

= –1
cos sin cos – sin

2 2 2 2cot
cos sin – cos – sin

2 2 2 2

x x x x

x x x x

        
  
   
    

 0 cos sin
2 4 2 2
x x xπ⎡ ⎤< < ⇒ >⎢ ⎥⎣ ⎦

D;ksafd
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= –1
cos sin cos –sin

2 2 2 2cot
cos sin – cos sin

2 2 2 2

x x x x

x x x x

      
  
    
  

= –1
2cos

2cot
2sin

2

x

x

  
  
  
  
  

 = –1cot cot
2 2
x x     

  

11
2

 since 0
2 4
x π⎡ ⎤< <⎢ ⎥⎣ ⎦

1

vFkok

sin–1x + sin–12x = 3
 

⇒ sin–12x = 3
 

 – sin–1 x

⇒ 2x = sin ( 3
 

 – sin–1x) 1

    = sin 

3
 

 cos (sin–1x) – cos 3
 

 sin (sin–1x)    = 2 –13 11 sin (sin )
2 2

x x  

     = 23 11
2 2

x x  

4x = 23 1– –x x , 5x = 23 1– x
11
2

⇒ 25x2 = 3 (1 – x2)
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⇒ 28x2 = 3

⇒ x2 = 
3
28

⇒ x  = 
1 3
2 7

 1

vr%   x  = 
1 3
2 7   (D;ksafd fn;k gqvk gS fd  x > 0 )

1
2

bl izdkj x  = 
1 3
2 7  iznÙk lehdj.k dk gy gSA

12. eku yhft, fd

 
b c c a a b

q r r p p q

y z z x x y

   
     

   

C1 
  C1 + C2 + C3 osQ iz;ksx }kjk

2( )
2( )
2( )

a b c c a a b

p q r r p p q

x y z z x x y

    
      

    
1

2
a b c c a a b

p q r r p p q

x y z z x x y

    
     

    

C2 
  C2 – C1 rFkk C3 

  C3 – C1  }kjk
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– –
2 – –

– –

a b c b c

p q r q r

x y z y z

+ +
∆= + +

+ +

11
2

C1 
  C1 + C2 +  C3 osQ iz;ksx }kjk rFkk C2 vkSj C3 nksuks esa (–1) mHk;fu"B fudkyus ij

2
a b c

p q r

x y z

  
11
2

13. n'kk (fLFkfr)1% tc x < –2

f (x) = |x + 1| + |x + 2| = – (x + 1) – (x+2) = –2x –3

n'kk 2% tc – 2 ≤ x < –1

f (x) = –x – 1 + x + 2 = 1 1

n'kk 3% tc x ≥ –1

f (x) = x + 1 + x + 2 = 2x + 3

bl izdkj

–2 – 3 – 2
( ) 1 –2 –1

2 3 –1

x x

f x x

x x

<⎧
⎪= ≤ <⎨
⎪ + ≥⎩

] tc
] tc
] tc

vc, x = –2 ij L.H.S, ( )
–2

lim
x

f x
−→  =   

––2
lim –2 – 3

x
x

 
  = 4 – 3 = 1

vc, x = –2 ij R.H.S, ( )
–2

lim
x

f x
+→  =  –2

lim 1 1
x   
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blosQ vfrfjDr  f (–2) = |–2 + 1| + |–2 + 2| = |–1| + |0| = 1

vr%]   
––2

lim
x

f x
  = f (–2) = f (– 1) =   

–2
lim

x
f x

  

11
2

⇒ iQyu f , x = –2 ij larr gSA

iqu% x = –1 ij L.H.S,   
––1

lim
x

f x
 

= ––1
lim 1

x 
= 1

x = –1 ij R.H.S,   
–1

lim
x

f x
  

               =   
–1

lim 2 3
x

x
  

 = 1
11
2

lkFk gh f (–1) = |–1 + 1| + |–1 + 2| = 1

vr%   
–1

lim
x

f x
  

 =   
––1

lim –1
x

f
 

 

⇒ iQyu x = –1 ij lrar gSA

vr%] iznÙk iQyu nksuks gh fcanqvksa x = –1 rFkk x = –2 ij larr gSA

14. x = 2cosθ – cos2θ rFkk y = 2 sinθ – sin2θ

blfy,]    

3 ––2sin sin
cos – cos 2 32 2 tan3sin 2 – sin 22cos sin

2 2

dy
dy d

dxdx
d

θ θ⎛ ⎞
⎜ ⎟θ θ θ⎝ ⎠θ= = = =

θ θθ θ
θ

11
2

nksuks i{kksa dk x osQ lkis{k vodyu djus ij

2
2

2
3 3sec
2 2

d y d

dxdx
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2 23 3 1 3 3 1sec sec 32 2 2 sin 2 –sin 4 2 2cos sin

2 2

          

33 3sec cosec
8 2 2

θ θ
=

11
2

bl izdkj θ  = 
2
π
 ij 

2

2
d y

dx
  33 3 –3= sec cosec

8 4 4 2
π π

= 1

vFkok

1 1 0x y y x    ,    x ≠  y

⇒ 1 – 1x y y x   

nksuksa i{kksa dk oxZ djus ij

x2(1 + y) = y2(1 + x) 1

⇒ (x + y) (x – y) = –y x (x – y)

⇒ x + y = –x y , vFkkZr~,  y = 
–

1
x

x     2

⇒ 
    

  2

1 .1 – 0 1
–

1

x xdy

dx x

         
     

    =   2
–1

1 x    1

15. eku yhft, fd OAB ,d 'kaoqQ gS rFkk eku yhft, fd fdlh le; t ij ikuh dk Lrj
LM gS eku yhft, fd

ON = h rFkk MN = r

fn;k gqvk gS fd AB = 10 cm, OC = 10 cm rFkk
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Vd

dt = 4 cm3 minute, tgk¡ V 'kaoqQ OLM osQ vk;ru dks fu:fir djrk gSA

uksV dhft, fd ∆ ONM ~ ∆ OCB

⇒ 
MN ON
CB OC

  ;k 5 10
r h ⇒ r = 2

h
1

vc] V = 21
3

r h .... (i)

(i) es r = 2
h
j[kus ij

V = 31
12

hπ   
11
2

t osQ lkis{k vodyu djus ij

2V 3
12

d h dh

dt dt

  

⇒ 2
4dh dv

dt dth
=
π

blfy,] tc h = 6 cm, 
dh

dt
= 

4
9π

cm/minute     
11
2

vFkok

 f (x) = x3 + 3
1
x

⇒   f ′(x) = 3x2 – 4
3
x

L

h

N M

A
C

B

O

r

vko`Qfr 1-1
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 =
( ) ( )( )6 2 4 2

4 4

3 –1 3 – 1 1x x x x

x x

+ +
= 1

D;ksafd x4 + x2 + 1 > 0 rFkk x4 > 0, blfy, f  osQ o/Zeku gksus osQ fy, x2– 1 > 0

⇒     – , –1 1,x     
11
2

vr% f , ( ) ( )– , –1 1,∞ ∪ ∞ esa o/Zeku gS

(ii) f  osQ gzkleku gksus osQ fy,]  f ′(x) < 0

⇒ x2 – 1 < 0

⇒(x – 1) (x + 1) < 0 ⇒ ( ) ( )–1, 0 0, 1x∈ ∪  [ 0x ≠  D;ksafd  f ,  x = 0 ij ifjHkkf"kr ugha gS]  
11
2

vr%  f (x),   ( ) ( )–1, 0 0, 1∪  eas gzkleku gSA

16. eku yhft, fd        2 2
3 – 2 A B C

3 13 1 1
x

x xx x x
   

     1

rc 3x – 2 = A (x + 1)2 + B (x + 1) (x + 3) + C (x + 3)

x2, x osQ xq.kkadksa rFkk vpj inksa dh rqyuk djus ij] fuEufyf[kr ifj.kke izkIr gksrs gSa]

A + B = 0, 2A + 4B + C = 3 rFkk A + 3B + 3C = –2

bu lehdj.kksa dks gy djus ij]

A = 
–11
4

,  B =
11
4

 rFkk C = 
–5
2

11
2

⇒           2 2
3 –2 –11 11 5–

4 3 4 13 1 2 1
x

x xx x x
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vr%] ( )( ) ( )2 2
3 – 2 –11 1 11 1 5 1

4 3 4 1 23 1 1
x

dx dx dx dx
x xx x x

= + −
+ ++ + +∫ ∫ ∫ ∫

       1
–11 11 5log 3 log 1 C
4 4 2 1

x x
x

      
 

11
2

vFkok

  
  2

1log log
log

x dx
x

  
   

  
 

= ( )
( )2

1log log
log

x dx dx
x

+∫ ∫

log (logx) dk [kaM'k% lekdyu djus ij

      
1log log log log –

log
x

x dx x x dx
x x

    

  1log log –
log

x x dx
x

  11
2

  
  2

–1 1log log – –
log log

x
x x x dx

x xx

    
      
      

 1

  
  2

1log log
log log

x
x x dx

x x
    

blfy,] ( )
( )2

1log log log (log ) – C
loglog

x
x dx x x

xx

⎛ ⎞
⎜ ⎟+ = +
⎜ ⎟
⎝ ⎠
∫ 11

2
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17.   eku yhft, fd I = 2
0

sin
1 cos

x x
dx

x

 

 
  

( ) ( )
( ) ( ) ( )2

0 0 0

– sin –
–

1 cos

a ax x
dx x dx f a x dx

x

π ⎡ ⎤π π
= =⎢ ⎥

+ π− ⎢ ⎥⎣ ⎦
∫ ∫ ∫D;kafs d

2
0

sin – I
1 cos

x
dx

x

   
  1

2
0

sin2I
1 cos

x
dx

x

 

   
  

cos x = t  jf[k,] –1, 0 1x t x t         rFkk – sin .x dx dt 

1

2
1

–2I
1

dt

t

−

=π
+∫blfy,      = 

1

2–11
dt

t
 

  11
2

( ) ( )–1 1 –1 –1
1tan tan 1 tan –1t −⎡ ⎤ ⎡ ⎤=π = π + −⎣ ⎦ ⎣ ⎦

2

2 2
π π⎡ ⎤=+π =⎢ ⎥⎣ ⎦

11
2

I = 
2

4
π

18. ml o`Ùk dk lehdj.k] tks eqy fcanq ls gks dj tk, rFkk ftldk osQUnz x – v{k ij fLFkr
gks] fuEufyf[kr gS]

( )2 2 2–x a y a+ =                                                  ... (i)
11
2
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x osQ lkis{k vodyu djus ij

  2 – 2 0dy
x a y

dx
  

dy
x y a

dx
   11

2

a dk eku (i) esa j[kus ij

2 2
2dy dy

y y x y
dx dx

               

  2 2 2 0dy
x y xy

dx
    1

19. fn;k gqvk vody lehdj.k fuEufyf[kr gS]

  2 3 3– 0x y dx x y dy  

2

3 3
dy x y

dx x y
⇒ =

+                                            ...(1)

dy dv
y vx v x

dx dx
= = +jf[k,] rk s 1

3

3 3 3
dv vx

v x
dx x v x

  
 

31
dv v

v x
dx v

   
 

4

3
–

1
dv v

x
dx v
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3

4
1 –v dx

dv
xv

     1

4
1 1 – dx

dv dv
v xv

      1

3
–1 log – log c

3
v x

v
    

3

3
– log c
3

x
y

y
⇒ + = , tks vHkh"V lehdj.k gS 1

20. fn;k gqvk gS fd]

a b a c   
GG G G

– 0a b a c    
G GG G G

  – 0a b c   
G GG G

1

( )0  – 0 –a b c a b c⇒ = =
G GG GG G G G&;k ;k 1

( )– 0a b c a b c⎡ ⎤⇒ ≠ ≠⎣ ⎦
G GGG G G G& D;kafs d  rFkk 1

– ,b c a   
G G G fdlh vfn'k   osQ fy,

b c a⇒ = +λ
G G G 1

21. gesa Kkr gS fd js[kkvksa r a b r c d= +λ = +µ
G GG G G G
rFkk  osQ chp dh U;wure nwjh fuEufyf[kr lw=k

ls izkIr gksrh gS]

  ( – )
D

c a b d

b d

  
 

 

G GG G
G G 1
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vc fn, gq, lehdj.kksa dks fUkEufyf[kr izdkj ls fy[kk tk ldrk gS]

    ˆ ˆˆ ˆ ˆ ˆ– – –r i j k i j k     G
 rFkk     ˆ ˆˆ ˆ ˆ ˆ– 2 – 2r i j k i j k      

blfy,] ˆˆ ˆ2 2 3c a i j k    G G 1
2

rFkk   1 1 –1 3 –0. 3
–1 2 1

i j k

b d i j k    

GG G
G G GG G

        9 9 18 3 2b d      
G G 1

2

vr% D = 
    – 6 – 0 9 15 5 5 2

23 2 3 2 2

c a b d

b d

       
 

G GG G
G G . 2

22. eku yhft, fd E, E2, E3, E4 rFkk A fuEufyf[kr izdkj ls ifjHkkf"kr ?kVuk,¡ gSa%

E1 = [kks;k gqvk iÙkk iku dk gS]

E2 = [kks;k gqvk iÙkk gqoqQe dk gS]

E3 = [kks;k gqvk iÙkk fpM+h dk gS]

E4 = [kks;k gqvk iÙkk bZaV dk gS]
1
2

A = 'ks"k iÙkksa esa ls [khps x, nks iÙkksa dk iku dk gksuk

bl izdkj         1 2 3 4
13 1 13 1 13 1 13 1P E , P E , P E , P E
52 4 52 4 52 4 52 4

        1
2
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P (A/E1) = iku osQ nks iÙkksa osQ [khaps tkus dh izkf;drk] tc fd fn;k gqvk gS fd iku ,d

iÙkk [kks x;k gS  =  
12

2
51

2

C
C

P (A/E2) = iku osQ nks iÙkksa osQ [khaps tkus dh izkf;drk] tc fd fn;k gqvk gS fd gqoqQe

dk ,d iÙkk [kks x;k gS =  
13

2
51

2

C
C

blh izdkj] P (A/E3) = 
13

2
51

2

C
C rFkk  P (A/E4) = 

13
2

51
2

C
C 1

csT+k&izes; }kjk]

vHkh"V izkf;drk ( )1= P E A

    
                

1 1

1 1 2 2 3 3 4 4

P E P A E
=

P E P A E P E P A E P E P A E P E P A E   1

12
2

51
2

12 13 13 13
2 2 2 2

51 51 51 51
2 2 2 2

C1
4 C

C C C C1 1 1 1
4 4 4 4C C C C

 
     

1

12
2

12 13 13 13
2 2 2 2

C 66 11
66 78 78 78 50C C C C

   
      

[kaM & C

23. ;gk¡

1 –1 0 2 2 –4
AB= 2 3 4 –4 2 –4

0 1 2 2 –1 5

    
    
    
        

1
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6 0 0 1 0 0
= 0 6 0 6 0 1 0

0 0 6 0 0 1

    
         
        

  = 6I

blh izdkj  BA = 6I,  vr%  AB = 6I = BA

D;ksafd  AB = 6I,    1 1A AB 6A I    blls izkIr gksrk gS fd 1

1 1 1IB=6A , , A B
6

− − =~vFkkZr  

2 2 –4
1 –4 2 –4
6

2 –1 5

  
     
    

11
2

iznÙk lehdj.k fudk; fuEufyf[kr izdkj ls fy[kk tk ldrk gS]

AX = C, tgk¡  
3

X , C 17
7

x

y

z

    
          
        

iznÙk fudk; AX = C dk gy X = A–1C ls izkIr gksrk gS  
1
2

2 2 –4 3
1 –4 2 –4 17
6

2 –1 5 7

x

y

z

      
              
            

6 34 28 2
1 –12 34 – 28 –1
6

6 –17 34 4

      
           
         

vr%  x = 2, y = 1 and z = 4 2
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24. Øefofues; : fdlh a, b ∈ R – { – 1} osQ fy,] Kkr gS fd a * b = a + b + ab rFkk
b * a = b + a + ba. ijUrq R – {–1} esa ;ksx rFkk xq.ku fd fØ;k,¡ Øefofues; gksrh gSaA
vr%

 a + b + ab = b + a + ba .

  a * b = b * a

vr% R – {–1} esa * Øefofues; gSA 2

rRled vo;o : eku yhft, fd e rRled vo;o gSA blfy, lHkh a ∈ R – {–1} osQ
fy, a * e =  e * a

   a + e + ae = a rFkk e + a + ea = a

   e (1+a) = 0    e = 0 [D;ksafd  a   –1)

vr% R – {–1} esa ifjHkkf"kr * dk rRled vo;o 0  gSA 2

izfrykse : eku yhft, fd a ∈R – {–1} rFkk eku yhft, fd a dk izfrykse b gS] rks

a * b = e = b * a

  a * b = 0 = b * a   (∵e = 0)

   a + b + ab = 0

( )– 1
1

a
b a

a
⇒ = ∈ ≠−

+
R D;ksafd 2

blosQ vfrfjDr] 
– 1.

1 1
a a

b
a a

−
≠− =

+ +
vr% ∈ R – {–1}.

vr% R – {–1} dk izR;sd vo;o O;qRØe.kh; gS rFkk fdlh vo;o a dk izfrykse 
–

1
a

a   gSA

25. eku yhft, fd ledks.k f=kHkqt ABC osQ d.kZ AC dh yEckbZ H gS rFkk d.kZ vkSj vk/kj BC
osQ chp dk dks.k θ gSA
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bl izdkj BC = vk/kj = H cos θ  rFkk AC = yEc = H sin
θ
  P = ledks.k f=kHkqt dk ifjeki =  H + H cos θ +
H sin θ ifjeki osQ vf/dre vFkok U;wure gksus osQ fy,

P 0d

d
=

θ

  H (0 – sin θ + cos θ) = 0, vFkkZr~] 4
          1

vc]  
2

2
P H cos H sind

d

  
                    1

1
2

2

2
P 1 1at = = – H 2 H 0

4 2 2
d

d

π ⎡ ⎤⇒ θ =− <⎢ ⎥θ ⎣ ⎦
1

vr% 
4
π

θ=  ij P vf/dre gSA

H= H  cos
4 4 2
π π⎛ ⎞θ= =⎜ ⎟

⎝ ⎠
vk/kjosQ fy,]  rFkk yEc = 

H
2 1

vr% ledks.k f=kHkqt dk ifjeki vf/dre gS tc f=kHkqt lef}ckgq gSA

vko`Qfr 1-2
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26.

11
2

11
2

iznÙk js[kkvksa osQ izfrPNsn fcanqvksa dks Kkr djus ij gesa A(1,2), B(4,3) rFkk C (2,0) izkIr gksrk gS  1

blfy, vHkh"V {ks=kiQy         
4 2 4

1 1 2

5 3 6– 4 2 –
3 2

x x
dx x dx dx

                   

                               ( )
4 42 22 2

1
21

1 35 – 4 – 3
3 2 4

x
x x x x x
⎤⎛ ⎞ ⎤⎛ ⎞⎤= + − −⎥⎜ ⎟ ⎜ ⎟⎥⎦ ⎝ ⎠⎦⎥⎝ ⎠⎦

12
2

                          1 16 120 – 5 – 8 4 – 4 1 – 12 12 – 3 6
3 2 2

                                 

vko`Qfr 1-3
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1 45 7– 1–3
3 2 2

= × = oxZ bdkbZ 1

vFkok

I =     
4 4

2

1 1

2x x dx f x dx    

          
0

lim 1 1 1 2 ........ 1 1 ( )
h

f f h f h f n h i
 

                1

tgk¡ 
4 –1, , 3h nh

n
= =~vFkkZr

vc]           2
1 –1 2 1 –1 – 1 –1f n h n h n h    

      2 22 1 –1 2 –1n h n h   –1 (1 + (n – 1) h)     2 22 –1 3 –1 1n h n h   

blfy,]   2 21 2.0 3.0. 1f h h   ,   2 21 2.1 3.1. 1f h h h    

  2 21 2 2.2 3.2. 1f h h h    ,... ( )( ) 2 21 –1 2.( –1) 3.( –1). 1f n h n h n h+ = + + 1
1
2

( )( ) ( )2

0

–1 2 –1 3 –
 I lim 2

6 2h

n n n n nh h
h n h

→

⎡ ⎤
= + +⎢ ⎥

⎣ ⎦
vr%]

          
0

2 – 2 – 3 –
lim

6 2h

nh nh h nh h nh nh h
hn

 
   2

        
0

2 3 3 – 6 – 3 3 (3 – )
lim 3

6 2h

h h n
 

  
     

  
  = 

69
2 1

1
2

– 3 50x y +
– 5, 0

50, 16
3

x x

y y
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27.

fn, gq, lery ij yEc js[kk AB dk lehdj.k

( )– 2 – 3 – 7
3 –1 –1

x y z
= = =λ eku fy;k gS

11
2

blfy, fcUnq A ls lery 3x – y – z = 7 ij [khaps x, yEc osQ ikn B osQ funsZ'kkad
fuEufyf[kr gSa

  3 2, – 3, 7       
11
2

D;ksafd B   3 2, – 3, 7        lery 3x – y – z  = 7 ij fLFkr gS] blfy,

      3 3 2 – – 3 – – 7 7 1           

vr%  B = (5, 2, 6) gSa rFkk AB nwjh =  yEc dh yEckbZ 2

      2 2 22 – 5 3 – 2 7 – 6  11  bdkbZ gS

vr% yacikn osQ funsZa'kakd (5, 2, 6) gSa rFkk yac dh yEckbZ = 11 1

vFkok

iznÙk js[kk,¡ fuEufyf[kr gSaA

vko`Qfr 1-4
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� � �  2 –r i j i j k     
G � �  --------- (i)

rFkk � � �  – – 2r i j i j k     
G � � ---------(ii)

uksV dhft, fd js[kk (i) fcUnq (1, 1, 0) ls gks dj tkrh gS rFkk mlosQ
1
2

fno~Q&vuqikr 1, 2, –1 gSa rFkk js[kk (ii) fcUnq (1, 1, 0) ls gks dj tkrh gS rFkk mlosQ

fno~Q&vuqikr – 1, 1, –2 gSa
1
2

D;ksafd vHkh"V lery esa js[kk,¡ (i) rFkk (ii) varfoZ"V gSa] blfy, lery fuEufyf[k lfn'kksa
osQ lekUrj gS]

� � � �2 2b i j k c i j k= + − =− + −
G G� �rFkk

blfy, vHkh"V lery lfn'k b c 
G G

 ij yEc gS rFkk 1

                     

ˆˆ ˆ
ˆˆ ˆ1 2 1 – 3 3 3

1 1 2

i j k

b c i j k      
  

G G
1

vr% vHkh"V lery dk lehdj.k fuEufyf[kr gS]

              – . 0r a b c  
G G G G

1

�    – . 3 3 3 0r i j i j k          
G G G G�

  . – 0r i j k    
G G G G

rFkk bldk dkrhZ;&:i – x + y + z = 0 gS 2
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lery dh fcUnq (1, 1, 1) ls nwjh

                        2 2 2

1(–1) 1.1 1.1

1 1 1

  

    
1
3

= bdkbZ gAS

28. eku yhft, fd x] nks iÙkksa osQ fudkys ([khaps) tkus ij] ckn'kkg dh la[;k fu:fir djrk
gSA uksV dhft, fd x ,d ;kn`fPNd pj gS] ftldk eku 0, 1, 2 gks ldrk gSA vc

( ) ( )

( )

48
2

52
2

48!
2! 48 – 2 !C 48 47P 0 ( ) 52! 52 51C
2! 52 2 !

x P
×

= = = = =
×

−

,d  Hkh ckn'kkg ugha
 

188
221

 1

P (x = 1) = P (,d ckn'kkg rFkk ,d ckn'kkg ls brj)

                             
4

1 1
52

2

48 4 48 2 32
52 51 221

C C

C

      
 1

P (x = 2) = P (nksuks ckn'kkg) 
4

2
52

2

C 4 3 1
52 51 221C
×

= = =
× 1

vr% x dk izkf;drk caVu fuEufyf[kr gS%

  

0 1 2
1 8 8 3 2 1P
2 2 1 2 2 1 2 2 1

x

x 1

vc x dk ekè; 
1

E ( ) P( )
n

i i
i

x x x
=

= =∑

                    
188 32 2 1 340 1
221 221 221 221

×
= × + × + =
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lkFk gh            2 2

1
( )

n

i

E x xi p xi
 

     2 2 2188 32 1 360 1 2
221 221 221 221

       

vc            var (x) = E (x2) – [E(x)2]    

2

2
36 34 6800–
221 221 221

        1

blfy, ekud fo;yu ( )var x   
6800 0.37
221

  1

29. eku yhft, fd feJ.k esa x kg [kk| I rFkk y kg [kk| II gS

vr% gesa O;ojks/ksa 2x + y > 8, x + 2y > 10,  x, y > 0 osQ varxZr Z = 50x + 70y dk
U;wurehdj.k djuk gS 2

12
2

vko`Qfr 1-5
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mi;qZDr vlfedkvksa }kjk fu/kZfjr lqalxr {ks=k ,d vifjc¼ {ks=k gSA lqalxr {ks=k 'kh"kZ
(dksuh; fcUnq) fuEufyf[kr gSa%

                              ( ) ( ) ( )A 0, 8 B 2, 4 C 10, 0
1
2

vc Z osQ eku] ( )A 0, 8 50 0 70 8 560= × + × =ij

                        ( )B 2, 4 380=ij  rFkk ( )C 10, 0 500=ij  gSaA

D;ksafd lqlaxr {ks=k vifjc¼ gS blfy, gesa 50x + 70y < 380 vFkkZr~] 5x + 7y < 38 dk
vkys[k [khapuk iM+sxkA

D;ksafd ifj.kkeh [kqys v/Zry rFkk lqalxr {ks=k esa dksbZ fcUnq mHk;fu"B ugha gS] vr% Z dk
U;wure eku = B (2, 4) ij 380. vr% feJ.k dk ewY; U;wure] vFkkZr~ 380 :i j[kus osQ fy,]
vkgkj fo'ks"kK }kjk b"Vre feJ.k ;kstuk (;qfDr) ;g gksxh fd og 2 kg [kk| I rFkk 4 kg
[kk| II dk feJ.k cuk,A 1



iz'ui=k ossQ fofHkUu vk;keksa ij vad Hkkj.k fuEufyf[kr vuqlkj gSA
(A)    fofHkUu mi&fo"k;@fo"k;&oLrq ;wfuV ij Hkkj.k

Øe la[;k mi&fo"k; vad
1. laca/ ,oa iQyu 10
2. chtxf.kr 13
3. dyu             44
4. lfn'k ,oa f=kfoeh;&T;kfefr 17
5. jSf[kd izksxzkeu 06
6. izkf;drk             10

oqQy ;ksx 100
(B)    iz'uksa osQ fofHkUu izdkj ij Hkkj.k
        Øe iz'u dk izdkj izR;sd iz'u ij iz'uksa dh la[;k vad

la[;k vad oqQy la[;k
        1. cgqfodYih;@oLrqfu"B@ 01 10         10

vfr y?kq mÙkjh; iz'u
        2. y?kq mÙkjh; iz'u 04 12         48
        3. nh?kZ mÙkjh; iz'u 06 07         42

oqqQy ;ksx 29       100
(C)  pquko@fodYi dh ;kstuk
        iz'ui=k osQ fofHkUu Hkkxksa esa fodYi dk izko/ku ugha gSA rFkkfi pkj vadksa okys pkj iz'uksa

esa rFkk N% vadkas okys nks iz'uksa esa vkUrfjd fodYi dk izko/ku gSA
Cyw fizaV

;wfuV/iz'u dk izdkj cgq fodYih@vfr y?kq mÙkjh; nh?kZ ;ksx
y?kq mÙkjh; iz'u iz'u mÙkjh;

laca/ ,oa iQyu - 4 (1) 6 (1) 10 (2)
cht xf.kr 3 (3) 4 (1) 6 (1) 13 (5)
dyu 4 (4) 28 (7) 12 (2) 44 (13)
lfn'k ,oa f=kfoeh;
T;kfefr 3 (3) 8 (2) 6 (1) 17 (6)
jSf[kd izksxzkeu – – 6 (1) 6   (1)
izkf;drk – 4 (1) 6 (1) 10 (2)
;ksx 10 (10) 48 (12) 42 (7) 100(29)

xf.kr - d{kk  12
le; : 3 ?kaVs
iw.kkZad : 100

iz'ui=k dk izk:i

lsV-II
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[kaM -A
iz'u la[;k 1 ls 3 rd izR;sd esa fn, gq, pkj fodYiksa esa ls lgh mÙkj pqfu,&

1. ;fn ∗ ,d ,slh f}vk/kjh lafØ;k gS] tks ∗: R × R → R, bl izdkj dh gS fd
a ∗ b = a + b2, rks –2∗5 dk eku gS]

(A) –52 (B) 23 (C) 64 (D) 13

2. ;fn sin–1 : [–1, 1] → 
3,π π⎡ ⎤

⎢ ⎥2 2⎣ ⎦
,d iQyu gS] rks sin–1 

1
2

⎛ ⎞−⎜ ⎟
⎝ ⎠

 cjkcj gSA

(A) 6
−π

(B) 6
−π

(C)
5

6
π

(D)
7

6
π

3. fn;k gqvk gS fd 
9 6
3 0

⎛ ⎞
⎜ ⎟
⎝ ⎠

= 
2 3
1 0

⎛ ⎞
⎜ ⎟
⎝ ⎠

3 0
1 2

⎛ ⎞
⎜ ⎟
⎝ ⎠

 nksuksa i{kksa ij izkjfEHkd iafDr :ikUrj.k

R1 → R1–2 R2 dk iz;ksx djus ij] gesa fuEufyf[kr ifj.kke izkIr gksrk gS

(A)
3 6
3 0

⎛ ⎞
⎜ ⎟
⎝ ⎠

 = 
2 3
1 0

⎛ ⎞
⎜ ⎟
⎝ ⎠

 
1 4
1 2

−⎛ ⎞
⎜ ⎟
⎝ ⎠

(B) 
3 6
3 0

⎛ ⎞
⎜ ⎟
⎝ ⎠

 = 
0 3
1 0

⎛ ⎞
⎜ ⎟
⎝ ⎠

 
3 0
1 2

⎛ ⎞
⎜ ⎟
⎝ ⎠

(C)
3 6

3 0
−⎛ ⎞

⎜ ⎟
⎝ ⎠

 = 
2 3
1 0

⎛ ⎞
⎜ ⎟
⎝ ⎠

 
3 0
3 2

⎛ ⎞
⎜ ⎟−⎝ ⎠

(D) 
3 6

3 0
−⎛ ⎞

⎜ ⎟
⎝ ⎠

 = 
4 3

1 0
−⎛ ⎞

⎜ ⎟
⎝ ⎠

 
3 0
1 2

⎛ ⎞
⎜ ⎟
⎝ ⎠

4. ;fn A  dksfV 3 dk ,d oxZ vkO;wg gS rFkk |A| = 5 gS, rks |adj. A| dk eku D;k gS?

5. ;fn A rFkk B dksfV 3 osQ oxZ vkO;wg] bl izdkj osQ gSa fd |A| = –1 rFkk |B| = 4, rks
|3(AB)| dk eku D;k gS?

iz'u la[;k 6, 7 rFkk 8 esa ls izR;sd esa fjDr LFkkuksa dh iwfrZ dhft,&

6. vodyt lehdj.k 

3

1 d y
d x

⎡ ⎤⎛ ⎞
⎢ + ⎥⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦

=
22

2

d y
d x

⎛ ⎞
⎜ ⎟
⎝ ⎠

 dh ?kkr _______ gSA
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7. jSf[kd vody lehdj.k 
d yx

xd  – y = x2 dks gy djus osQ fy, lekdyu

xq.kd  _______ gSA

8.
2ˆ ˆ – i j  dk eku _______gSA

9. lery 3x + 4y –7 = 0 RkFkk 6x + 8y + 6 = 0 osQ chp dh nwjh D;k gS\

10. ;fn a  ,d ek=kd lfn'k gS rFkk (x –  a) . (x + a) = 99 gS, rks | x | dk eku D;k gS\

[kaM-B

11. eku yhft, fd n ,d /u iw.kkZad gS rFkk R ,d laca/ Z esa bl izdkj ifjHkkf"kr gS fd
∀ a, b ∈ Z, a R b ;fn vkSj osQoy ;fn a – b n ls HkkT; gSA fl¼ dhft, fd R ,d
rqY;rk laca/ gSA

12. fl¼ dhft, fd cot–17 + cot–18 + cot–118 = cot–13.

vFkok

lehdj.k 1 1 1 2tan (2 ) tan (2 ) tan , 3 3
3

x x x− − −+ + − = − < <  dks gy dhft,\

13. x osQ fy, gy dhft,] 
2 6 1
6 1 2 0
1 2 6

x x x
x x x
x x x

+ + −
+ − + =
− + +

vFkok

;fn A = 
1 2
3 4

⎛ ⎞
⎜ ⎟
⎝ ⎠

 RkFkk B = 
1 1 2
3 2 –3

−⎛ ⎞
⎜ ⎟
⎝ ⎠

, rks lR;kfir dhft, fd (AB)′ = B′ A′ .

14. k dk eku fu/kZfjr dhft, ftlls iQyu
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f (x) = 

.cos 2 π,
π 4 4

π5,
4

k x x
x

x

⎧ ≠⎪ −⎪
⎨
⎪ =⎪⎩

;fn

;fn

x =
π
4 ij larr gksA

15. ;fn y = 1cosa xe − gS] rks n'kkZb, fd (1 – x2) 
2

2

d y
d x

– 2– 0dyx a y
dx

=

16. oØ  x = sin3t , y = cos2t dh] t = 
π
4
ij] Li'kZ js[kk dk lehdj.k Kkr dhft,A

vFkok

mu varjkyksa dks Kkr dhft, ftuesa iQyu f  (x)  = sin4 x + cos4 x, 0 < x < π
2

 fujarj

o/Zeku vFkok fujarj gzkleku gSA

17.
π

4 36

0

sin cosx x dx∫ dk eku Kkr dhft,A

18. 2

3 1
2 2 3

x dx
x x

+
− +∫ dk eku Kkr dhft,A

vFkok
2.(log )x x dx∫ dk eku Kkr dhft,A

19. vody lehdj.k 2y 
x
ye  dx + (y – 2 x

x
ye ) dy = 0 dk fof'k"V gy Kkr dhft,] fn;k

gqvk gS fd x = 0 tc y =1

20. ;fn  ˆ ˆˆ ˆ ˆ ˆ2 2 , 2 – 3a i j k b i j k= − + = + vkSj ˆˆ ˆ2 4c i j k= − + gS] rks b c a+ dk osQ

vuqfn'k iz{ksi Kkr dhft,A

21. fcUnq (1, 2, –4) ls gks dj tkus okyh rFkk js[kkvksa ˆ ˆˆ ˆ ˆ ˆ(8 16 10 ) (3 16 7 )r i j k i j kλ= − + + − +

vkSj r ˆ ˆˆ ˆ ˆ ˆ(15 29 5 ) (3 8 5 )i j k i j k+ + + + −µ ij yac js[kk dk lfn'k lehdj.k fu/kZfjr

dhft,A
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22. rhu flDdksa esa ls ,d vufHkur flDdk gS] ftls mNkyus ij 60% iV vkrk gS] nwljk Hkh
vufHkur flDdk gS] ftls mNkyus ij 75% fpr vkrk gS rFkk rhljk vufHkur fLkDdk gSA
rhuksa flDdksa eas ls ,d ;kn`PN;k pquk tkrk gS vkSj fiQj mNkyk tkrk gS] ftl ij fpr vkrk
gSA bl ckr dh izkf;drk D;k gS fd ;g vufHkur flDdk gksxk\

[kaM&C

23. A–1 Kkr dhft, tcfd A = 

4 1 3
2 1 1
3 1 2

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟−⎝ ⎠

 gSA vr% fuEufyf[kr lehdj.k fudk; dks

gy dhft,% 4 x + 2 y + 3 z = 2,  x + y + z = 1, 3 x + y – 2 z = 5

vFkok

izkjfEHkd :iakrj.kksa dk iz;ksx djosQ] A–1 Kkr dhft,] tcfd A = 
1 2 2
1 3 0
0 2 1

−⎛ ⎞
⎜ ⎟−⎜ ⎟
⎜ ⎟−⎝ ⎠

24. fl¼ dhft, fd iznÙk fr;Zd mQ¡pkbZ okys vf/dre vk;ru osQ 'kaoqQ dk v/Z 'kh"kZdks.k
1tan 2− gSA

25. ;ksxiQy dh lhek fof/ ls 
3

2

3

(3 2 5)x x dx+ +∫  dk eku fudkfy,A

26. lekdyu dk iz;ksx djosQ] ?ku x-v{k rFkk o`Ùk x2 + y2 = 4 osQ] fcanq (1, 3 ) ij]
vfHkyEc ,oa Li'kZ js[kk }kjk cuus okys f=kHkqt dk {ks=kiQy Kkr dhft,A

27. leryksa x + 3 y + 6 = 0 rFkk 3 x – y – 4z = 0 osQ izfrPNsnu ls gks dj tkus okys vkSj ewy
fcanq ls bdkbZ yacor nwjh okys lery dk lehdj.k Kkr dhft,A

vFkok

fcanq (3, 4, 5) ls lery x + y + z = 2 dh] js[kk 2 x = y = z osQ lekUrj ukih xbZ] nwjh
Kkr dhft,A
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28. pkj [kjkc cYc la;ksx ls 6 vPNs cYcksa esa fey x, gSaA ;fn fdlh cYc dks osQoy ns[k
dj] ;g dguk laHko ugha gS fd og [kjkc gS ;k ugha] rks [kjkc cYcksa dh la[;k dk
izkf;drk caVu Kkr dhft,] ;fn bl <sj esa ls pkj cYc ;kn`PN;k fudkys tkrs gSaA

29. ,d I+kQuhZpj I+kQeZ oqQlhZ vkSj esT+k cukrh gS] ftuesa ls izR;sd osQ fy, A, B rFkk C rhu e'khuksa
dh vko';drk iM+rh gSA ,d oqQlhZ dks cukus osQ fy, e'khu A ij 2 ?kaVs] e'khu B ij
1 ?kaVk rFkk e'khu C  ij ,d ?kaVk dke djus dh vko';drk gSA izR;sd es”k osQ fy, A
vkSj B e'khuksa esa ls izR;sd ij 1 ?kaVk rFkk e'khu C ij 3 ?kaVs dke djus dh vko';drk
iM+rh gSA ,d oqQlhZ dks cspus ij 30 #- ykHk izkIr gksrk gS] tcfd ,d esT+k ij 60 #- ykHk
izkIr gksrk gSA izfr lIrkg e'khu A ij oqQy 70 ?kaVs] e'khu B ij oqQy 40 ?kaVs rFkk e'khu
C ij oqQy 90 ?kaVs dke djus osQ fy, miyC/ gSaA izR;sd lIrkg fdruh oqQflZ;k¡ rFkk esT+kas
cukuh pkfg,] ftlls ykHk dk vf/drehdj.k gks losQ\ bl leL;k dks jSf[kd izksxzkeu
leL;k osQ :i esa lw=k.k dhft, rFkk bls vkys[kh; fof/ }kjk gy dhft,A

vadu ;kstuk

[kaM-A

1. (B) 2. (D) 3. (B)

4. 25 5. –108 6. 2 7.
1
x vad

8. 2 9. 2 bdkbZ 10. 10 1 × 10 = 10

[kaM-B

11. (i) D;ksafd a R a, ∀ a ∈ Z RkFkk 0 HkkT; gS n ls blfy, R LorqY; gSA 1
(ii) aRb ⇒ a – b n ls HkkT; gS] rks b – a Hkh n ls HkkT; gS] vr% b R a.

blfy, R lefer gS 1
(iii) eku yhft, fd a,b,c, ∈ Z osQ fy, a R b  rFkk b R c, rks a – b = n p,

b – c = n q, fdlh p, q ∈ Z  osQ fy,A

blfy, a – c = n (p + q) vkSj bl izdkj a R c. 1

vr% R laØked Hkh gS vkSj blfy, ;g ,d rqY;rk laca/ gSA 1
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12. LHS = tan–1
1
7

 + tan–1
1
8

 + tan–1
1

18
1

= tan–1

1 1
7 8

1 11 .
7 8

+

−
+ tan–1

1
18

= 
–1 15tan

55
⎛ ⎞
⎜ ⎟
⎝ ⎠

 + tan–1
1

18
1

= tan–1
3

11
+ tan–1

1
18

= tan–1 

3 1
11 18

3 11
11 18

+

−
= tan–1

65
195

1

= tan–1
1
3

 = cot–13 = RHS 1

vFkok

D;ksafd tan–1 (2 + x) + tan–1 (2 – x) =  tan–1 
2
3

blfy,  tan–1 
(2 ) (2 )

1 (2 ) (2 )
+ + −

− + −
x x

x x  = tan–1 
2
3 1

1
2

vr%  2

4 2
3 3x

=
−

1
1
2

⇒ x2 = 9  ⇒ x = ± 3 1

13. fn;k gqvk gS fd   
2 6 1
6 1 2 0
1 2 6

x x x
x x x
x x x

+ + −
+ − + =
− + +

2 2 1

3 3 1

R R R
R R R

→ −
→ − , osQ iz;ksx }kjk]   

2 6 1
4 7 3 0
3 4 7

x x x+ + −
− =

− −
1

1
2
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2 2 1

3 3 1

C C C
C C C

→ −
→ − , }kjk 

2 4 3
4 11 1 0
3 1 10

x + −
− − =

− −
1

1
2

blfy, (x + 2) (–111) – 4 (37) –3 (–37) = 0 ftls gy djus ij x = –
7
3

1

vFkok

AB = 
1 2
3 4

⎛ ⎞
⎜ ⎟
⎝ ⎠

  
1 1 2
3 2 3

−⎛ ⎞
⎜ ⎟−⎝ ⎠

 = 
7 3 4

15 5 6
−⎛ ⎞

⎜ ⎟−⎝ ⎠
1

blfy,]             LHS = (AB)′ = 

7 15
3 5
4 6

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟− −⎝ ⎠

1

RHS = B′ A′ = 

1 3
1 2
2 3

⎛ ⎞
⎜ ⎟−⎜ ⎟
⎜ ⎟−⎝ ⎠

 
1 3
2 4

⎛ ⎞
⎜ ⎟
⎝ ⎠

 = 

7 15
3 5

4 6

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟− −⎝ ⎠

 blfy,]  LHS = RHS           1+1

14. D;ksafd x = 
4
π

 ij f  larr gS] vr% 
4

lim
x π
→

 f (x) = 5.
1
2

vc  
4

lim ( )
x

f x
π

→ = π 0
4

cos 2( ).cos2 4lim lim
π 4 π 4( )

4
yx

k yk x
x y

→→

π
−

=
π− − −

, where ,
4
π

− =x y           1
1
2

=  
.cos( 2 )lim lim ( sin2 )2

0 0π π 4 2. 2 2

k y k y k
y yy y

π
−

= =
→ →− +

          1
1
2
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 5 10.
2
k k= ⇒ =blfy, 

1
2

15. y = 
1 1cos cos

2

( )
1

a x a xd y ae e
d x x

− − −
⇒ =

−
1
2

blfy, 21 .......(1)dyx a y
dx

− = −
1
2

x osQ lkis{k iqu% vodyu djus ij]

2
2

2 2
1

1
− − = −

−

d y x dy adyx
dx dx dxx

          1
1
2

2
2 2

2(1 ) 1⇒ − − = − −
d y dy dyx x a x
dx dx dx

1
2

= – a (– ay) [(1) }kjk]
1
2

vr%   
2

2 2
2(1 ) 0d y dyx x a y

dx dx
− − − = .

1
2

16. 3cos3 , 2sin 2dx dyt t
dt dt

= + = − 1

π
4

π2sin2sin 2 2 2 22, , π 13cos3 33cos3 3.( )
4 2

t

dy t dy
dx t dx =

− −⎛ ⎞= − = = =⎜ ⎟
⎝ ⎠ −

blfy, rFkk
1

lkFk gh  x = sin3t  = sin 3 
4
π

 =
1
2  rFkk  y = cos2t = cos 

2
π

 = 0.
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blfy, Li'kZ fcanq
1 ,0
2

⎛ ⎞
⎜ ⎟
⎝ ⎠

 gS 1

vr% Li'kZ js[kk dk lehdj.k fuEufyf[kr gS] y – 0 = 
2 2

3
 

1
2

x⎛ ⎞−⎜ ⎟
⎝ ⎠

vFkok 2 2 3 2 0x y− − = 1

   vFkok

f ′(x) = 4 sin3x  cosx – 4 cos3x sinx

      = – 4 sinx cosx (cos2x – sin2x)

        = – sin 4x . 1

blfy,]   f ′ (x) = 0 ⇒ 4x = nπ ⇒ x= n
4
π

 vc  0 < x < 
4
π

, osQ fy,   f ′ (x) < 0 1

vr% f  varjky ( 0, 
4
π

) esa  f  fuajrj âkleku gSA 1
1
2

blh izdkj ge fn[kyk ldrs gSa fd varjky (
4
π

, 
2
π

) esa f  fujarj o/Zeku gS    
1
2

17. I = 4 36
0

sin cosx x dx
π

∫

    4 26
0

sin 1– sin ) cos 
π

= ∫ x ( x x dx   1

    =
1

4 22
0

(1 )t t d t−∫ , tgk¡ sin x = t 1
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1
1 5 7 2

4 62
0

0

( )
5 7
t tt t dt

⎡ ⎤
= − = −⎢ ⎥

⎣ ⎦
∫ 1

=
5 71 1 1 1 1 1 1 23

5 2 7 2 32 5 28 4480
⎛ ⎞ ⎛ ⎞ ⎛ ⎞− = − =⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

1

18. I = 
2 2

3 5(4 2)3 1 4 2
2 2 3 2 2 3

xx dx dx
x x x x

− ++
=

− + − +∫ ∫ 1

2
2

3 4 2 5 1
34 2 2 3 4
2

x dx dx
x x x x

−
= +

− + − +
∫ ∫

2
22

3 5log | 2 2 3 |
4 4 1 5

2 2

dxx x

x

= − + +
⎛ ⎞⎛ ⎞− + ⎜ ⎟⎜ ⎟

⎝ ⎠ ⎝ ⎠

∫
1

1
2

2 13 5 2 2 1log | 2 2 3 | tan
4 4 5 5

xx x c− −
= − + + + 1

1
2

2 13 5 2 1log | 2 2 3 | tan
4 2 5

xx x c− −
= − + + +

vFkok

2 2I (log ) . (log )x x dx x x dx= =∫ ∫

2 2
2 1(log ) 2log

2 2
x xx x dx

x
= −∫ 1
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2
2(log ) log .

2
x x x x dx= −∫

1
2

2 2 2
2 1(log ) log . .

2 2 2
x x xx x dx

x
⎡ ⎤

= − −⎢ ⎥
⎣ ⎦

∫ 1½

2 2 2
2(log ) log

2 2 4
x x xx x c= − + + 1

19. iznÙk vody lehdj.k fuEufyf[kr :i esa fy[kk tk ldrk gS]

2

2 .

x
y

x
y

dx xe y
dy

y e

−
= 1

2

 
x d x d vv x vy v y
y d y d y

= ⇒ = ⇒ = +jf[k, 1
2

2 2 1
2 2

v v

v v
dv v ye y vev y
dy ye e

− −
 + = =blfy,] 1

2

;k 
2 1

2

v

v

dv vey v
dy e

−
= − vr%  2 v dye dv

y
= − 1

2 log | |ve y c⇒ = − + 1

tc x = 0,  y = 1

;k 2 log | |
x
ye y c= − +  ⇒  2 = c

1
2

rks lehdj.k dk fof'k"V gy gS 2 log 2
x
ye y= − + 1
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20. ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ( 2 3 ) (2 4 ) 3b c i j k i j k i j k+ = + − + − + = + + 1

ˆˆ ˆ2 2a i j k= − +

( )+b c  dk ( ).
| |

b c aa
a

+
=osQ vufq n'k iz{ksi 1

6 2 1 5
34 4 1

− +
=

+ +
 bdkbZ 1+1

21. nh gqbZ js[kkvksa ij yEc lfn'k fuEufyf[kr gS]

ˆˆ ˆ
ˆ ˆˆ ˆ ˆ ˆ(3 16 7 ) (3 8 5 ) 3 16 7

3 8 5

i j k
i j k i j k− + × + − = −

−

 1
1
2

ˆ ˆˆ ˆ ˆ ˆ24 36 72 or 12(2 3 6 )i j k i j k= + + + +  1

vr% vHkh"V js[kk dk lehdj.k fuEufyf[kr gS]

ˆ ˆˆ ˆ ˆ ˆ( 2 4 ) (2 3 6 )r i j k i j k= + − + + +λ
1
2

22. eku yhft, fd]

E1: igys (vufHkur) flDosQ dk p;u

E2: nwljs (vufHkur) flDosQ dk p;u

E3: rhljs (vufHkur) flDosQ dk p;u

P(E1) = P(E2) = P(E3) =
1
3

1
2

eku yhft, fd A: ,d fpr vkus dks fu:fir djrk gS
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blfy,] 
1

AP
E

⎛ ⎞
⎜ ⎟
⎝ ⎠

 = 
40

100
,   

2

A 75P
E 100

⎛ ⎞
=⎜ ⎟

⎝ ⎠
, 

3

AP
E

⎛ ⎞
⎜ ⎟
⎝ ⎠

 = 
1
2

1
1
2

3EP
A

⎛ ⎞
⎜ ⎟
⎝ ⎠

 = 
3

3

1 2 3
1 2 3

AP(E )P  
E

A A AP(E )P P(E )P P(E )P
E E E

⎛ ⎞
⎜ ⎟
⎝ ⎠

⎛ ⎞⎛ ⎞ ⎛ ⎞
+ + ⎜ ⎟⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠

1
2

=

1 1.  103 2
1 40 1 75 1 1 33. . .
3 100 3 100 3 2

=
+ +

1
1
2

[kaM–C

  23. |A| = 4 (–3) –1 (–7) + 3 (–1) = –12 + 7 – 3 = –8 1

A11 = –3 A12 = 7    A13 = –1 1
1
2

A21 = 5 A22 = –17   A23 = –1

A31 = –2 A32 = 2   A33 =   2

blfy,] A–1  = – 
1
8

3 5 2
7 17 2
1 1 2

− −⎛ ⎞
⎜ ⎟−⎜ ⎟
⎜ ⎟− −⎝ ⎠

1
2

fn;k gqvk lehdj.k fuEufyf[kr izdkj ls Hkh fy[kk tk ldrk gS]

4 2 3
1 1 1
3 1 2

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟−⎝ ⎠

x
y
z

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

= 

2
1
5

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠
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–1

A . X B X (A )B⇒ ′ = ⇒ = ′ 1

         1(A ) B−= ′

3 7 1 2
1 5 17 1 1

8
2 2 2 5

x
y
z

− −⎛ ⎞ ⎛ ⎞ ⎛ ⎞
−⎜ ⎟ ⎜ ⎟ ⎜ ⎟⇒ = − −⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎜ ⎟ ⎜ ⎟ ⎜ ⎟−⎝ ⎠ ⎝ ⎠ ⎝ ⎠

1
26 7 – 5 4

1 3– 10 17 5 12
8 2

4 2 10 8 1

⎛ ⎞
⎜ ⎟

− + = −⎛ ⎞ ⎜ ⎟
⎜ ⎟ ⎜ ⎟= − − = − =⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟− + + =⎝ ⎠ −⎜ ⎟⎜ ⎟

⎝ ⎠

1
1
2

1 3, , z 1
2 2

x y = = = −vr%
1
2

vFkok

Writing 
1 2 2 1 0 0

A 1 3 0 0 1 0 A
0 2 1 0 0 1

−⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟= − =⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟−⎝ ⎠ ⎝ ⎠

1
2

2 2 1

1 2 2 1 0 0
R R R 0 5 2 1 1 0 A

0 2 1 0 0 1

−⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟→ + ⇒ − =⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟−⎝ ⎠ ⎝ ⎠

1

2 2 3

1 2 2 1 0 0
R R 2R 0 1 0 1 1 2 A

0 2 1 0 0 1

−⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟→ + ⇒ =⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟−⎝ ⎠ ⎝ ⎠

1
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3 3 2

1 2 2 1 0 0
R R 2R 0 1 0 1 1 2 A

0 0 1 2 2 5

−⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟→ + ⇒ =⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

1 1 3

1 2 0 5 4 10
R R 2R 0 1 0 1 1 2 A

0 0 1 2 2 5

⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟→ + ⇒ =⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

1

1 1 2

1 0 0 3 2 6
R R 2R 0 1 0 1 1 2 A

0 0 1 2 2 5

⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟→ + ⇒ =⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

1

1

3 2 6
A 1 1 2

2 2 5

−

⎛ ⎞
⎜ ⎟⇒ = ⎜ ⎟
⎜ ⎟
⎝ ⎠

        1
1
2

24. vk;ru   v = 21
3

r hπ
1
2

l2 = h2 + r2
1
2

v = 
1
3

π  (l2 – h2) h = 
1
3

π  (l2h – h3) 1

2 2( 3 ) 0
3

dv l h
dh

π
= − =          1

1
2

l = 3h ,   r  =  2h 1
vko`Qfr 2-1
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tan α = 2r
h

=

α = tan–1 2         1
1
2

2

2 2 0d v h
dh

=− π <

vr%  v  dk eku vf/dre gSA 1

25.
3 3

2

1 1

I (3 2 5) ( )x x dx f x dx= + + =∫ ∫

[ ]lim (1) (1 ) (1 2 ) ... (1 ( 1) )
h o

h f f h f h f n h
→

= + + + + + + + −       ... (i) 1

tgk¡ 
3 1 2h

n n
−

= =

vc]

(1) 3 2 5 10f = + + =

2 2(1 ) 3 3 6 2 2 5 10 8 3f h h h h h h+ = + + + + + = + +

2 2 2(1 2 ) 3 12 12 2 4 5 10 8.2. 3.2 .f h h h h h h+ = + + + + + = + +          1
1
2

(1 ( 1) )f n h+ − 2 210 8( 1) 3( 1) .n h n h= + − + −

I = 
2( 1) ( 1)(2 1)lim 10 8 3

2 6n

n n n n nh n h h
→∞

− − −⎡ ⎤+ +⎢ ⎥⎣ ⎦
          1

1
2

= 2
2 16 ( 1) 12 ( 1)(2 1)lim 10

2 6n

n n n n nn
n n n→∞

− − −⎡ ⎤+ +⎢ ⎥⎣ ⎦
1
2
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= 
2 2lim 10 8( 1) ( 1) (2 1)

n
n n n n

n n→∞

⎡ ⎤+ − − −⎢ ⎥⎣ ⎦

= 
1 1 1lim 2 10 8(1 ) 2(1 ) (2 )

n n n n→∞

⎡ ⎤+ − + − −⎢ ⎥⎣ ⎦
1

=  2 [10 + 8 + 4] = 44
1
2

26. fcUnq (1, 3)  ij oØ x2 + y2 = 4 dh

Li'kZ js[kk dk lehdj.k fuEufyf[kr gS]

43 4.
3
xx y y −

+ = =vr% 1

vfHkyEc dk lehdj.k 3y x=  gSA 1

blfy, vHkh"V {ks=kiQy = 
1 4

0 1

43
3
xx d x dx−

+∫ ∫ 1

1 42 2

0 1

13 4
2 23
x xx

⎛ ⎞ ⎛ ⎞
= + −⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
1

3 1 7 3 3 38 2 3
2 2 2 23

⎡ ⎤= + − = + =⎢ ⎥⎣ ⎦
 oxZ bdkbZ 2

27. vHkh"V lery dk lehdj.k

(x + 3y + 6) + λ (3x – y – 4z) = 0           1
1
2

vko`Qfr 2-2
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⇒ (1 + 3 λ) x + (3 – λ) y – 4 λ z + 6 = 0
1
2

ewy fcUnq ls lery dh yEcor nwjh  = 2 2 2

6
(1 3 ) (3 ) ( 4 )λ λ λ+ + − + −

blfy,] 2 2 2

6 1
(1 3 ) (3 ) ( 4 )

=
+ + − + −λ λ λ           1

1
2

;k 36 = 1+ 9 λ2 + 6 λ+ 9 + λ2 – 6  λ+ 16 λ2

;k 26 λ2 = 26  ⇒  λ= ±1

vHkh"V leryksa osQ lehdj.k fuEufyf[kr gSa]

4 x + 2y – 4 z + 6 = 0 rFkk –2x + 4y + 4z + 6 = 0          1
1
2

;k 2x + y – 2z + 3 = 0  rFkk  x – 2 y – 2z – 3 = 0                         1

vFkok

js[kk dk lehdj.k   2x = y = z  i.e. 1 1 1
2

x y z
= = 1

;k
1 2 2
x y z

= = 1

js[kk P Q dk lehdj.k

3 4 5
1 2 2

x y z λ− − −
= = =  gSA 1vko`Qfr 2-3
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Q ( + 3,  2 + 4, 2 + 5)⇒ λ λ λ lery ij fLFkr gSA

blfy,  3 2 4 2 5 2 0λ λ λ+ + + + + − =          1
1
2

;k        5 10   2= − = −λ λ;k ftlls Q (1, 0, 1)oQs  fun'sZ kka d izkIr gksrk gS]

vr% PQ 4 16 16 6= + + = bdkbZ          1
1
2

28. eku yhft, fd X  [kjkc cYcksa dh la[;k dks fu:fir djrk gSA

6
4

10
4

C 6.5 .4.3 1P(X 0)
C 10.9. 8.7 14

= = = = 1

6 4
3 1

10
4

C C 6.5.4.4. 8P(X 1) 4
C 10.9.8.7 21

= = = = 1

6 6
2 2

10
4

C C 6.5.4.3 3P(X 2) .6
C 10.9. 8.7 7

= = = = 1

6 6
1 3

10
4

C C 6.4.3.2 4P(X 3) .4
C 10.9. 8.7 35

= = = = 1

4
4

10
4

C 4.3.2.1 1P (X 4)
C 10.9.8.7 210

= = = = 1

vr% caVu fuEufyf[kr gS%

X : 0 1 2 3 4 1

P ( X ) :
1

14
8
21

3
7

4
35

1
210
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29. eku yhft, fd izfr lIrkg cuk, tkus okyh oqQflZ;ksa dh la[;k x rFkk esT+kksa dh la[;k y  gSA
vr% gesa fuEufyf[kr O;ojks/ksa osQ varxZr P = 30 x + 60 y dk vf/drehdj.k djuk gS]

2 x + y ≤ 70

 x + y ≤ 40 2

x + 3y ≤ 90

x  ≥ 0y ≥ 0

lqlaxr {ks=k osQ 'kh"kZ fuEufyf[kr gSa 2

A (0,30),  B (15, 25),  C (30,10),  D (35, 0)
1
2

P (A ij) = 30 (60) = 1800
P (B ij) = 30 (15 + 50) = 1950

P (C ij) = 30 (30 + 20) = 1500           1
1
2

P (D ij) = 30 (35) = 1050
 15 oqQflZ;ksa rFkk 25 estksa osQ fy, P vf/dre gSA

vko`Qfr 2-4
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fVIi.kh


